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Abstract: In this paper we give some recurrence relations satisfied by single and product moments of generalized
order statistics from doubly truncated generalized exponential distribution. These relations are deduced for moments
of record values and order statistics. Further, using a recurrence relation for single moments we obtain a
characterization of generalized exponential distribution.
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1 Introduction

The concept of generalized order statistics (gos) was introduced by Kamps [12]. A variety of order models
of random variables is contained in this concept.

Let X;, X,,... be a sequence of independent and identically distributed (iid) random variables (rv) with
distribution function (df) F(x) and probability density function (pdf) f(x). Assuming that k >0,
neN, meR and y, =K+ (n—r)(m+1) >0. If the random If the random variables X (r,n,m,k),
r=12,...,n, possess a joint pdf of the form

k{ﬁm]{ﬁn— FOOI™ £(x; )j(l— F ) (%) (1.1
j=1 i=1

onthecone F1(0)<x, <...<x, <F (1),

then they are called generalized order statistics of a sample from a distribution with df F(x). Note that in
the case m=0, k=1, this model reduces to the joint pdf of the ordinary order statistics, and when
m=-1 we get the joint pdf of the k —th upper record values. We shall also take X (0,n,m,k)=0. On
using (1.1), the pdf of the r —th gos is given by

Fnme) 09 = 1 5 (F 0O 10095 (F () 12)

and the joint pdf of X(r,n,m,k) and X(s,n,mk), 1<r<s<n,is

Cs— - m r-
fxenmi.x@nmi (609 = e (F 0™ F00 ™ (F ()

X[ (F () = (FOOF " (F )7 F(y),  x<y, (1.3)
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where
]
F(x)=1-F (x), Cou=[]ri. r=12...n,
i=1

—il(l—x)"”l, m = -1
+

In(i), m=-1
1-x

Im (X) = hm (X) =hy (0), xe[01).

Many recurrence relations between moments of generalized order statistics are available in the literature.
Reference may be made to Cramer and Kamps [7], Pawlas and Szynal [21], Ahmad and Fawzy [2], Al-
Hussaini, et al. [4], Ahmad [1], Khan et al. [16, 17], Mahmoud and Al-Nagar [20], Khan et al. [18, 19],
Athar and Nayabuddin [5] and references therein.

Kamps and Gather [14] characterized the exponential distribution based on generalized order statistics.
Keseling [15] characterized some continuous distributions based on conditional distributions of
generalized order statistics. Ahsanullah [3] characterized the exponential distribution based on
independence of functions of generalized order statistics and presented the estimators of its parameters.
Bieniek and Szynal [6] characterized some distributions via linearity of regression of generalized order
statistics. Cramer et al. [8] gave a unifying approach of characterization via linear regression of ordered
random variables. Kamps [13] investigated the importance of recurrence relations of order statistics in
characterization.

The doubly truncated case of a distribution is the most general case since it includes the right, left and non-
truncated distribution as special cases.

In this paper, we have obtained some recurrence relations for single and product moments of generalized
order statistics from doubly truncated generalized exponential distribution. Further, various deductions and
particular cases are discussed and a characterization of generalized exponential distribution has been
obtained on using a recurrence relation for single moments.

A random variable X is said to have generalized exponential distribution if its pdf is of the form
f,()=1-—ax)¥D? 0<x<l/a, 0<a<l (1.4)
and the corresponding df is
R =1-1-ax)¥9, 0<x<lla,0<a<l. (1.5)

Now if for given P, and Q;

Q R
jo f,(x)dx=Q, jol f,(x)dx=P,
then the truncated pdf f(X) is given by

(1_ a X) 1/ a)-1
P-Q

and the corresponding df F(x) is

f(x)= , x€(QuR) (1.6)

F(X)=—P, +@-ax)f(x), (1.7)

where
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1-P 1-Q
P Q and QZ_P 9

More details on this distribution and its applications see, Saran and Pandey [22].

P2:

2 Relations for Single Moments
Note that for the doubly truncated generalized exponential distribution defined in (1.6)

f(X)(L—ax)=P, + F(x). (2.1)
Recurrence relations for single moments of gos from (1.6) can be obtained in the following theorem.

