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Abstract: In this paper, we prove some fixed and common fixed point tmesfer infinite families of self mappings of a complete
metric space satisfying some new conditions of common aotitity. These results generalize several well known caralple results
in the literature. An example is presented to show the effercéss of our results.
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1 Introduction and Preliminaries d € [0,1) and some > 0 such that for all xy € X,

. . . : d(Tx Ty) <od(x,y)
Fixed point theory constitutes an important and the core .
part of the subject of nonlinear functional analysis and is +L min{d(x, TX),d(y, Ty),d(x, Ty),d(y, T)}.
useful for proving the existence theorems for nonlinear), 2008, Berinde§] proved the following theorem which
differential and integral equations. The Banach g4 generalization of many known results.
contraction principle is the simplest and one of the most
versatile elementary results in fixed point theory, which is Theorem 1Let (X,d) be a complete metric space and T
a very popular tool for solving existence problems in X — X a mapping for which there exist@ < (0,1) and
many branches of mathematical analysis. Several authorsome L> 0 such that for all xy € X
have extended the Banach's fixed point theorem in
various ways. The family of contraction mappings was d(TxTy) <aM(x.y)
introduced and studied bgiric [9] and Taskovit 17). +Lmin{d(x, Tx),d(y,Ty),d(x, Ty),d(y, TX)},
Also in the process, the study of existence of common (1)
fixed point for finite and infinite family of self-mapping where
has been carried out by many authors. For example, one
may referp,4,7,11,10,18,19,20]. M(x,y) =max{d(x,y),d(x, TX),d(y, Ty),d(x, Ty),d(y, Tx)}.
Lakshmikantham an@iri¢ [12] introduced the concept of
commuting maps which discuss the relation from the Then
reverse and proved fixed point theorems for single valued 1 T has a unique fixed point, i.e.(F) = xx;

maps in metric spaces. Recently, existence of common 2 for any x € X, the Picard iteratiofix,} defined by
fixed point and coincidence point problems has Ty —x, ; covnerges to some F(T);

considered, and first results were obtain by o ) an
Lakshmikantham an@iri¢ [12]. We refer for more detail ~ 3-the priori estimate  (,xx) < 1 a)zd(Xval)
to[3,7,13,14,15,16]. holds, forn=1,2,...;

In [5], Babu et al. introduced the concept of condition (B)  4.the rate of convergence of Picard iteration is given by
as follows. d(Xn, x) < 0d(Xh_1,x%) forn=0,1,2,--- .

Definition 1.Let (X,d) be a metric space. A mapTX — Abbas and licT1] introduced a new concept of generalized
X is said to satisfy condition (B) if there exist a constant condition (B), called generalized almdstontraction.
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Definition 2.Let T and f be two self maps of a metric 2 Common fixed point theorems for a family
space (X,d). A map T is called generalized almost of mappings
f-contraction if there existd < [0,1) and L> 0 such that
forallx,y € X, In this section, we prove existence of a unique common
. fixed point for a family of contractive type self maps on a
d(TxTy) <6M(x,y) +L min{d(fx, TX),d(fy, Ty), complete metric space.
d(fx,Ty),d(fy, Tx)},

Theorem 3Let(X,d) be a complete metric space afde

where aj (i,j=1,2,...), satisfy
M(x,y) = max{d(fx, fy),d(fx, Tx),d(fy, Ty), for each j, lim & <1,
d(fx, Ty) +d(fy, Tx) Ny
} i < o where i+l
2 ) zAn A= I_ll Qi1

In 2011, Ciric et al.[] introduced the concept almost |f {Tn} is a sequence of self maps on X satisfying
generalized contractive condition as follows:

d(Tix, Tjy) < a jM; j(x,y) + LN j(X,y), 3)
Definition 3.Let f and g be two self maps of a metric (T T) iMij (oY) i (XY)
space(X,d). They are said to satisfy almost generalized where,
contractive condition if there exis®& € [0,1) and L> 0
such that for all xy € X, [ ) I\/li,j (va) = max{d(x,y),d(x,'l'ix),d(y,ij),

d(x, Tjy) +d(y, Tix)

d(fx,gy) <dmax{d(x,y),d(x, fx),d(y,gy), > 12

d(x,gy) +d(y. fX)} and
2
FLmin{d(x, fx),d(y,gy),d(x.gy),d(y. fx)}.  Nui(xy) =maxd(xTix),d(y, Tjy),d(x Tiy), d(y, X},
o ) ) forallx,ye X, i,j e Nwith x#£vy, i jand L> 0, then
The following interesting theorem was given BYi€ [9]  all T,,s have a unique common fixed point in X. Further, if
for a family of generalized contractions. x € X be unique common fixed point©F,},s then x is a
unique fixed point for all J;s.

