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Abstract: In this paper, we prove some fixed and common fixed point theorems for infinite families of self mappings of a complete
metric space satisfying some new conditions of common contractivity. These results generalize several well known comparable results
in the literature. An example is presented to show the effectiveness of our results.
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1 Introduction and Preliminaries

Fixed point theory constitutes an important and the core
part of the subject of nonlinear functional analysis and is
useful for proving the existence theorems for nonlinear
differential and integral equations. The Banach
contraction principle is the simplest and one of the most
versatile elementary results in fixed point theory, which is
a very popular tool for solving existence problems in
many branches of mathematical analysis. Several authors
have extended the Banach’s fixed point theorem in
various ways. The family of contraction mappings was
introduced and studied býCirić [9] and Tasković [17].
Also in the process, the study of existence of common
fixed point for finite and infinite family of self-mapping
has been carried out by many authors. For example, one
may refer[2,4,7,11,10,18,19,20].
Lakshmikantham and́Cirić [12] introduced the concept of
commuting maps which discuss the relation from the
reverse and proved fixed point theorems for single valued
maps in metric spaces. Recently, existence of common
fixed point and coincidence point problems has
considered, and first results were obtain by
Lakshmikantham and́Cirić [12]. We refer for more detail
to [3,7,13,14,15,16].
In [5], Babu et al. introduced the concept of condition (B)
as follows.

Definition 1.Let (X,d) be a metric space. A map T: X →
X is said to satisfy condition (B) if there exist a constant

δ ∈ [0,1) and some L≥ 0 such that for all x,y∈ X,

d(Tx,Ty)≤δd(x,y)

+L min{d(x,Tx),d(y,Ty),d(x,Ty),d(y,T x)}.

In 2008, Berinde [6] proved the following theorem which
is a generalization of many known results.

Theorem 1.Let (X,d) be a complete metric space and T:
X → X a mapping for which there exist aα ∈ (0,1) and
some L≥ 0 such that for all x,y∈ X

d(Tx,Ty)≤αM(x,y)

+L min{d(x,Tx),d(y,Ty),d(x,Ty),d(y,T x)},
(1)

where

M(x,y)=max{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,T x)}.

Then

1.T has a unique fixed point, i.e., F(T) = x∗;
2.for any x0 ∈ X, the Picard iteration{xn} defined by

Txn = xn+1 covnerges to some x∗ ∈ F(T);

3.the priori estimate d(xn,x∗) ≤
αn

(1−α)2d(x0,x1)

holds, for n= 1,2, ... ;
4.the rate of convergence of Picard iteration is given by

d(xn,x∗)≤ θd(xn−1,x∗) for n= 0,1,2, · · · .

Abbas and Ili ´c [1] introduced a new concept of generalized
condition (B), called generalized almostf -contraction.
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Definition 2.Let T and f be two self maps of a metric
space (X,d). A map T is called generalized almost
f -contraction if there existsδ ∈ [0,1) and L≥ 0 such that
for all x,y∈ X,

d(Tx,Ty)≤δM(x,y)+L min{d( f x,Tx),d( f y,Ty),

d( f x,Ty),d( f y,T x)},

where

M(x,y) = max{d( f x, f y),d( f x,T x),d( f y,Ty),

d( f x,Ty)+d( f y,Tx)
2

}.

In 2011, Ćiri ć et al.[8] introduced the concept almost
generalized contractive condition as follows:

Definition 3.Let f and g be two self maps of a metric
space(X,d). They are said to satisfy almost generalized
contractive condition if there existsδ ∈ [0,1) and L≥ 0
such that for all x,y∈ X,

d( f x,gy)≤δ max{d(x,y),d(x, f x),d(y,gy),

d(x,gy)+d(y, f x)
2

}

+L min{d(x, f x),d(y,gy),d(x,gy),d(y, f x)}.

The following interesting theorem was given byĆirić [9]
for a family of generalized contractions.

Theorem 2.Let (X,d) be a complete metric space and let
{Tα}α∈J be a family of self mappings of X. If there exists
fixedβ ∈ J such that for eachα ∈ J:

d(Tαx,Tβ y)≤ λ max{d(x,y),d(x,Tα x),d(y,Tβ y),

1
2
[d(x,Tβ y)+d(y,Tαx)]},

(2)

for someλ = λ (α) ∈ (0,1) and all x, y ∈ X, then all Tα
have a unique common fixed point, which is a unique fixed
point of each Tα , α ∈ J.

The aim of this paper is to define some new conditions of
common contractivity for an infinite family of mappings
and give some new results on the existence and uniqueness
of common fixed points in the setting of complete metric
space.

Definition 4.Let X be a nonempty set and let{Tn} be a
family of self mappings on X. A point x0 ∈ X is called a
common fixed point for this family iff Tn(x0) = x0, for each
n∈ N.