Theorem 2.1  For the given generalized exponential distributionand ne N, meR, r=1

E[X )@ n,mk)]= (H—’aj) ELX 2 (L n.m,K)]
1

—— 1R E[X I (@n,m,k)]-Q) 1+ P,)} (2.2)
(n+aij

and for 2<r<n

EDX ) (,n.m, k)] = ———GELX (., m, KT+ E[X (=L n,m )]}
(rr +aj)
+L{E[xl(r L,n-1,mk+m)]-E[X ) (r,n-1,m k +m)]} (2.3)
(re+a)

where

G ﬁ( 7i J (n—Lk+m) ﬁ (n—L k+m)
_ r— _ i c(mtkem) _ T, (n-Lk+
1k IR r-2 i !
cimrem gy -1 i-1

1=
yHEM (e m) + (n—1—i) (M +1).
Proof  From equation (1.2), we have

E[X 17 (r,n,m,k)]-« E[X ) (r,n,m,k)]

(- 1)|I X W-ax)(FO)Y ™ (0 g5 (F(x))dx

using (2.1), we have

E[X 72 (r,n,m,k)]-« E[X ! (r,n,m,k)]

P,Cry (P S LR r
(i 1)H XIHF () g (F(x))dx+ r _11)J XIHFE (X)) g (F(x))dx
_ G (n-them) ()
_—(r_l)!{P 14" +1] } (2.4)

where

1m0 = X EeY T gi (F 0)ax
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and
159 () = j XH(F ()" g (F (x))dx
Integrating by parts treating x"* for integration and the rest of the integrand for differentiation, we get
%(E[Xt(l,n—l,m,k + m)]—Q{), r=1
| (nrtkem) (yy = § Tl D f((n:k?ni) (ELX(rin-1m k +m)]
t Cr—2

—E[Xt(r—l,n—l,m,k+m)]), 2<r<n

and

7 (Ext @n,mk)]-Qf ). r=1
9=
%(E[Xt(r,n,m,k)]—E[Xt(r—l,n,m,k)]), 2<r<n
r-2
Now substituting for Ij(ﬂf'k*m)(x) and I(n X)(x) in equation (2.4) and simplifying the resulting
expression, we derive the relations in (2.2) and (2.3).

Remark 2.1:  Setting m=0, k=1 in Theorem 2.1, we obtain recurrence relations for single moments
of order statistics for the doubly truncated generalized exponential distribution in the form

iy _ _
E(Xrn)_(n+aj) M (nt ){PzE(X in1)—Q@+P)}
and
i y_ 1 i1 _
E(Xr:n)—[(n i) e ]{JE(X )+(n-r+DE(X )73
nk,

- -1
+[(n—r+1)+aj]{ (X ) +(n—r+DEX 1)

when Q=0, P=1and o — 0 the above results agree with Joshi [10].

Remark 2.2:  Substituting m=-1 in Theorem 2.1, relations for single moments of records can be
obtained.

Remark 2.3:  Putting Q =0, P =1 (for non-truncation case) in (2.3) we can deduce the following

recurrence relations for the single moments of generalized order statistics from the generalized exponential
distribution as the form

(71 +a J)EIX T @ n,m, k)= JE[X 7@ n,m k)]
and
(7, +a DEIX I (r,n,m k)] = JE[LX 7 (r,n,m, )]+ 7, E[X ) (r =1,n,m, k)13,

for j=1i+1 the above result agrees with Saran and Pandey [22].
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3 Relations for Product Moments

Theorem 3.1  For the given generalized exponential distributionand n>2, meR, 1<r<r+1<n

E[X' (r,n,m k)X I (r+1n,m,Kk)]

:_;(jE[x Lrnm k)X I (r+2,0,m k) 1+ 7, E[X I (r,n,m, k)])
(0‘]+7r+1)

S L (E[X”j (r,n=1,m,k+m)]
(05]+7/r+1)

—E[X' (r,n—1,m k+m)X I (r +1n—1,m k+m)] 3.1)

andfor 1<r<s<n,s-r>2andi, j>0
E[X'(r,n,m k)X ! (s,n,m,k)]= _;(jE[x "(r,n,m, k)X 17 (s, n,m, K)]
(a1+7s)

+y E[X'(r,n,m k)X I (s—1,n,m, k)])

" Vs K**PZ

- (E[Xi(r,n—l,m,k+m)x j(s—l,n—l,m,k+m)]
(aJ"‘?/s)

—EIX (rn-Lmk+m)X(s,n—1mk+m)]), (3.2)

where
r s—1

* C . Vi ok C _ Vi
K™ = r-1 :H[ i J K™ = s—2 :H[ i J
-1,k 1 -1,k
Cr(il +m) 7i 1 CS(E2 +m)

i=1 i i —1

Proof  From (1.3), we have
E[X ' (r,n,m,K)X (s, n,m, k)]—« E[X ' (r,n,m, k)X I (s,n,m, k)]
_ Cs—l
C(r=Di(s—r-1!
[N (F (¥)) = hey (F O (F ()= ™ £ (y)dydx,

