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1 Introduction

This paper is a continuation of [19], where the model operator H associated to a system
describing four particles in interaction, without conservation of the number of particles,
acting in the four-particle cut subspace of Fock space, was considered and its essential
spectrum was described by the spectrum of channel operators. Here an analogue of the
Hunziker-van Winter-Zhislin (HWZ) theorem for the operator H was proven and a connec-
tion between the spectrum of H and a variational approach to find boundaries of essential
spectrum and some interior eigenvalues was given. In the present paper we prove that the
essential spectrum of this operator consists of no more than seven bounded closed intervals
and we study the location of these intervals.

The location of the essential spectrum of N-body Schrodinger operators for particles
moving in R? has been extensively studied in many works, see for example [8,20,23]. The
Hamiltonians of systems of three quantum particles moving on the three dimensional lattice
Z? were considered in [1,2,9, 10, 14] and the essential spectrum has been investigated.
In particular, in [2] it is shown that, the essential spectrum of the three-particle discrete
Schrédinger operator, consists of no more than four bounded closed intervals and the main
result of [1] is that the essential spectrum of the three-particle discrete Schrodinger operator
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consists of only finitely many bounded closed intervals, although the corresponding two-
particle operators might posses infinitely many eigenvalues for some value of the two-
particle quasi-momentum. The essential spectrum of discrete Schrédinger operators on
lattice Z~ by means of the limit operators method was studied in [15].

In quantum field theory, condensed matter physics and the theory of chemical reactions,
naturally occur in quantum systems, where the particle number is finite, but not conserved.
The study of these systems is reduced to the study of spectral properties of self-adjoint
operators, acting in the cut subspace H™) of Fock space, consisting of 7 < n particles
[13,21,24]. We note that the location and structure of the model operators acting in H®
are studied in detail in [4,5,11,12,17,18,22].

The paper is organized as follows. In Section 2 the model operator H is described as a
bounded self-adjoint operator in H(¥). In Section 3 the main results are formulated (Theo-
rems 3.1-3.3) and for completeness, we here reproduce some useful arguments, which have
been proven in [19]. In Section 4 we study some spectral properties of the corresponding
families of the operators. Section 5 is devoted to the proof of the main results.

We recall that for the three-particle continuous Schrodinger operators the three-particle
continuum of the essential spectrum coincides with the semi-axis [0; +00). Two-particle
branches fill the interval [k; +00), where £ < 0 is the lowest eigenvalue of the two-particle
subhamiltonians. Thus, there are no gaps in the essential spectrum. In lattice case the “two-
particle” and three-particle” branches of essential spectrum fill finite-length segments and
might overlap. Theorems 3.2 and 3.3 show that under some natural conditions there exist
gaps of the essential spectrum of H.

Throughout this paper we adopt the following convention: Denote by T? the three-
dimensional torus, the cube (—, 7] with appropriately identified sides. The torus T? will
always be considered as an abelian group with respect to the addition and multiplication by
real numbers regarded as operations on the three-dimensional space R? modulo (27Z)3.

For each sufficiently small § > 0 the notation Us(pg) = {p € T : |p — po| < &}
stands for a § > 0 neighborhood of the point py € T3.

2 The Model Operator

2.1 The model operator in quasi-momentum representation

Let us introduce some notations used in this work. Let C be the field of complex
numbers and Ly ((T®)"), n = 1,2, 3 be the Hilbert space of square-integrable (complex)
functions defined on (T3)", n = 1,2, 3.

Denote

Ho = C, H1 = Ly(T?), Hy = Ly((T?)?), Hz = Ly((T?)?),
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m
Hm) = @Hi’ 0<n<m<3.
i=n
The space HY) = H(3) is called the four-particle cut subspace of Fock space.
Let H;; be annihilation (creation) operators [6] defined in the Fock space fori < j (i >
7). In this paper we consider the case, where the number of annihilations and creations of
the particles of the considering system equal to 1. It means that H,; = 0 for all |i — j| > 1.
So, a model operator H associated to a system describing four particles in interaction,
without conservation of the number of particles, acts in the Hilbert space (*:) as a matrix
operator
Hoo Hor O 0
- Hyoy Hyy Hip O
0 Ho Hy Hoy |’
0 0 Hjzy Hsz

where its components H;; : H; — H;, ¢,7 =0, 1,2, 3 are defined by the rule

(Hoofo)o = wofo, (Hoifi)o = /

T

\ v1(s) fi(s)ds, (Hiofo)1(p) = vi(p)fo,

(i for(e) = orh o). (Hrafon) = [ on(o)flps)ds,
(Ha1/1)2(p, ) = v2(0) f1(p), Hzz = Hyy — Vo1 — Vaz,

(H% f2)2(p. q) = w2(p, q) f2(p, @), (Varf2)2(p, q) = va1(p) /TS v21(s) f2(s, q)ds,

(Vasfo)2(p,q) = v (q) /

T3

032(5) fop, $)ds, (Has f)2(p. q) = / v5(3) faps 4, 8)ds,

(Hs2f2)3(p, q,t) = v3(t) f2(p,q), (Hzsf3)3(p,q,t) = ws(p,q,t)f3(p,q,1).

