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Abstract: Letn,k be the positive integer, and I8t (n) be the sums of thk-th power of positive integers up to S (n) = 51, | k. By
means of which we consider the evaluation of the sum of monergé series by Bernstein polynomials. In addition, we sheality
of our idea with some examples.
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1 Introduction In the complex plane, the Bernoulli polynomi@s(x)
are known by the following generating series:

@ ot
nZan (X) 0 me?‘, t| < 2m. (1.2)

The history of Bernstein polynomials depends on |n the casex= 0 in (1.1), we haveB, (0) := By that
Bernstein in 1904. It is well known that Bernstein stands for Bernoulli numbers. Bi.(1), we have
polynomials play a crucial important role in the area of |

approximation theory and the other areas of mathematics, Bn (X) = N B.xk (1.2)
on which they have been studied by many researchers for " kZO k ) =K ' '

along time [1, 3, 5-7, 10, 11, 16, 17]. These polynomials ) ) o )
also take an important role in physics. The Bernoulli numbers satisfy the following identity

_ n_gp _
Recently the works including applications of umbral Bo=1and(B+1)"—Bn= 01n

calculus to Genocchi numbers and polynomidk fhe  heres, , stands for Kronecker's delta and we have used
Legendre polynomials associated with Bernoulli, Euler, gn:— B, (for details, seed], [7], [9], [17]).
Hermite and Bernstein polynomial8][ the applications Recently, Acikgoz and Araci has constructed the

of umbral calculus to extended Kimjs-adicg-deformed  generating function for the Bernstein polynomiBlg, (x)
fermionic integrals in thep-adic integer ring 4], the by the rule: '

integral of the product of several Bernstein polynomials )
[5], the generating function of Bernstein polynomiadg[ " (tx)

R SV {6 B -
a theorem concerning Bernstein polynomial®]][ new nZkBkv”(X) n -k ¢ (teCandk=0,1,2,---,n).
generating function of the gf) Bernstein type (1.3)
polynomials and their interpolation functionl1]], By (1.3, we see that

g-analogues of the sums of powers of consecutive . .
integers, squares, cubes, quarts and quints [12-15, 18-20] Bin (X) ﬂ _
have been investigated extensively. nZk kn 3 nZk

(s
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by comparing the coefficients oﬁl, in the above, we Blaise Pascal (1623-1662) gave the formulas for sums of
derive well known expression of Bernstein polynomials: powers of integers.

Fork,ne Z, The Swiss mathematician Jacob  Bernoulli
(1654-1705) is perhaps best and most deservedly known
Bin (X) = (E)Xk(l_x)n—k (1.4) for presenting formulas for sums of 'integgr powers.
’ Because he gave the most explicit sufficient instructions
for finding the coefficients of the formulas [12-15, 18-20].
where, throughout this paper, we will assume that Q So, we interested in finding a method to derive a
and formula for the sums of powers of integers. Following an
nl . idea due to J. Bernoulli, we aim to obtain a Theorem
(”) — { K-k > !f n>k ] which gives the method for the evaluation of the sums of
k 0 ,ifn<k more general series by Bernstein polynomials.

It follows from (1.4) that a few Bernstein polynomials
are as follows:

In the 17h century a topic of mathematical interest was
finite sums of power of integers such as the serie2%-

In the same time, the Bernstein polynomilig,(x) ~ 3+---+(n—1)or the seriesA+ 22+ 32+ ...+ (n—1)%

Boo(X) = 1,Bo1 (X) = 1% By1 (X) = X Bo2 () = (1—x)2, 2 The Evalugtion of the Sum of More _
Br2(X) = 2x(1—X) General Series by Bernstein Polynomials
BZ,Z (X) = X27 BO,3 (X) = (1_ X)3 B Bl,3 (X) = 3X(1_ X)27