Definition 5.Let{Tn} be a sequence of mappings and g be
a self mapping on X. If y= gx= Tnx for all n∈ N and for
some x∈ X, then x is called coincidence point of{Tn} and
g, where y is called a point of coincidence of{Tn} and g.

2 Common fixed point theorems for a family
of mappings

In this section, we prove existence of a unique common
fixed point for a family of contractive type self maps on a
complete metric space.

Theorem 3.Let(X,d) be a complete metric space and0≤
ai, j (i, j = 1,2, ...), satisfy

i)for each j, lim
i−→∞

ai, j < 1,

ii)
∞

∑
n=1

An < ∞ where An =
n

∏
i=1

ai,i+1

1−ai,i+1
.

If {Tn} is a sequence of self maps on X satisfying

d(Tix,Tj y)≤ ai, jMi, j(x,y)+LNi, j(x,y), (3)

where,

Mi, j(x,y) = max{d(x,y),d(x,Tix),d(y,Tj y),

d(x,Tjy)+d(y,Tix)

2
},

and

Ni, j(x,y) = max{d(x,Tix),d(y,Tj y),d(x,Tj y),d(y,Tix)},

for all x,y∈ X, i, j ∈ N with x 6= y, i 6= j and L≥ 0, then
all Tn,s have a unique common fixed point in X. Further, if
x∈ X be unique common fixed point of{Tn},s then x is a
unique fixed point for all Tn,s.

Proof. For anyx0 ∈ X, let xn = Tn(xn−1), n= 1,2, ..., then
using (3) we obtain

d(x1,x2) = d(T1(x0),T2(x1))

≤ a1,2M1,2(x0,x1)+LN1,2(x0,x1),

where,

M1,2(x0,x1) =max{d(x0,x1),d(x0,T1x0),d(x1,T2x1),

d(x0,T2(x1))+d(x1,T1(x0))

2
}

= max{d(x0,x1),d(x0,x1),d(x1,x2),

d(x0,x2)+d(x1,x1)

2
}

= max{d(x0,x1),d(x1,x2),
1
2

d(x0,x2)}

≤ d(x0,x1)+d(x1,x2),

and

N1,2(x0,x1) = min{d(x0,T1x0),d(x1,T2x1),d(x0,T2(x1)),

d(x1,T1(x0))}

= min{d(x0,x1),d(x1,x2),d(x0,x2),d(x1,x1)}

= 0.

Therefore

d(x1,x2)≤
a1,2

1−a1,2
d(x0,x1). (4)
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Also,

d(x2,x3) = d(T2(x1),T3(x2))

≤ a2,3M2,3(x2,x3)+LN2,3(x2,x3),

where

M2,3(x1,x2) = max{d(x1,x2),d(x1,T2x1),d(x2,T3x2),

d(x1,T3(x2))+d(x2,T2(x1))

2
}

= max{d(x1,x2),d(x1,x2),d(x2,x3),

d(x1,x3)+d(x2,x2)

2
}

= max{d(x1,x2),d(x2,x3),
1
2

d(x1,x3)}

≤ d(x1,x2)+d(x2,x3),

and

N2,3(x1,x2) = min{d(x1,T2x1),d(x2,T3x2),d(x1,T3(x2)),

d(x2,T2(x1))}

= min{d(x1,x2),d(x2,x3),d(x1,x3),d(x2,x2)}

= 0.

So,

d(x2,x3)≤
a2,3

1−a2,3
d(x1,x2). (5)

Hence from (4) and (5), we have

d(x2,x3)≤
a1,2

1−a1,2
.

a2,3

1−a2,3
d(x0,x1).

In general

d(xn,xn+1)≤
n

∏
i=1

ai,i+1

1−ai,i+1
d(x0,x1). (6)

Therefore, form,n∈ N, m≥ n, and using (6), we have

d(xn,xm)≤
m−1

∑
k=n

d(xk,xk+1)

≤
m−1

∑
k=n

k

∏
i=1

ai,i+1

1−ai,i+1
d(x0,x1)

=
m−1

∑
k=n

Akd(x0,x1).

Thus{xn} is a Cauchy sequence and by completeness ofX,
{xn} converges tox (say) inX. So for any positive integer
m,

d(x,Tmx)≤ d(x,xn)+d(xn,Tmx) = d(x,xn)+d(Tnxn−1,Tmx)

≤ an,mMn,m(xn−1,x)+LNn,m(xn−1,x),

Takinglim asn−→ ∞, we get

d(x,Tmx)≤ lim
n−→∞

an,md(x,Tmx). (7)

Indeed,

Mn,m(xn−1,x) = max{d(xn−1,x),d(xn−1,Tnxn−1),d(x,Tmx),

d(xn−1,Tmx)+d(x,Tnxn−1)

2
}

= max{d(xn−1,x),d(xn−1,xn),d(x,Tmx),

d(xn−1,Tmx)+d(x,xn)

2
},

and

Nn,m(xn−1,x) = min{d(xn−1,Tnxn−1),d(x,Tmx),d(xn−1,Tmx),

d(x,Tnxn−1)}

= min{d(xn−1,x),d(xn−1,xn),d(x,Tmx),

d(xn−1,Tmx),d(x,xn)},

which,

lim
n−→∞

Mn,m = d(x,Tmx)

lim
n−→∞

Nn,m = 0.