Here f; € H;, i = 0,3, wp is a real number, v;(-), i = 1,2,3, vo;(-), 5 = 1,2, w1 (")
are real-analytic (nonzero) functions on T? and ws (-, -) resp. ws(-,-,-) is a real-analytic
(nonzero) function on (T?)2 resp. (T?3)3.

Under these assumptions the operator H is bounded and self-adjoint in H©:3),

2.2 The channel operators and direct integral decompositions

Let us introduce the channel operators H,,, n = 1,3 resp. Hj acting in H(>3) resp.
H(1:3) by the following rule

HY Voo H Hu Hio 0
— Va1 Has
Hy = ( 22}132 Has > ; Hy= | Hy HY —Voy Hays |,
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Hy— HY Has .
Hj>  Hss
First we consider the channel operator H3, which commutes with any multiplication oper-
ator U¥ by the bounded function a(-, ) on (T3)2

@ 920 \_ [ apdeqd g2 2.3)
Vo ( 93(p, q,t) ) < a(p, 4)93(p, 4,t) > < g3 > S

Therefore the decomposition [20] of the space H(>?) into the direct integral
HOD = / & H>) dpdg
(T3)?
yields the decomposition into the direct integral

H; = / @ hs(p, q)dpdg, @1
(T3)?

where a family of the generalized Friedrichs models hs(p, ), p,q € T? acts in H(%1 as

ha(p, q) = L) (p,q) hsy
4) = 3 3 :
Ky hY(p,q)

Here
D 0,0 fo)o = walps @) for (B F1)o As
(B3 o (8) = va () fo, (WY (py@) f1)1 (1) = w3(p, a6 f1(2).

In analogy with the operator H3 one can give the decomposition
H, = / @ hy,(p)dp, n=1,2, (2.2)
T3

where a family of the operators hi(p), p € T? resp. ha(p), p € T? acts in H(1?) resp.
H(0:2) a5

D) B hig (p) By 0
hi(p) = ( Q) h(1) ) resp.  ha(p) = T e B
) 0o )

with the entries

(h(ﬁ)(p)ﬁ)l(Q) = wa(p, ) f1(q) —Uzl(Q)/ va1(8) f1(s)ds

T3

mﬁﬁmmz/'m@ﬁ@@mw@&mhm%w:m@@wﬁ@m

T3



Investigations of the Essential Spectrum 399
(hsy f1)a(a. 1) = va(®)£1(0), (b (P) oo = wi(p) o, (A7 f1)o / s,
(hid fo)1(a) = va(a) fo. (Y (P)f1)1(a) = wa(p, @) f1(a) — vy /
Let us introduce the notations

= t M = a. t 5
m=_min wsp,g1), ,max ws(p, . 1)

Utwo(Hn) = U Jdisc(hn(p))v n= 17 27
peT3

Uthrcc(Hn) = U Udisc(hB(p7 Q))v GfouT(Hn) = [va}v n= 17273-
p,q€T?

The following theorem describes the essential spectrum of H (see [19]).

Theorem 2.1. For the essential spectrum o.ss(H) of H the following equality
Oess (H) = thuo(H) U Uthree(H) U Ufour(H)

holds, where owo(H) = 0two(H1) U Otwo(H2), Othree(H) = Othree(Hs) and
Ufour'(H) - Ufour'(HS)-

The sets 0tyo(H ), Othree(H) and oo, (H) are called two-particle, three-particle and
four-particle branches of the essential spectrum of H, respectively.

2.3 Main assumptions

Throughout this paper we assume that the function ws(-,-,-) has a unique non-
degenerate minimum (resp. maximum) at the point (pg,qo,t0) € (T2)® (resp.
(p1,q1,t1) € (T?)3) and for simplicity we also assume that for any p € T3 the opera-
tor ho(p) has no eigenvalues lying in the intervals (—oo; m), (M; +00).

Note that if for any p € T? the operator hz(p) has no eigenvalues lying in the intervals
(—oo;m) and (M; 4+00), then oy0(Ha) C [m; M) (see Lemma 4.6).

