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Abstract: The aim of this note is to study some fixed point theorems efjral type in dislocated quasi-metric space. We have ésttabl
some fixed point theorems satisfying integral type conitractonditions which generalizes fixed point theorems pidwe Aage and
Salunke 1], Muraliraj and Hussain€], kohli et al. [7] and Zeyada et al 11].
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1 Introduction 2 Preliminaries

The concept of dislocated metric space was introduced b
Hitzler and Sedaq]. In such a space the self-distance of
points need not to be zero necessarily. They als
generalized famous Banach contraction principle in
dislocated metric space. Dislocated metric space play
vital role in Topology, Logical programming and

yl'hrougisout the paperR* represent the set of
on-negative real numbers.
efinition 2.1[8]. Let X be a non-empty set. Let
: X x X — RT be a function satisfying the conditions
orallx,y,ze X,
d(x,x)

Electronic engineering etc. Zeyada et dl1][developed o) f' (t)dt = O;

the notion of complete dislocated quasi-metric space and ~+ P -

generalized the result of Hitzler and Se8hifi dislocated d<x V) d<y7><

quasi-metric space. With the passage of time many papers  d,) f pt)dt= [ pt)dt=0 = x=y;
have been published by various authors containing fixed 0

point results in dislocated quasi-metric spaces for d<xy) d<yx

different type of contractive conditions (seH,[[2], [6], da) ] p(t)dt ] p(t)dt

(71, [9], [10)).

dxz) d(z,

In 2002, Branciari 8] obtained a fixed point theorem Y)
for a single self-mapping satisfying an analogous of da) f p( )dt < f p(t)ydt+ f p(t)dt
Banach’s contraction principle for integral type ineqtyali  If d sat|sf|es all of the above cond|t|ons thets called a
in metric space. Recently, in 2014 Patel et §).dtudied  metric onX. If d satisfies the conditions frody — d, then
some fixed point theorems of integral type in dislocatedd is said to be dislocated metric (OR) shorthifetric)
quasi-metric space. on X and if d satisfies onlyd, andd, thend is called

In this article, we have establish some fixed pointdislocated quasi-metric (OR) shortlgd-metric) on X
results for integral type contractive conditions in and the paifX,d) is called dislocated quasi-metric space.
dislocated quasi-metric space. Our obtain resultswWherep : R™ — R™ is a Lebesque integrable mapping
generalizes some well-known results in the literature.which is summable on each compact subsetRof,
Examples are constructed in the support of our establlsh

theorems and corollaries. non-negative and such that for asiy 0 fp( )dt > 0.

* Corresponding author e-marhujeeb846@yahoo.com, sarwar@uom.edu.pk

(@© 2015 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/jant/030203

98

M. Rahman, M. Sarwar: Some Fixed Point Theorems Satisfyimgfi@ctive...

Note. The above definition change to usual definition of and letT : X — X be a continuous self-mapping such that

metric space ip(t) =1.

It is clear that every metric space is dislocated metric
and dislocated quasi metric space but the converse is not
true. Also every dislocated metric space is dislocated
guasi-metric space but the converse is not necessarily

true.
The following definitions can be found i8],
Definition 2.2. A sequence{x,} in dg-metric space is

said to bedg-convergentto a point € X if
d(xn.,X) d(X.xn)
lim / p(t)dt = lim / p(t)dt = 0.
0 0

In such a casg is calleddg-limit of the sequencéx}.
Definition 2.3. A sequencex,} in dg-metric spacéX,d)
is said to be Cauchy sequence if for- 0 there exishg €
N such tham,n > ng implies

d(Xn,Xm) d(Xm,Xn)
/ p(t)dt = / p)dt < ¢
0 0
(OR)
d(Xn,Xm) d(Xm,Xn)
lim O/ p(t)dt = lim 0/ p(t)dt =0

Definition 2.4. A dg-metric space(X,d) is said to be
complete if every Cauchy sequenceXnconverge to a
pointin X.