Theorem 2Let (X,d) be a complete metric space and let
{Ta}aes be a family of self mappings of X. If there exists Proof. For anyxp € X, let X, = Ta(Xn-1), N=1,2,..., then

fixed € J such that for eaclr € J: using @) we obtain
d(Tax, Tgy) <A max{d(x,y),d(x, TaX),d(y, Tgy), 60, %) = d(Tal%), Ta0))
1 ?) < @12M1.2(X0, 1) + LN12(X0, 1),
i[d(xa TBy) + d(y7 TaX)]}, Where,

for someA = A(a) € (0,1) and all x y € X, then all T My,2(Xo,X1) =max{d(Xo,X1),d(Xo, TiXo), d (X1, ToX1),

have a unique common fixed point, which is a unique fixed d(xo, T2(X1)) +d(x1, T1(X0)) )
pointof each §, a € J. 2
= max{d(Xo,X1),d(Xo,X1),d(X1, X2),

d(xo,%2) +d(x1,x1)}

The aim of this paper is to define some new conditions of
common contractivity for an infinite family of mappings

and give some new results on the existence and uniqueness 2
of common fixed points in the setting of complete metric = max{d(Xo,x1),d(x¢, %) }d(xo %)}
Space_ ) ) ) ) 2 )

< d(Xo,%1) +d(X1,X2),

Definition 4.Let X be a nonempty set and If,} be a  2nd
family of self mappings on XA point % € X is called a Ny 2(Xo,X1) = min{d(Xo, TiXo),d(X1, ToX1),d(Xo, T2(X1)),

common fixed point for this family iff{Xy) = Xo, for each d(x1, Ti(X0))}
nen — min{d(xo. 1), d(xs, ), d(x0,%2), d(x1,%1)}
Definition 5.Let{T,} be a sequence of mappings and g be =0.

a self mapping on X. Ify= gx=Tpyx foralln€ N and for  Therefore
some x X, then x is called coincidence point{f,} and

a
g, where y is called a point of coincidence{d@} and g. d(x1,%2) < 1 c

2
2—dlox) @
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Also,
d(x2,x3) = d(T2(x1), Ta(X2))
< ap3Mp 3(X2,X3) + LNz 3(X2, X3),
where
Mz 3(x1,%2) = max{d(xg,X2),d(x1, Tox1),d(X2, Taxz),
d(x1, Ta(x2)) + d(x2, T2(X1)) }
2
=max{d(xg,X2),d(x1,X%2),d(X2,X3),
d(x1,%3) +d(Xp,X2)
2 }
1
= max{d(x,%2),d(X2,X3), id(xl,xez)}
<d(xg,%2) +d(x2,X3),
and
No 3(x1,%2) = min{d(x1, Tox1),d (X2, Tsxz), d(x1, Ta(X2)),
d(x2, T2(x1)) }
= min{d(x1,X2),d (X2, X3),d(X1,X3),d (X2, X2) }
=0.
So,
a3
d(Xz,Xg) < 1 d(Xl,Xz). (5)
— a3
Hence from 4) and 6), we have
a2 a3
< R .
d(x2,xs) < 7— a 1= azsd(xO’xl)
In general
n g i+l
d(Xn, Xn+1) < ,X1). 6
nsXn+1) I_l —an d(xo,%1) (6)

Therefore, fom,n € N, m> n, and using §), we have

m-1
d(xnaxm) S z d(Xk,Xk+1)
k=n
m-1 k
Qji+1
< ——d(Xo,x1
K=ni= 1_ai7i+l ( )
m-1

= > Ad(x0,x).
k=n

Thus{x,} is a Cauchy sequence and by completeneXs of

{Xn} converges tx (say) inX. So for any positive integer

m!

d(X, TmX) < d(X,Xn) + d(Xn, TmX) = d(X,%n) + d(TXn—1, TmX)
< an,mMn,m(Xn—l, X) + LNn,m(Xn—la X),

Takinglim asn — o, we get

d(x, Tmx) < n'@ma”’md(x’ TmX). @)