For any fixed p,q € T we define an analytic function Az(p, q;-) resp. Ay(p;-) in
C\ 0ess(h3(p, @) resp. C\ 0ess(hi(p)) by

v2(s)ds
A ,qi2) = W s — z— / 3
3(p.9:%) 2(p.4) s w3(p,q,8) — 2

resp.

v2,(s)ds
Ai(p;z)=1— _U2115)d5
1(p;2) T3 Asz(p, s;2)

(the Fredholm determinant associated with the operator hs(p,q),p,q € T3 resp.
hl( )ap € TS)
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Since for any fixed p,q € T? the function As(p,q;-) is decreasing in the intervals
(—oo0;m), (M;400) and the function has a unique non-degenerate minimum (resp. max-
imum) at the point (po, qo,to) € (T3)3 (resp. (p1,q1,t1) € (T?)3) by the dominated
convergence theorem for any fixed p, ¢ € T? there exist the following finite limits

lim Az(p,q;2) = Asz(p,q;m) and  lim  Az(p,q;2) = As(p,q; M).
z—m—0 z— M40

Assumption 2.1. There exist positive numbers d1, do > 0 and C7, Cy > 0 such that for
all (p, q) € Us, (po) x Us, (qo) resp. (p,q) € Us,(p1) X Us,(q1) the following inequality

[As(p,q;m)| > Cilp — pol® + lg — qo|™)

resp.
|A3(p,q; M)| > Co(lp—p1|” + g — a1]?)

holds for some 0 < «, 3 < 2.

Remark 2.1. The class of functions Ag(+,-;m) and As(-,-; M) satisfying the conditions
of Assumption 2.1 is nonempty (see Lemma 4.12).

Analogously if Assumption 2.1 is fulfilled, then for any fixed p € T? there ex-
ists the following finite limit lim,_,,,_o A1(p;2) = A1(p;m). Therefore the functions
As(-,-3m), As(-,-; M) and A1 (-;m) are continuous on (T?3)2 and T3, respectively.

3 Statement of the Main Results

In this section we formulate main results of the paper.

Theorem 3.1. The essential spectrum of the operator H consists of no more than seven

bounded closed intervals.

Let us introduce the following notations:

a1 = min oy, (H), b1 = max oo (H),
H)N (=oo;m], by = max oppree(H) N (—o00;m],
H)N[M;400), bz =maxotpree(H) N [M;+00).

az = min Uthree(
a3 = min Uthree(
The location and structure of the essential spectrum of H can be precisely described in the
following theorems:

Theorem 3.2. Let Assumption 2.1 be fulfilled and minyecps A1(p;m) > 0.
I. Assume that max,, ,ers Asz(p,q; M) < 0.
(1.1) Ifmin, jers Asz(p,q;m) > 0, then 0ess(H) = [m; M].
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(1.2) If miny 4es Ao(p,g;m) < 0 and max, ges As(p,qg;m) > 0, then
Oess(H) = [ag; M| with ay < m.

(1.3) If max, qers As3(p,q;m) <0, then 0ess(H) = [ag; ba] U [m; M| with by < m.

IL. Assume that min, qers A3(p,q; M) < 0 and max,, gers As(p,q; M) > 0.

2.1) Ifmin, jers Az(p,q;m) > 0, then 0ess(H) = [mj; bs] with bg > M.

(2.2) If miny 4ers Az(p,g;m) < 0 and max, ges Az(p,q;m) > 0, then
Oess(H) = [ag; bs] with ay < m and bs > M.

(2.3) If max, 4es Az(p,q;m) < 0, then 0o5s(H) = [ag; ba] U [m;bs] with by < m
and bs > M.

IIL. Assume that min, 4ers Az(p, q; M) > 0.

(3.1) Ifmin, gers Az(p,q;m) > 0, then 0ess(H) = [m; M] U [as; bs] with az > M.

(3.2) If miny gers Az(p,g;m) < 0 and max, ges Az(p,q;m) > 0, then
Oess(H) = [ag; M| U [as; bs] with ay < m and ag > M.

(3.3) Ifmax,, ses Az(p, q;m) < 0, then 0ess(H) = [az; bo) U [m; MU [as; bs] with
by < mandas > M.

Theorem 3.3. Let Assumption 2.1 be fulfilled and min,ers A1(p;m) < 0,
max,ers Ap(p;m) > 0.

L. Assume that max,, qes As(p,q; M) < 0.

(1.1) Ifmin, sers Az(p,q;m) > 0, then 0ess(H) = [a1; M] with a; < m.

(1.2) If miny gers Az(p,g;m) < 0 and max, ges Az(p,q;m) > 0, then
Oess(H) = [a; M] with a = min{a;, az} < m.

(1.3) If max, qers As(p,q;m) <0, then ocss(H) = [az;b2] U [ar; M| with by < m
and a1 < m.

IL Assume that min, 4crs Az(p,q; M) < 0 and max, gers Asz(p,q; M) > 0.

(2.1) Ifminy gers As(p,q;m) > 0, then oess(H) = [a1; bs] with ay < m and by >
M.

(2.2) If miny 4ers Az(p,g;m) < 0 and max, ges As(p,q;m) > 0, then
Oess(H) = [a;b3] with a = min{ay, as} < m and bs > M.

(2.3) If max, qers As(p,q;m) <0, then oess(H) = [ag; ba] U [a1; bs] with by < m,
a; < mand bs > M.