(

have several properties of interest: The closed form for these finite sums were known, but the
sums of the more general seridsi12¢+ 354 . 4 (n— 1)¢
—Byn(x) >0, for0<x<landk=0,1,..,n was not. It was the mathematician Jacob Bernoulli who
-Bernstein polynomials have the symmetry propertywould solve this problem with the following equality [12-
Bin (X) = Bnkn(1—X) 15, 18-20]. The sum of thieth powers of the firstn — 1)
~Y k=0Bkn (X) = 1, which is know a part of unity. integers is given by the formula
—Bkn(X) = (1 — X)Bkn-1(X) + XBx_1n-1(X) with
Bin(x) =0 fork < 0, k> nandBpg(x) = 1cf. [1], n
[3]1[5]1[6]1[7]! [10]1 [16]1[17] 1k+2k+3k++(n—1)k=/Bk(X)dX (21)

From (1.1), a few Bernoulli polynomials can be

enerated as
g using the integral of the Bernoulli polynomiaB, (x)
under integral from 1 to.

Bo () = 1,B1 (X) :x—:—L,Bz(x) :xz—x+1,

2 6
3, 1 Theorem 1Let n k and m be positive integer and let
B3 (x) = x°— P Sn(n) be s ;1™ then we have
For any positive integen, followings are the most (_n,l)k ML k1
k first th f fint : S WL _
nown first three sums of powers of integers Sn(n) mikr Dl 2 ( | )Bm+kfl+lBk,l( n)
nin+1) 1 ml
1+2+43+..+n= _ M+1) sme1-
2 (mt1)! l;( | 2 B +1.
2 a2 2 > Nn(n+1)(2n+1)
Praesir .= 6 Proof.To prove this Theorem, we ta@f:()% in the both
and sides of the Eq.4.1), so it yields to
3, 93 93 3_ 2_ [nin+1)7? n K
1°+2°4+3+...4n°=(1+243+...+n) —|: 5 . et_|_e2t_|_____|_e(n71)t:{(zokozoBk(X)L_!) dx
Formulas for sums of integer powers were first given ey &4
in generalizable form by mathematician Thomas Harriot _{ [371 ] X
(c. 1560-1621) of England. At about the same time, . AL
Johann Faulhaber (1580-1635) of Germany gave formulas = [Zm:O Bmw} [e"—¢]

for these sums, but he did not make clear how to 1] k(1) ik
generalize them. Also Pierre de Fermat (1601-1665) and= [Z?%:o Bmw} [T Sk Bim(—n) Y — €
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from the last identity, we see that

el et

112 tm n*k(—l)kk! I tm o mtm
o [n;oBmm’] [tk ooV 22 ml}
2.2)

by using Cauchy product rule in the right hand side of Eq.

(2.2, we have

0

I = ngo <n_k(—1)kk! |§< (l;ﬂ) Bm-1Bxi (_n)> tm:!_l
@)

By (2.2), we derive the following

=] tm
=Y 2"+3"+...4n") —.
ngo m!

When we equatk andl,, we have

1m+2m_|_3m_|__'_+nm:

k
(=n71)" Mkl my k41
Mkt 1) 2 ( | )Bm+kl+lBk,I (=n)

m+1
B (mi 1) I; (m|+ '

Thus, we complete the proof of the Teorem.

>2m+1—'B| +1.

Let m= k in Theoreml, we arrive at the following
Corollary 1.

Corollary 1.Let n and k be positive integer and lgt(8)
bes! I then we have

-1\ K2kt
&(n) = % |;< <2k|+ 1) Bok—1+1Bk; (—n)

1S (KL
_(k+1)!|;< | )2 Bi+1

Example ITakingk = 1 in Corollaryl, we see that

—n13 /3
1+2 = — Bs_B1 (—
+2434+...+n 6 |;<|> 3| 1!|( n)

18 (2) 2|
— = 2B +1
22\

n(n+1)

2

Fork =2 in Corollaryl, we have

2,02, 22 » N22 (5
12422432+ 4= — Bs_iB2, (—n)

By similar way, it can be easily shown far= 3,4, -.

3 Conclusion

We have derived the sums of thketh power of positive
integers by Bernstein polynomials and gave some
examples to support Corollaty
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