Indeed,
Mn,m(Xn—1,X) = max{d(Xn—1,X),d(Xn—1, TnXn—1), d(X, TmX),
d(Xp—1, TmX) +d(X, T, Xn—1)
2 }
=max{d(Xn_1,X),d(Xn—1,Xn), d(X, TmX),
d(Xn—1, TmX) + d(X, Xn)
2 b
and
Nn,m(xn—lax) = min{d(xn—laTan—l)vd(Xa me)a d(xn—lvaX)v
d(x, T, Xn—1)}
= min{d(X,—1,X),d(Xn—1,%n),d(X, TmX),
d(xn—laTmX)ad(van)}v
which,

n—-oo :
||m Nn‘m - 0
nN—-yc0 ’
From condition(i) and (7), it follows thatd(x, Tmx) =0

givesx as a common fixed point dfT}. Lety be another
fixed point of{ Ty}, then

d (X7 y) = d (TnX, Tmy)
S an-,m maX{d (X? y)7 d (Xa TnX), d (yv TmY)a

d(x, Tmy) + d(y, TnX)
> }

+ L min{d(x, TaX), d(y, Tmy), d(X, Tmy),
d(y7 Tnx)}-
Takinglim asn — o, we get
d(Xa y) S n“L>nman,md (X7 y)a

which is possible only wher=y. Hencex is the unique

common fixed point of T,}. Further, ify € X is a unique

fixed point of Ty, then according tolim a; Kk < 1, there
| —00

exists ariy € N such that, x < 1. Thus, by @), we have
d(X7 y) = d(TikX, Tky)
< a'ikvk max{d(x,y),d(x,'l'ikx),d(y,Tky)7

d(x, Tey) + d(y, Ti X)
2 }

+L min{d(X, Tikx)7 d(yv Tky)7 d(Xa Tky)a d(ya TikX)}
<a kd(xy),
which impliesd(x,y) =

0 and hence =Y.

Example lLet X = [0,1] be a complete metric space with
the distancel(x,y) = [x—V|, X,y € X, andT,: X — X be
defined by

1, 0<x<1,
Thx)=9 3 1
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1 1 . J— .

Leta j = Z+m,| £ |, then for eachj, ,I|m aj< Conclusion
1 andA, = I_l A+l _ = ( 3)n thereforez 13 o Wesaw that the results of Berindé] [and the results of

l1-aiy1 23 Ciric [9] also hold in the context of metric spaces with
. some simple changes in the contractive conditions. we can
Now we prove that for eacky € X, prove many fixed point results in this new contraction for
d(Tx Tyy) < ajMij(xy) +L N j(xy). infinite families of maps. Theore@improves and exte.nds

. the main results of Berind®] and Ciric [9]. Examplel is
There are three possible cases: furnished in support of Theoref
(Ix € (0,1],y € (0,1]. Then
d(Tix Tjy) = [Tix—Tyy| = Acknowledgement
< & jIx— 1 = a;jd(x, Tix)
gaHM.’J(x,y)jLL Nij(X,y). The author is grateful to the anonymous referees and

editor for there careful review and valuable comments

(2)x€ (0,1],y=0.Then that improved this paper.

1
d(Tx Tyy) = [Tx—Ty(0) = | -

i+ 3
11 References
[1] M. Abbas, D. llic , Common fixed points of generalized
< a,jMij(X,y) +L Nij(x,y). almost nonexpansive mappings, Filomat 24 (3) (2010) 1118.
(Bx=y=0,i<j. Then [2] A. Aghajani, S. Radenovit, J. R. Roshan, Common fixed
point results for four mappings satisfying almost geneedli
d(Tix, ij) _ |Ti (0) _ Tj (O)| _ |§ i _ § _ i| (ST)-contractive condition in partially ordered metric spgce
i+3 4 j+3 Appl. Math. Comput., 218 (2012), 5665-5670.
1 1 [3] A. Aghajani, R. Arab, Fixed points ofy, ¢, 6)-contractive
= ir3 J+—3 mappings in partially orderdatmetric spaces and application
to quadratic integral equations, Fixed Point Theory and
<Ayt 31 Applications, 2013,10.1186/1687-1812-2013-245.
4 j—i+8 4 j+3 [4] C. Alaca, A Common fixed point theorem for a family of
< ajd(x,Tjy) selfmappings saﬂ)sfyi_ng a gen?ra; contk:activg conditibn o
< aj,jMi,j(X,y)+L Ni,j(X,y). ggferlfiltf;_tyl/?e, Albanian journal of mathematics, 3 (2009),