IIL. Assume that miny, ;ers As(p,q; M) > 0.

(3.1) If min, ges Az(p, q;m) > 0, then 0ess(H) = [a1; M] U [as; bs] witha; < m
and az > M.

(3.2) If miny 4es Az(p,g;m) < 0 and max, ges As(p,qg;m) > 0, then
Oess(H) = [a; M] U [as; b3] with a = min{ay, a2} < m and a3 > M.

(3.3) Ifmaxy ges Az(p,q;m) <0, then 0ess(H) = [az; ba] U [ar; M]U [as; bs] with
by <m,a1 <mandaz > M.
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Remark 3.1. We recall that if Assumption 2.1 is fulfilled and the following inequality
max,ers A1(p;m) < 0 holds, then we can formulate theorem analogously to Theorems
3.2 and 3.3, which obtains from Theorem 3.3 if we replace [a;; M] by [a1;b1] U [m; M]
with by < m.

Remark 3.2. We also remark that Theorems 3.2 and 3.3 play a crucial role in the proof
of the existence of finitely many or infinitely many eigenvalues lying in the gaps of the
essential spectrum of H (see for example [16], where the finiteness of the discrete spectrum
of a model operator acting in the three-particle cut subspace of Fock space was proved).

4 Some Spectral Properties of the Families of Operators h,(p),
h3(p’ q)a n=1,2p,q¢€ T?

In this section we study some spectral properties of the families of operators h,,(p), p €
T? n=1,2resp. hs(p,q), p,q € T
The following statement was proven in [19].

Lemma 4.1. The following equalities hold:
Gdisc(hn(p)) = {Z eC \ chs(hn(p)) : An(p’z) = 0}7 n = 17 27 peE Tga (41)
oaisc(h3(p,q)) = {z € C\ oess(h3(p,q)) : As(p,q;2) =0}, p,q € T, 4.2)

First for the study of some spectral properties of hi2(p), p € T we rewrite the operator
12 (p), p € T? in the form

K3 (p) = W7V () + 0, pe T

with
(2,1) (2,2)
(hi1 () f1)(@) = wa(p, @) fi(a), (7™ fi)(a) = *U22(Q)/3 v22(5) f1(s)ds.
T
Then the operator hy(p), p € T? can be written in the form
ha(p) = h5(p) +V(p), p € T
with
00 0 K n? o
M) =| 0 BiVe)  ny and V(p)=| ) #3? 0
0 h(21) héz) (p) 0 0 0

It is easy to show that the perturbation V (p), p € T? is a bounded self-adjoint operator of
rank of no more than 3 and hence, it is compact. It is easy to see that for any p € T2 the
equality 0.4, (V (p)) = {0} holds. Therefore, for any p € T? the operator V (p) may have
only positive and negative discrete eigenvalues.
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Lemma 4.2. Let w(-) be a positive function on T®. For any fixed p € T? the operator

V (p) has no more than two negative (resp. one positive) simple eigenvalues.

Proof. Let us consider the equation V(p)f = zf, z # 0, f € H®? p € T? or the
system of equations

(wi(p) — 2) fo + (v2, fi)1 = @3)
v2(q) fo — v22(q) (v22, f1)1 = 2f1,
where (-, +); is the scalar product in H; .
Since z # 0 from the second equation of (4.3) we find
fl(q): v27(q)f0_1)227(q)0f17 (44)
z z
where
Cy, = / va2(8) f1(s)ds. 4.5)
T3

Substituting the expression (4.4) for f; into the first equation of the system of equations
(4.3) and the equality (4.5) we have that the system of equations (4.3) has a solution if and
only if Py, v,,), (P 2) = 0, where || - ||1 is the norm in ; and

Plog o) (P32) = —(2° —wi1(p)z — [|v2l|7) (2 + [|vaall]) — (v2,v21)F, 2 #0, p € T?.

We note that, if vo(-) and va; (+) are linear dependent, then |(va, ve2)1| = ||v2||1]|vez||1-
Therefore, Py, v,,), (P 2) = Po(p; z) — |(v2, v22)1]* and

Plosllsflvasts (03 2) = Po(p; 2) — [Jva|F]Jva|7.

By the inequality |(ve,v92)1] < ||va||1]|vez|l1 We obtain that

P()(p;z) > P(U27U22)1(p§2) > F)H’U2H1H’U22H1(p;z)'

There are three cases possible: 1) va(+) and ves(+) are orthogonal; 2) va(-) and vaa(+)
are parallel; 3) v5(+) and vaa(+) are neither orthogonal and nor parallel.
Let va(+) and va2(+) be orthogonal.
Then Py(p;2) = Pluy,wss): (P52) > Plus|r||vas|: (P; 2)- In this case the numbers
, w1 (p) = Vwi(p) + 4flval?