The following simple but important results can be seen in

[11].

Lemma 2.5.Limit of a convergent sequence dg-metric
space is unique.

Theorem 2.6.Let (X,d) be a completelg-metric space
T : X — X be a contraction. Thef has a unique fixed
point.

Branciari [8] proved the following theorem in metric
spaces.

Theorem 2.7.Let (X,d) be a complete metric space for
a € (0,1). LetT : X — X be a mapping such that for all
X,y € X satisfying

d(Tx,Ty) d(xy)

Wherep : RT™ — R* is a Lebesque integrable mapping
which is summable on each compact subseRo6f non-

S
negative and such that for asy> 0 [ p(t)dt > 0. ThenT
0

has a unique fixed point iX.

3 Main Results

Theorem 3.1.Let (X,d) be a complete dislocated quasi-
metric space, foa,b,c,e, f > 0witha+b+c+e+f<1

for all x,y € X, satisfying the condition

d(Tx,Ty) d(x.y) d(x,Tx)
p(t)dtga-/p(t)dt+b- / p(t)dt+
0 0
dyTy) Ol e
c. / p(t)dt+e- / p(t)dt+f- o(t)
0 0 0

wherep : R™ — R is a Lebesque integrable mapping
which is summable on each compact subsetlRof,
S

non-negative and such that for asy> 0 [p(t)dt > O.
0

ThenT has a unique fixed point.
Proof. Let xg be arbitrary inX we define a sequende}
in X defined as follows

To show thaf{x,} is a Cauchy sequence ¥iconsider

d(TX-1,Txn)
p(t)dt

d(Xn,Xn41)

0 0

By given condition in the theorem we have

d(Xn-1,%) d(Xh-1,T%1-1)

<a- / p(t)dt+b- /

0 0

p(t)dt+

d(xn,Txn)[1+d(xn71,Txn71)]
d(Xn, Txn) T+d(Xy_1.%n)

c / p(t)dt+e- /

0 0

p(t)dt+

d(Xy—1.Txn)d(xn, Txn)
d(Xy_1.Xn)+d(xn,Txn)

f. / p(b).
0
Using the definition of the defined sequence we have

d(Xq—1.%n) d(Xn-1.%)
<a / p(t)dt +b- p(t)dt+
0 0
d(xn,Xn4-1)[14+d(Xy_1.%n)]
d(xnXn11) 1+d0_1.40)
c / p(t)dt+e- / p(t)dt+
0 0

d(n—1%n4-1)d00 X4 1)
d(xp_1.xn)+d(xn.Xn 1)

f. / p(b).
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d(uju) d(u,u)
Simplification yields / p(t)dt < (a+b+c+e+f) / p(t)dt.
d(x-1.%0) dixr-1.%) 0 0
Sincea+b+c+e+ f <1, so the above inequality is
=a / p(tydt+b / p(t)dt+ possible ifd(u,u) = 0 similarly if v e X is the fixed point
0 0 of T. Then we can show that(v,v) = 0. Now consider
0% %Xn11) (% Xns1) 0% %Xn11) thatu,v are two distinct fixed points of then again by
given condition in the theorem We have
. / p(t)dt +e- / p(t)dt+ f - / o(t)
0 0 0 d(u,v) d(Tu,Tv)
o) 010 [ pdt= [ pe
/ (t)dt < a+b / 0 0
p “\1-(ct+e+f) plt
0 d(u,v) d(u,Tu) d(v,Tv)
Leth= ﬁgf)’ so the above inequality become <a- / p(t)dt+b- / p(t)dt+c- / p(t)dt+
0 0 0
d(Xn%nt1) d(%h-1,%n) d(vTV)[L+d(u,Tu)] d(uTV)d(vTV)
p(t)dt <h- / p(t)dt. THd(uY) TV +aWwTV)
) ) e. / p(t)dt+ f - / p(t)dt
Al 0 0
50 d(%n_1.%) d(Xn_2,%-1) Now using the fact that, v are fixed points off and then
/ p(t)dt < h / p(t)dt simplifying We get the following inequality
0 0 d(u,v) d(u,v)
So / tdtga./ t)ct.
d(*nXn+1) d(Xn-2%-1) 5 p) 5 p(t)
p(t)dt < h?. p(t)ct . o
5 5 Since a < 1 so the a above inequality is possible if
o , d(u,v) = 0 similarly we can show thad(v,u) = 0 which
Similarly proceeding we get implies thatu = v. Hence fixed point oT is unique.
A0k Xos1) dixox1) Theorem 3.1 vyields the following corollaries.
i . 0 Corollary 3.2.. Let (X,d) be a complete dislocated
p(t)dt <h"- / p(t)dt. guasi-metric space, foa > 0, with a € (0,1) and let
0 0 T : X — X be a continuous self-mapping such that for all