So all the conditions of Theorefhare satisfied and note [5] G-V.R. Babu, M.L. Sandhya, M.V.R. Kameswari, A note

thatx = 1 is the only fixed point for all,. on a fixc_ad point theorem of Berinde on weak contraction,
The following result is the immediate consequence of _ CarpathianJ. Math. 24 (1) (2008) 812.
Theorend. [6] V. Berinde, General constructive fixed point theorem for
Ciric-type almost contractions in metric spaces, Carjathi
Corollary 1.Let(X,d) be a complete metric space abet J. Math. 24 (2) (2008) 1019.
aj (i,j=1,2,..), satisfy [7] N. Buong, N. Thi Quynh Anh, An Implicit Iteration Method
. R for Variational Inequalities over the Set of Common Fixed
i)for each J “m ) aij < 1, Points for a Finite Family of Nonexpansive Mappings in
N i1 Hilbert Spaces, Fixed Point Theory and Applications, (9011
ii) z An < o where A = I_l inpress.
1-4 '+1 [8] Lj. Cirit, M. Abbas, R. Saadati, N. Hussine, Common fixed

points of almost generalized contractive mappings in @dler

If {Tn} is a sequence of self maps on X satisfyin
{Tn} q P fying metric spaces, Appl. Math. Comput. 217 (2011) 57845789.

d(Tix, Tjy) < aijmax{d(x,y),d(x, Tix),d(y, T;y), [9] L.B. Ciri¢, On a family of contractive maps and fixed points,
Publ. Inst. Math, 17(1974), no. 31, 45-51.
d(x,Tjy) +d(y Tix) I3 [10] L. G.Hu, J.P. Wan(g, Str())ng Convergence of a New Iteratio
2 for a Finite Family of Accretive Operators, Fixed Point
for all x,y € X, i,j =1,2,... with xy and i# j, then Theory and Applications, (2009), doi:10.1155/2009/4%8.58
all Tp,s have a unique common fixed point in X. Further, if [11] S. A. Husain, V. M. Sehgal, On common fixed points for
x € X be unique common fixed pointF,},s then x is a a family of mappings, Bull. Austral. Math., 13 (1975), 261~
unique fixed point for all I;s. 267.

' . _ [12] V. Lakshmikantham, LCiric, Coupled fixed point theorems
Proof.TakingL = 0 in Theorem3, we have the required for nonlinear contractions in partially ordered metric cgm
proof. Nonlinear Anal. TMA, 70 (2009), 4341-4349.

(@© 2016 NSP
Natural Sciences Publishing Cor.



J. Ana. Num. Theo#, No. 1, 29-33 (2016) www.naturalspublishing.com/Journals.asp NS = 33

[13] J. H. Mai, X. H. Liu, Fixed-point theorems for families
of weakly non-expansive maps, J. Math. Anal. Appl., 334
(2007), 932-949.

[14] Z. Lii, On common fixed points for converse commuting sel
maps on metricspaces, Acta Anal.Funct. Appl., 4(3), (2002)
226-228

[15] H.K. Pathak, R.K. Verma, An integral type implicit réian
for converse commuting maps, , Int. J. Math. Anal.,
3(24),(2009), 1191-1198

[16] B. Samet, Common fixed point theorems involving two pair
of weakly compatible mappings in K-metric spaces, Applied

Reza Arab having more
than 15 years of teaching
experience, is working as
Assistant Professor in Islamic
Azad University, Sari Branch
and now he is a head of
Department of Mathematics.
His research interests
are fixed point theorems and
measure of non-compactness.

Ja\ e

Mathematics Letters, 24 (2011), 1245-1250. As you can see in most of his papers, he .has tried to
[17] M. R. Taskovic, On a family of contractive maps, Bull. apply fixed point _theorgms to prove the existence and
Austral. Math So'c 13 (1975), 301308 ' uniqueness of various kinds of applied problems such as

[18] Y. C. Tang, J. G. Peng, Approximation of Common Fixed integral equations and differential equations.
Points for a Finite Family of Uniformly Quasi-Lipschitzian
Mappings in Banach Spaces, Thai Journal of Mathematics, 8
(2010), no. 1, 63-71.

[19] R. Wangkeeree, Implicititeration process for finiteniy
of nonexpansive nonself-mappings in Banach spaces,
International J. of Math. Sci. and Engg. Appls. (IIMSEA),
1(2007), no. 1, 1-12.

[20]Z. ZUO, lterative Approximations for a Family of
Multivalued Mappings in Banach Spaces, Journal of
Mathematical Inequalities, 4 (2010), no. 4, 549-560.

(@© 2016 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction and Preliminaries
	Common fixed point theorems for a family of mappings