21(p) = — vz} <0, 2(p) = 5 <0

and
) wi(p) + Vwip) + 4fvo|f

23(p) = 5 >0

are zeroes of Py, 1,,), (05 2) = Po(p; 2), p € T?, i.e., the eigenvalues of V (p).

We remark that the numbers 2,,(p), n = 1,2, 3 are also zeroes of Py(p;-), p € T? in
the case where vs(+) and va3(+) are not orthogonal.
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Let vo(+) and vao(-) be parallel. Then
Po(P;2) > Plog,va0), (P35 2) = Pllug|jvazs (P 2)-
In this case the polynomial Py, .,,), (p; 2) can be written in the form
Plug sy (P32) = —2(2% = 2([[vzallf — w1 () — ([lv2]l§ +w1(p)l|v22]17)).

From here it follows that the numbers

Z0(p) = lvaz |2 — wi(p) — /([ve2ll? + wi(p))? + 4]jv2 |3 0

z1(p) =0, 5

and

5(p) = [[va2]|F — wi(p) + \/(HU;2H% +wi(p))? + 4fv2|7 50
are zeroes of Py, v,2), (P52) = Plus|fjvss]: (P 2), p € T?, ie., the eigenvalues of V (p),
where the number 23 (p) is negative, because the function w; (+) is positive function on T?.
We remark that the numbers Z,(p), n = 1,2, 3 are also zeroes of P, |, |vse|l, (P ),
p € T3 in the case where v2(+) and vq2(+) are not parallel.
Let va(+) and vz (+) be neither orthogonal and nor parallel. Then we have

Po(p32) > Plogvss) (05 2) > Plog|ly|lvssll: (P 2)-

Set ai(p) = min{z1(p), 22(p)}, az(p) = max{z1(p), 22(p)}, p € T°.

Without loss of generality (otherwise we would be prove the following facts in the
same way) we assume that for any p € T? the inequalities Z2(p) < 22(p), Z2(p) < 21(p),
23(p) < Z3(p) hold. Then it follows that

Z(p) < a1(p) < az(p) < Z1(p) =0 < 23(p) < Z3(p), p € T

Since the numbers Z;(p) and ai1(p) are zeroes of Piju, | |vssll, (P;-) and Po(p;-),
respectively, we have Py, v,.), (05 22(P)) > Plog||vsell, 3 22(p)) = 0 and 0 =
Po(p;a1(p)) < Prog,vss), (P501(p)), ie., on the boundary of [22(p), a1 (p)] the polyno-
mial Py, u,,), (P;-) has a different sign. Hence, there exists a point z1(p), such that
Z2(p) < z1(p) < a1(p) and Py, 1p5), (P 21(p)) = 0.

Analogously one can prove that there exist the numbers z2(p) € (az2(p), Z1(p)) and
z3(p) € (23(p), Z3(p)), which are zeroes of the polynomial Py, ,,,), (P -)-

Since Py, 4,,), () is a polynomial of degree 3 these zeroes are simple.

One can see 21 (p) < z2(p) < 0 and z3(p) > 0.

Lemma 4.2 is completely proved. O

Let us introduce the notations

Vo)l = V(V(P)? Vilp) = 5{IV(p)|+ V(p)} and V_(p) = {|V(p)| = V(p)},
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where +/(V (p))? is a nonnegative square root of (V' (p))2. Then Vi (p) > 0, V_(p) < 0
and V(p) = Vi (p) + V-(p).

Since the operators V. (p) and —V_ (p) are non negative, there exist non negative square
roots Vi/ *(p) and (—V_(p))*/2, respectively.

Let

ma(p) = minoess(h2(p)), Ma(p) = maxoess(ha(p)).

For any fixed z < ma(p) resp. z > Ma(p) the operator h3(p) — 21 + V, (p) resp. h3(p) —
zI + V_(p) is invertible and positive resp. negative, where I is an identical operator in
H0.2)

Set

ri(pi2) = (W) — 2T+ Vi (p) ™Y, 2 (03 2) = (S (p) — 21+ Vi () "2, 2 < ma(p),

r_(p;z) = (W3(p)—2I+V_(p)) ™Y, v/ % (9 2) = (WS(p) —2I+V_(p)) "2, 2z > Ma(p).

Let us denote by N_(p; z) resp. N (p; z) the number of eigenvalues of ha(p) lying below
z < ma(p) resp. upper z > Mas(p).

For any bounded self-adjoint operator A, acting in Hilbert space H not having any
essential spectrum on the right of the point z we denote by H 4(z) the subspace such that
(Af, f) > 2(f, f) forany f € H(z) and set

n(z,A) = sup dimHa(z).
Ha(z)

By the definitions of N_(p; z) and N4 (p; z) we have
N_(p;z) = n(—2,—h2(p)), —z > —ma(p),
Ni(p;z) = n(z, ha(p)), = > Ma(p).