Sinceh < 1 and taking limitn — o, we haveh" — 0.

Hence
d(Xn.Xns1)

p(t)dt — O.
0
Which implies thatd(xn,Xn+1) — 0 asn — . Hence

{Xn} is a Cauchy sequence in complelg-metric space.

So there must existsc X such that
lim X, = u.
n—oo

SinceT is continuous so

Tu=lim Tx, = I|m 1 Xnpg = U

X,y € X satisfying the condition

Wherep : RT — R" is a Lebesque integrable mapping
which is summable on each compact subseR6f non-
S

negative and such that for asy> 0 [ p(t)dt > 0. ThenT
0

has a unique fixed point.

Corollary 3.3. Let (X,d) be a complete dislocated quasi-
metric space, foa,b,c > 0, witha+b+c < 1 and let

T : X — X be a continuous self-mapping such that for all
X,y € X satisfying the condition

n—-o0
Thusuis the fixed point ofT . d(TeTy) dey) doeT)
Uniqueness.If u € X is a fixed point ofT. Then by / p(t)dt<a- / p(t)dt+b- / p(t)dt+

given condition in the theorem we have 0

d(uu d(Tu,Tu) d(y,Ty)

/ ot / ot e [ Pl

0
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Wherep : R — R" is a Lebesque integrable mapping Satisfy all the conditions of the CorollaB/for a € [4,1)
which is summable on each compact subseéRof non-  havingx = 0 is its unique fixed point.

Example 3.7.Let X = [0,1] and the completelg-metric
defined onX is given byd(x,y) = |x| with self—mapping
has a unique fixed point. defined orX is Tx= % andp(t) = 5 fora= 3,b=1.c=
Corollary 3.4. Let (X,d) be a complete dislocated quasi é e— l ,f = . Satisfy all the conditions of Theore®?
metric space, foa,b,c > 0, witha+b+c < 1 and let havmgx Ois the unique fixed point oF .

T : X — X be a continuous self-mapping such that for all Theorem 3.8.Let (X,d) be a complete dislocated quasi-

negative and such that for asy- 0 j p(t)dt > 0. ThenT
0

X,y € X satisfying the condition metric space, foa > 0, witha € [0,1) and letS, T : X —
X are continuous self-mappings such that fonajl € X

d(TxTy) d(xy) dy.Ty) satisfying the condition

/ p(t)dt < a. / p(t)dt +b- / p(t)dt+
5 5 d(Ty) M(xy)
p(t)dt < a. / p(t)dt
iy o :
c / p(t)dt with M(x,y) = o - max{d(x,y),d(x,),d(y,Ty)} where
0 p:RT — RT is a Lebesque integrable mapping which is

) ) ~ summable on each compact subsefRaf, non-negative
Wherep : R™ — RT is a Lebesque integrable mapping

S
which is summable on each compact subseRof non-  and such that for ang> 0 gp(t)dt > 0. ThenSandT