“ _1)§;‘f 1)1 I;X‘ (FON™ £ () g - (F ()G (x) dx (3.3)

IQPiLH X'y I (L-a y)(F )™ f(x) g5 (F (X))

where

G = [y A= ) (F (1)~ ey (F 0O (F (1)) F(y)dy

Making use of the relation in (2.1) and splitting the integral according with form, we have

(n-1,k+m)

G =P, [ Y1 Iy (F () — Py (F GO)T " (F ()" dy

+ [y g (F (90) = i (F )T (F () dy
=P,G{" MM () + G (x), (3.4)

where
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G (0 = [y i (F ()~ P (F O (F ()™ ey

and

G (%) = [y [ (F ()~ P (F ) (F ()7 dly

Integrating by parts treating y“1 for integration and the rest of the integrand for differentiation, we get for
s=r+l1

6000 =3 rea [y F IV f )ty (F () |
and

G ) = A% [yt F )y gy - E oy
and for s—r>2

G (x) = i(y [y T (F (1))~ h (F 0N (F (1)) £ (y)dy

~ = r=DJ Y [ (F ()= i (F T2 (F (1)) 1)y |

and

G LM () = %(A“‘”””’ [ T (F (90) = ho (F 0N 2 FE " 1 (y)dy

(=1 =Dy I (F (1))~ (F )T 2(F )y (y)dy] .

Upon substituting for G(”_l kerm) (x) and G(" k)(x) in equation (3.4) and then substituting the resulting
expression for G(x) in equation (3.3) and simplifying, we derive the relations in (3.1) and (3.2).

Remark 3.1:  Setting m=0, k=1 in (3.1) and (3.2), we obtain recurrence relations for product
moments of order statistics for the doubly truncated generalized exponential distribution in the form

1

— i i1 _ H'J
E(Xrn r+1_n) (n_r+aj){JE(Xrnxr+1_n)+(n r)E(X )}

m{ (X ;+n{1) - E( X;:n—l er:]%n,l)}

and

E(X;n ijn)_ ){J E(XrnXsJ]__r%)+(n_s+1)E(Xrn —:Ln)}

- (n-s+1l+aj

N npk,
(n-s+1+a))

LEX X3 )~ E(Xla X )3

when Q =0, P =1and a — 0 the above results agree with Joshi [11].



Kumar and Khan: Relations for Generalized Order Statistics from ..... NS P 15

Remark 3.2: Substituting m=-1 in (3.1) and (3.2), relations for product moments of records can be
obtained.

Remark 3.3: Putting Q=0, P =1 (for non-truncation case) in (3.1) and (3.2) we can deduce the

following recurrence relation for the product moments of generalized order statistics from the generalized
exponential distribution as the form

(& j+700) ELX (r,n,m k)X I (r +2,n,m, K)]
= JE[X ' (r,n,m k)X 2 (r+1,n,m,K)]+ 7, E[X ' (r,n,m k)]
and
(a j+y)E[X'(r,n,m k)X ) (s,n,m,k)]= JE[X'(r,n,m k)X I (s—1,n,m, k)]
+ 7 E[X'(r,n,m k)X I (s —1,n,m, k)],

for j=i-+1 the above results agree with Saran and Pandey [22].

4 Characterization

Theorem 4.1  Fix a positive integer kK and let j be a non-negative integer. A necessary and
sufficient condition for a random variable X to be distributed with pdf given by equation (1.6) is that

E[Xj(r,n,m,k)]_(—l){jE[X (e n,m, )]+ 7, E[X I (r —=1,n,m,k)]}
+P2L{E[Xj(r Ln-1,mk+m)]-E[X ' (r,n-1,mk+m)]} (4.1)
(rr+aj)

where

G, ﬁ 7i C(n —Lk+m) _ H (n-1, k+m)
- C(ngl,k+m) 1 1)
r_

i1\ i
yIHEM (k4 m) + (n—1—i) (m+1) .