From condition(i) and (7), it follows that d(x,Tmx) = 0
givesx as a common fixed point of{Tm}. Let y be another
fixed point of{Tn}, then

d(x,y) = d(Tnx,Tmy)

≤ an,m max{d(x,y),d(x,Tnx),d(y,Tmy),

d(x,Tmy)+d(y,Tnx)
2

}

+L min{d(x,Tnx),d(y,Tmy),d(x,Tmy),

d(y,Tnx)}.

Takinglim asn−→ ∞, we get

d(x,y)≤ lim
n−→∞

an,md(x,y),

which is possible only whenx= y. Hencex is the unique
common fixed point of{Tn}. Further, ify∈ X is a unique
fixed point of Tk, then according tolim

i−→∞
ai,k < 1, there

exists anik ∈N such thataik,k < 1. Thus, by (3), we have

d(x,y) = d(Tikx,Tky)

≤ aik,k max{d(x,y),d(x,Tikx),d(y,Tky),

d(x,Tky)+d(y,Tikx)

2
}

+L min{d(x,Tikx),d(y,Tky),d(x,Tky),d(y,Tikx)}

≤ aik,kd(x,y),

which impliesd(x,y) = 0 and hencex= y.

Example 1.Let X = [0,1] be a complete metric space with
the distanced(x,y) = |x−y|, x,y∈ X, andTn : X −→ X be
defined by

Tn(x) =











1, 0< x≤ 1,

3
4
+

1
n+3

, x= 0.
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Let ai, j =
1
4
+

1
|i − j|+8

, i 6= j, then for eachj, lim
i−→∞

ai, j <

1 andAn =
n

∏
i=1

ai,i+1

1−ai,i+1
= (

13
23

)n, therefore
∞

∑
n=1

(
13
23

)n
<

∞.

Now we prove that for eachx,y∈ X,

d(Tix,Tjy)≤ ai, jMi, j (x,y)+L Ni, j(x,y).

There are three possible cases:

(1)x∈ (0,1], y∈ (0,1]. Then

d(Tix,Tjy) = |Tix−Tjy|= 0

≤ ai, j |x−1|= ai, jd(x,Tix)

≤ ai, jMi, j(x,y)+L Ni, j(x,y).

(2)x∈ (0,1], y= 0. Then

d(Tix,Tjy) = |Tix−Tj(0)|= |
1
4
−

1
j +3

| ≤
1
4

≤ (
1
4
+

1
|i − j|+8

)|0−1|= ai, jd(y,Tix)

≤ ai, jMi, j(x,y)+L Ni, j(x,y).

(3)x= y= 0 , i < j. Then

d(Tix,Tjy) = |Ti(0)−Tj(0)|= |
3
4
+

1
i +3

−
3
4
−

1
j +3

|

=
1

i +3
−

1
j +3

≤ (
1
4
+

1
j − i +8

)|0−
3
4
−

1
j +3

|

≤ ai, jd(x,Tjy)

≤ ai, jMi, j(x,y)+L Ni, j(x,y).

So all the conditions of Theorem3 are satisfied and note
thatx= 1 is the only fixed point for allTn.

The following result is the immediate consequence of
Theorem3.

Corollary 1.Let(X,d) be a complete metric space and0≤
ai, j (i, j = 1,2, ...), satisfy

i)for each j, lim
i−→∞

ai, j < 1,

ii)
∞

∑
n=1

An < ∞ where An =
n

∏
i=1

ai,i+1

1−ai,i+1
.

If {Tn} is a sequence of self maps on X satisfying

d(Tix,Tj y)≤ ai, j max{d(x,y),d(x,Tix),d(y,Tj y),

d(x,Tjy)+d(y,Tix)

2
},

for all x,y ∈ X, i, j = 1,2, ... with x 6= y and i 6= j, then
all Tn,s have a unique common fixed point in X. Further, if
x ∈ X be unique common fixed point of{Tn},s then x is a
unique fixed point for all Tn,s.

Proof.TakingL = 0 in Theorem3, we have the required
proof.

Conclusion

We saw that the results of Berinde [6] and the results of
Ćirić [9] also hold in the context of metric spaces with
some simple changes in the contractive conditions. we can
prove many fixed point results in this new contraction for
infinite families of maps. Theorem3 improves and extends
the main results of Berinde [6] andĆirić [9]. Example1 is
furnished in support of Theorem3.
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