S . . .
negative and such that for asy- 0 [ p(t)dt > 0. ThenT ~ have a unigue common fixed point.
0 Proof. Let xg be arbitrary inX we define a sequende}

has a unique fixed point. forn—0,1,2,... by the rule
Corollary 3.5. Let (X,d) be a complete dislocated quasi-
metric space, foa,b > 0, witha+b < 1 and letT : X — X0, X1 = X0, X3 = SXo, ........ Xont1 = Xon
X be a continuous self-mapping such that fonait € X
satisfying the condition and
d(TxTy) d(xy) d( y)d ();'R’/) Xo =TX1, X4 = TX3,uunnn. ,Xon = TXon_1.
/ p(t)dt<a- / p(t)dt+b- / Now we have to show thdix,} is a Cauchy sequenceh
0 0 for this consider
Wherep : RT — R* is a Lebesque integrable mapping d0ns 1. Xen+2) d(Sen. Txan1)
which is summable on each compact subseRof non- p(t)dt = p(t)dt
S
0 0

negative and such that for asy> 0 [ p(t)dt > 0. ThenT
0

has a unique fixed point. By given condition in the theorem and using the

We have the following remarks from the above corollaries.construction of the sequence defined above we have

Remarks.
max{d(xzn,*2n-1),d(X2n,S¥2n),d(Xon+1,TXon+1) }

—In Corollary 3.2 ifp(t) =|. Then we get the result of <a- / p(t)dt
Zeyada et al.11].

—In Corollary 3.3 ifp(t) =|. Then we get the result of °

Aage and Salunkel]. Max{d(xen,Xen+1),d(XanXon11),d(Xen + 1.%2n+2) }
—In Corollary 3.4 ifp(t) = |. Then we get the result of <qa.
Kohli et al. [7]. sa p(t)dt
—In Corollary 3.5 ifp(t) =|. Then we get the result of 0
Muraliraj and Hussaind]. d(Xzn:Xzn+1)
Example 3.6.Let X = [0,1] and the completelg-metric =a- p(t)dt.
defined onX is given byd(x,y) = |x| with self-mapping 0
defined orX is Tx= % andp(t) = 5. Then Similarly
d(Tx,Ty) Fl d(xy) d(X2n.Xan+1) d(X2n—1.,%zn)
1 1(1,
/ plt / — <) <a / p(t)dt. / p(t)dt < a- / p(t)dt.
16 4 4
0 0 0 0
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So
d(Xent1.X2n+2) d(Xan.Xent1)
p(t)dt < a?. p(t)dt.
0 0
Proceeding in such a way we have
d(X2n+1.%2n+2) d(xo,x1)
p(t)dt < o / p(t)dt.

0 0

Sinceh < 1 and taking limitn — o, We haveh®" — 0.
Hence
d(X2n+1.%2n+2)

p(t)dt — 0.
0

Which implies thatd (Xon11,Xons2) — 0 asn — . Hence

{Xn} is a Cauchy sequence in complelgmetric space.

So there must existsc X such that
lim X, = u.
n—oo

Also the sub-sequencés,n} and{xzn+1} converges ta.
SinceSandT are continuous so

Tlimxopi1=Tu = Tu=u.
n—oo

Similarly we can show thaSu = u. Thereforeu is the
common fixed point o8andT.

Uniqueness.Let u,v be two distinct common fixed
points of SandT. Then by using the given condition in

the theorem we can easily show that
d(u,u) =d(v,v) =0.

Now consider

d(u,v) STRRY

( )
/ p(t)dtzd | et
0 0

max{d(u,v),d(u,u),d(vv)}

<a- p(t)dt

<a- p(t)dt.

Q
o\’c\ o\

<

=

Sincea < 1 so the above inequality is possibleliiu,v) =
0. Similarly we can show that(v,u) = 0 implies thatu =
v. HenceSandT have a unique common fixed point.
Remark.

—n Theorem 3.8i8=T andp(t) =I. Then we get the

result established by Aage and SalunRe [
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