The following lemma is a realization of the well-known Birman-Schwinger principle for
the operator hs(p) (see. [4, 10]).

Lemma 4.3. For any z < ma(p) the operator (—V_(p))"/?r (p; 2)(=V_(p))/? is com-
pact and
N_(p:z) = n(L, (=V_(p)"*ri(p; ) (=V-(p))"/?). (4.6)

Proof. Since (—V_(p))!/? is a finite rank operator and 7 (p; z)(—V_ (p))*/?) is a bounded
operator, the operator —V_ (p))/2r, (p; 2)(=V_(p))'/? is compact.
The operator ho(p) can be decomposed as

ha(p) = h3(p) + Vi (p) + V- (p).
Assume that u € H_j, () (—2), ie., (h3(p) — 2 + Vi (p))u,u) < ((—V_(p))u,u). Then

(205 ) (Vo) (0;2)9.9) > 0, g = (B3(p) — 21 + V_(p))/*u.
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Thus N_(p;2) < n(l,rj_/2(p;z)(—V_ (p))rim(p;z)). Reserving the argument we get

the opposite inequality, which proves the equality
N_(p;2) = n(1,7y (03 2) (V- () (p3 2). @7)
Now we use the following well-known fact (see [7]).

Proposition 4.1. Let Ty, T be bounded operators. If X # 0 is an eigenvalue of Ty T, then

A is an eigenvalue for T>Ty as well of the same algebraic and geometric multiplicities.

By Proposition 4.1 the discrete spectrum of ri/ (py2) (Ve (p))r}r/ %(p; z), away from
zero, coincides with the discrete spectrum of (—=V_(p))'/2r, (p; z)(=V_(p))*/2. There-
fore,

n(L, Y2 (05 2) (Vo () * (03 2) = n(L, (= Vo (p) 214 (p; 2) (= V- (p)V?). (4.8)

Taking into account the equalities (4.7) and (4.8) we obtain (4.6). Lemma 4.3 is completely
proved. O

The following lemma can be proved similarly to Lemma 4.3.
Lemma 4.4. For any z > M>(p) the operator Vi/Q(p)r, (p; z)V_&/?(p) is compact and
Ny (ps2) = n(~1 =V @)r—(p: 2)V3 " (p))-
Now we are ready to get the proof of the following lemma.

Lemma 4.5. Let w(-) be a positive function on T®. For any fixed p € T? the operator
ha(p) has no more than two (resp. one) simple eigenvalues lying on the l.h.s. of ma(p)
resp. on the rh.s. of Ma(p).

Proof. By Lemma 4.2 the following inequalities hold
(L, (Vo) Pri(p; 2)(=V-(p)'/?) < 2,
(-1, =V p)r-(p: )V () < 1.
From Lemmas 4.3, 4.4 and the latter inequalities it follows that
N_(p;2) <2,z<ma(p) and Ni(p;z) <1, z> Ms(p).
Lemma 4.5 is completely proved. O

Remark 4.1. If in Lemmas 4.2 and 4.5 for some p’ € T? the number w (p’) is negative,
then the number Z3(p’) either negative or positive, i.e., for some p’ € T2, the operator
ho(p") may have two positive eigenvalues. But in the proof of Theorem 3.1 we use only
the fact that for any p € T2 the operator ho(p) has no more than three eigenvalues.
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Lemma 4.6. If for any p € T the operator hy(p) has no eigenvalues lying in the intervals
(—o0;m) and (M; +00), then o1o(Hz) C [m; M].

Proof. Let the condition of the lemma be fulfilled. Then for any p € T? the inclusion
odise(h2(p)) C [m; M| holds. Then the assertion

Utwo(HQ) = U O'disc(hQ)(p) C [va}

peT3

and Theorem 2.1 complete the proof. O
Next we will study the operator h3(p, q).

Lemma 4.7. For any fixed p,q € T3 the operator h3(p, q) has no more than one simple
eigenvalue lying on the Lh.s. of ms(p, q) resp. on the r.h.s. of M3(p,q).

Proof. Since for any fixed p,q € T? the function A3(p,q;-) is monotone decreasing on
(—o0;m3(p, q)) and (Ms(p, q); +00), Lemma 4.1 completes the proof of lemma. O

The following lemma describes the set of eigenvalues of h3(p, q).

Lemma 4.8. 1) Assume that min,, ,c1s As(p,q;m) > 0. Then for any p,q € T? the
operator h3(p, q) has no eigenvalues lying on the Lh.s. of m.

2) Assume that min, ses Az(p,q;m) < 0 and max, ses Az(p, q;m) > 0. Then
there exists a non void open set D C (T2)? such that D # (T*)? and for any (p,q) € D
the operator h3(p, q) has a unique eigenvalue lying on the l.h.s. of m and for any (p,q) €
(T3)2\ D the operator h3(p, q) has no eigenvalues lying on the Lh.s. of m.