Proof  The necessary part follows immediately from equation (2.3). On the other hand if the relation in
equation (4.1) is satisfied, then on rearranging the terms in equation (4.1) and using (1.2), we have

% (X3 2 F 0y £ (0gl (F (x)dx
= [ X (F OOy 10035 (F 0y
e [ F Oy 1 (g5 (F 0y
S L (F o0y 10995 (F ()
PR (B (F 0 10095 F ()

_% A = r—14+m r—2
T o X F YT 0095 (FO0)ix
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aC_ 1 _
=ik [23 (F oY £ () gt (F (0)dx
Cr . 7r9m (F(X)) = m
+J.(—11),j x (F()) f (g (F(X)){T—(r—l)(F(X)) }dx
P,Crs (R u (e ~Dgm (F ()
ik xI(F0Y (09l (F(x»{ F 1)(F(x>)} . (42
Let
he (x) = ~(F (%) 9 1 (F (). (4.3)
Differentiating both the sides of equation (4.3), we get
() = (F())' 1 (x)grﬁsz(F(x»{w —(r —1>(ﬁ(x))m} .
Thus,
B E O 00 F ek = T [0 (F 00y £ 0085 (o)
CI’— R in C— 1 '
+j(r—_11)!lethyr(x)dx+ (2 1;|j xIh; ) (x)dx (4.4)

Integrating the last two terms of RHS in (4.4) by parts and using the values of h, (x) and h, ;(x) from
(4.3), we get

Cra

ik X E G 0RO

_aCyy

C(r-Dta

PCra (R ju g 1
+( ik X1 (F(x)) (F(x))dx

J’l J(F(x))}’r‘l f(x)gf- (F(x))dx + (C ‘i)lf ! J—l(F(x))Vr g (F(x))dX

which reduces to
Cr -1
(r-p'a

Applying the extension of Miintz-Sz&sz Theorem, (see for example Hwang and Lin, [9]), to equation (4.5),
we get

Y ILEX) g FEE)F)—ax f(X)-F(x)—P,)dx=0. (4.5)

f(X)L—ax)=P, + F(x).
which proves that f (x) has the form as in equation (2.1).

Now we shall use recurrence relation in (2.6), (P, =0), to characterize the non-truncated generalized
exponential distribution by the following theorem.
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Theorem 4.2  Let X be a non-negative random variable having an absolutely continuous distribution
function F,(x) with F;(0)=0 and 0< F;(x) <1 forall x>0, then

;_{jE[x (r,n,m,K)]+ 7, E[X I (r =1,n,m,K)]}, (4.6)
(7r ta J)

ifandonly if F(X)=0-ax)¥*, 0<x<l/a,0<a<l.

E[X I (r,n,m,k)]=

Proof  The necessary part follows immediately from equation (2.3). On the other hand if the relation in
equation (4.6) is satisfied, then on rearranging the terms in equation (4.6) and using (1.2), we have

C Q@ ire = r— i a i — . »
oD R GIC G AL GIE y’(f_ll). [ X EY 0k (FO0)x

(r-)C,,4 (Ve i(E r+m r-2 _M .
L [ ROy 1005 (R ooy - S

Integrating the second integrals on the right hand side of equation (4.7), by parts and simplifying the
resulting equation, we get

XIEEY IR (@)

Cr—_l J‘l/d x| (lfl(x))yr—l fl(X)g,fn_l(Fl(x))dx

(r—1tdo
iC la ;.4 — _ _ i a 4 —
e R G CE AN IO S R (O CIORS

+ﬁ [ X (B 00y (g R (0)ox —;‘(’rc_l)l [ X E 00y (5 (00K

which reduces to

Iy (Mo ja,E pyyrdgr _E(x) - =
i [ IR R (RO 00 -F ) —ax f())dx=0. (4.8)
Now applying a generalization of Miintz-Szasz Theorem (Hwang and Lin, [9]) to equation (4.8), we get
f0)_ 1

which prove that F(x)=(1—ax)¥*, 0<x<l/a, 0<a<l.

F() (-ax
5. Applications

Recurrence relations are interesting in their own right. They are useful in reducing the number of
operations necessary to obtain a general form for the function under consideration. Furthermore, they are
used in characterization distributions, which in important area, permitting the identification of population
distribution from the properties of the sample. The results established in this paper can be used to
determine the mean, variance and coefficients of skewness and kurtosis. The moments can also be used for
finding best linear unbiased estimator (BLUE) for parameter and conditional moments.

6. Conclusion

This paper deals with the generalized order statistics from the doubly truncated generalized exponential
distribution. Some recurrence relations between the single and product moments are derived. Two
characterizing results of doubly truncated generalized exponential distribution have been obtained using a
recurrence relation for single moments. Special cases are also deduced.

Acknowledgments: The authors are grateful to the referee for giving valuable comments that led to an
improvement in the presentation of the study.
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