3) Assume that max, sers Az(p,q;m) < 0. Then for any p,q € T3 the operator
hs(p, q) has a unique eigenvalue lying on the l.h.s. of m.

Proof. First we prove part 2). Let

min As(p,q;m) <0, max As(p,q;m) > 0.
p,g€T3 p,q€T3

Introduce the notation: D = {(p,q) € (T3)?: Az(p,q;m) < 0}.

Since (T?)? is compact and the function Az (-, - ;m) is continuous on (T?)2, there exist
points (p',¢'), (p”, ¢"") € (T3)? such that the inequalities
min As(p,q:m) = Ag(p,q';m) <0,

J2US

max As(p,q;m) = As(p”,¢";m) >0
p,qeT3

hold. Hence we have that D is a non void open set and D # (T3)2.
For any p,q € T? the function Az(p,q;-) is continuous and decreasing on (—oo;m)]
and lim,_, o As(p,q;2z) = +o0.
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Then there exists a unique point z(p,q) € (—oo;m) such that Az(p,q;2(p,q)) = 0
for any (p, q) € D. By Lemma 4.1 the point z(p, q) is the unique eigenvalue of the operator
hs(p, q) lying on the Lh.s. of m.

For any (p,q) € (T3)2\ D and z < m we have Az(p, ¢; 2) > As(p,q;m) > 0.

Hence by Lemma 4.1 for each (p, q) € (T3)2\ D the operator h3(p, q) has no eigen-
values lying on the Lh.s. of m.

If min, ses As(p,q;m) > 0 resp. max, gers Az(p,q;m) < 0, then D = () resp.
D = (T?)? and the above analysis leads again to the case 1) resp. 3). The lemma is
completely proved. O

The following two lemmas can be proved similarly to Lemma 4.8.

Lemma 4.9. 1) Assume that max,, jets As(p,q; M) < 0. Then for any p,q € T? the
operator h3(p, q) has no eigenvalues lying on the r.h.s. of M.

2) Assume that max, gers Az(p,q; M) > 0 and min, gers Az(p,q; M) < 0. Then
there exists a non void open set D' C (T3)? such that D’ # (T®)? and for any (p, q) € D’
the operator h3(p, q) has a unique eigenvalue lying on the r.h.s. of M and for any (p,q) €
(T3)2\ D’ the operator h3(p, q) has no eigenvalues lying on the r.h.s. of M.

3) Assume that min, qers A3(p,q; M) > 0. Then for any p,q € T2 the operator
hs(p, q) has a unique eigenvalue lying on the r.h.s. of M.

Lemma 4.10. Let Assumption 2.1 be fulfilled.

1) Assume that min,es A1 (p;m) > 0. Then for any p € T? the operator hy (p) has
no eigenvalues lying on the Lh.s. of m.

2) Assume that min,es A1(p;m) < 0 and max,ers Ay(p;m) > 0. Then there
exists a non void open set D" C T3 such that D" # T3 and for any p € D" the operator
h1(p) has a unique eigenvalue lying on the Lh.s. of m and for any p € T3\ D" the operator
hi(p) has no eigenvalues lying on the Lh.s. of m.

3) Assume that max,cs A1 (p;m) < 0. Then for any p € T? the operator hy(p) has
a unique eigenvalue lying on the Lh.s. of m.

In the proof of Theorem 3.1 we also use the following lemmas.

Lemma 4.11. For any p € T3 the operator hi(p) has no eigenvalues lying on the r.h.s. of
M.

Proof. Since for any p € T3 the function A (p;-) is monotone decreasing on (M; +0c0)
and lim, ., o A1(p;2) = 1, by Lemma 4.1 for any p € T? the operator hy(p) has no
eigenvalues lying on the r.h.s. of M. O

Lemma 4.12. Let the functions vs(-), wa(-,) and ws(-, -, ) be defined by

v3(t) = i, wap,q) =(p) +elg) + A, ws(p,q,t) =e(p) +e(q) +e(?),
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where

e(t) =3 — costV) —cost® —cost® t = (M, 3 1)) T3

(] Ay L R Sy

for some real nonzero numbers a and b such that b — a > 12. Then there exist the numbers
Cy,Cy > 0and 61, 62 > 0 such that the functions As(-,-;m) and As(-,-; M) satisfy
Assumption 2.1 with a = 3 = 0.

and

Proof. First we note that pg = go = 0 = (0,0,0) € T3, p; = q1 = 7 = (7, m,7) € T3
By the definition of the numbers p and A we have

As(po,qo;m) =a#0, As(p1,q1;M)=>b#0. 4.9)

Since the functions Az(-,-;m) and As(-,-; M) are continuous on (T?3)? it follows in ac-
cordance with (4.9) that there exist the numbers C1,Cy > 0 and d1, d2 > 0 such that the
inequalities stated in the Assumption 2.1 hold with « = 8 = 0. O

5 Proof of the Main Results

Using the assertions were proved in section 4, we prove the main results of this paper.

Proof of Theorem 3.1. By Lemma 4.7 for any p, ¢ € T? the operator h3(p, ¢) has no more
than two simple eigenvalues lying outside of its essential spectrum. Then the theorem on
the spectrum of decomposable operators and the equality (2.1) imply that the set o¢p,cc (H )
consists of no more than two bounded closed intervals. Similarly, using Lemmas 4.5, 4.10,
4.11 and the equality (2.2) one can prove that the set oy,,,(H) consists of no more than
four bounded closed intervals. Then Theorem 2.1 completes the proof of Theorem 3.1. [

Proof of Theorem 3.2. First we prove part II1.

Suppose that min,, ;ers Az(p,q; M) > 0. By Lemma 4.9 for any p,q € T? the op-
erator h3(p, ¢) has a unique eigenvalue F(p,q) > M. Since the functions vs(-), wa(:,-)
and w3, -, -) are analytic functions on its domains, the function E; : (p,q) € (T?)? —
E1(p, q) is continuous on the compact set (T?)2. From here it follows that the range ImE;
of Ei(-,-) is a closed subset of (M;+00), i.e., ImE; = [a3;bs] with ag > M. Hence,
equality (2.1) and Theorem 2.1 imply that o4jrce (H) N [m; +00) = [m; M| U [as; bs].

3.1) Suppose that min,, ses As(p, ¢;m) > 0. For any p, ¢ € T3, Lemma 4.8 implies
that the operator h3(p, ¢) has no eigenvalues lying on the L.h.s. of m. Then equality (2.1)
and Theorem 2.1 complete the proof of assertion 3.1) of Theorem 3.2.
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3.2) Suppose that min,, ;es Az(p,¢;m) < 0 and max, 4ers Az(p,q;m) > 0. Then
by Lemma 4.8 there exists a non void open set D C (T3)2 such that D # (T3)? and for
any (p,q) € D the operator hs(p, ¢) has a unique eigenvalue Fs(p, ¢) lying on the Lh.s. of
m.

The functions vs(-), wa(-,-) and ws(-,-,-) are analytic functions on its domain, the
function Es : (p,q) € D — Es(p, q) is continuous on D.

Since for any p,q € T? the operator h3(p,q) is bounded and (T?)2 is compact set,
there exists a positive number C' such that sup,, ,cs [|h3(p, ¢)|| and for any p, ¢ € T? we
have

a(hs(p,q)) C [-C;C. (5.1)

For any (p,q) € D = {(p,q) € (T3)% : Az(p,q;m) = 0} there exist {(pn,q.)} C D
such that (p,,q.) — (p,q) as n — oco. Set Eén) = FE5(pn, qn)- Then by Lemma 4.8
for any {(pn,qn)} € D the inequality ES" < m holds and from (5.1) we get {ES™}
[—-C'; m]. Without loss of generality (otherwise we would have to take a subsequence) we
assume that E{"”) — E{”) as n — oo for some E{”) € [~C;m).

From the continuity of the function Az(-,-;-) in (T?)? x (—oco;m] and (pn, ¢n) —
(p,q) and B — E{”) as n — oo it follows that

0= Tm Ag(pn,ans BS") = Aa(p,q; B).

Since for any p, ¢ € T? the function Az(p, g; -) is decreasing in (—oo;m] and (p, q) €
dD we see that As(p, ¢; ES”) = 0 if and only if ES” = m.
For any (p, q) € 0D we define

: / /
Ealpq) = (p',Q’)H(pl’l;])[}(p’ﬁq’)ED Bap's ) = m.
Since the function Fs (-, -) is continuous on the compact set D U 9D and Es(p, q) = m for
all (p,q) € 0D we conclude that ImEs> = [az; m], az < m.

Hence the set {z € o¢prec(H), 2 < m} coincides with the set I Ey = [a2; m]. Then
equality (2.1) and Theorem 2.1 complete the proof of assertion 3.2) of Theorem 3.2.

3.3) Let max,, jers As(p, ¢;m) < 0. Then by Lemma 4.8 for all p, ¢ € T? the opera-
tor hs(p, ¢) has a unique eigenvalue Fs(p, ¢) lying on the Lh.s. of m.

The functions v3(+), wa(+,-) and ws(-,-,-) are analytic functions on its domain, the
function E is continuous on (T3)2. Therefore the range I'mE5 of the function Es is a
connected closed subset of (—oo;m), that is, ImEs = [ag;ba] with bo < m. Then the
equality (2.1) and Theorem 2.1 complete the proof of assertion 3.3) of Theorem 3.2. Other
assertions of Theorem 3.2 are proved similarly. O

Theorem 3.3 can be proved similarly to Theorem 3.2. Therefore, to avoid repetition, it
is not given here.
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