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Abstract: In this paper, we consider a type of fractional diffusiona&tipn (FDE) with variable coefficient on a finite domain. $tly,
we utilize a second-order scheme to approximate the Rierhanuville fractional derivative and present the finitdfdrence scheme.
Specifically, we discuss the Crank-Nicolson scheme andesbim matrix form. Secondly, we prove the stability and cergence of
the scheme and conclude that the scheme is unconditiotabjesand convergent with the accuracy@{fr? 4 h?). Finally, comparing
to the general first order scheme, two numerical examplegieee to show the effectiveness and accuracy of our numeriethod,
and the results are in excellent agreement with theoretditalysis.
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1 Introduction

In the past decades, fractional derivatives have been ssftdly in physics 1], biology [2], chemistry B], hydrology
[4,5,6], and finance T]. Considerable numerical methods for solving the FDE hasenbproposed. Meerschaert and
Tadjeran 8] developed practical numerical methods to solve the oneedsional space FDE with variable coefficients
on a finite domain. Liu et al.g] transformed the space fractional Fokker-Planck equatitm a system of ordinary
differential equations (method of lines), which was thelveo using backward differentiation formulas. Momani and
Odibat Q] developed two reliable algorithms, the Adomian decomipmsimethod and variational iteration method, to
construct numerical solutions of the space-time FDE in tirenfof a rapidly convergent series with easily computable
components. Zhuang et al(] discussed a variable-order fractional advection-difagquation with a nonlinear source
term on a finite domain. Hristo\[l] solved the fractional (half-time) sub-model of the hedfidiion equation by the heat-
balance integral method and a parabolic profile with undigelaexponent. Yang et allP] analyzed the diffusion equation
on Cantor space-time and obtained the approximation solsitby using the local fractional Adomian decomposition
method. Yang et al.1[3 also employed the local fractional variational iteratimethod to handle the sub-diffusion and
wave equations on Cantor sets. In addition, high-ordegfufifference method4 4, 15], finite element methodlfg], finite
volume method17], homotopy perturbation method@] and spectral method.p] are also employed to approximate the
FDE. In terms of computation, Wang et a20] developed a fast finite difference method for FDE, whichuieg less
storage and computation cost while retaining the same acgand approximation property.

However, less focuses are on the variable coefficient FDBmservative form. The diffusion coefficient is generally
space or time dependent in practical problems. Hence, watdariving a more generalized fractional diffusion model
with variable coefficients in conservative form. Accordittgthe principle of conservation of mass, the equation of
continuity in 1-D form is given by

au(x,t) n aq(x,t)

ot ax 0 (1)
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in which u(x,t) is the distribution function of the diffusing quantity ag(k,t) denotes the diffusion flux. Suppose that the
flux term possesses the following form

q(x,t):—<K1(x)§x/axk+(x,f)u(x,f)dE+K2(x)%(/ka_(x,E)u(x,E)dE), @)

on the closed intervdla,b], wherek. (x,&), k_(x,&) are the kernel functiond{;(x) and K»(x) are the nonnegative
diffusion coefficients. We can regar#)(as a special case of Fick’s first law by takikg(x, &) = k_(x,&) = d(x—¢).
We consider the most common case

ki(%.&) = rrgege foras<é<x -
k*(xaf)zm, forx<é& Sb,

where 0< a < 1. Combining Egs1)-(3), we obtain a conservative form of the two-sided space itvaat diffusion
equation with variable coefficients:
du(x,t) 2

o _2 (Kl(x>aD;’ u(x,t) — K2(X)xDf u(x,t>>, “)

where the operatogDy, xDy are the left and right Riemann-Liouville fractional detivas (see 21]) defined as

a _ 1 d % _ zy\n—a-1
an U(X,t) - I—(n_ a) dxn/a (X E) U(E,t) dEa
—_1n gn b N
«Dpu(x,t) = ﬁ@/}( (& —x) "u(€. 1) dé,

respectively, fon— 1 < a < n, wherenis an integer.
In this paper, we consider the following onesided space FRE wariable coefficient.

oux,t) 2 o
= = = [K(aDfuix,t)] + Fx), (5)
subject to the initial condition
u(x,0)=¢(x), a<x<hb, (6)
and the boundary conditions
U(a,t) = Lpl(t)v U(b,t) = w2(t)7 0 <t< T (7)

where 0< a < 1, f(x,t) is a source term. The left Riemann-Liouville fractionalidetive ;DS u(x,t) on the finite domain
[a,b] is defined as

mr [ e v ®
rl—a)oxJa ’ '

The papers investigating the variable-coefficient FDE @&rs@ and most of which lack theoretical analysis. Chen
et al. 22] proposed a wavelet method to the solution for a class ofesgiate fractional convection-diffusion equation
with variable coefficients. Bhrawy et akJ] applied an efficient Legendre-Gauss-Lobatto collocafleL-C) method
to solve the space-fractional advection diffusion equmatiith nonhomogeneous initial-boundary conditions. Liakt
[24] considered a new weighted fractional finite volume methdt wnonlocal operator (using nodal basis functions) for
solving a two-sided space fractional diffusion equatidmad et al. 5] proposed a compact difference scheme for solving
the time fractional sub-diffusion equation with the vateaboefficient subject to both Dirichlet boundary condisand
Neumann boundary conditions. Chen et ab][discussed the practical alternating directions implieéthod to solve a
two-dimensional two-sided space fractional convectidfudion equation on a finite domain.

Generally, the shifted Grinwald-Letnikov derivative€48]) is utilized to approximate Riemann-Liouville fractidna
derivative, which is only first order accuracy. Totally @ifént, in this paper, based on a second-order numericaigche
to approximate the Riemann-Liouville fractional derivati we obtain the second order approximation of the FDE.
Furthermore, we derive the Crank-Nicolson scheme and ghe/echeme is unconditionally stable and convergent with
the accuracy o/ (12 4 h?).

The outline of the paper is as follows. In Section 2, the sdemmler scheme and some lemmas are given. In Section
3, we present the finite difference method for the FDE and/déhe Crank-Nicolson scheme. We proceed with the proof
of the stability and convergence of the Crank-Nicolson sodén Section 4. In order to verify the effectiveness of our
theoretical analysis, two numerical examples are carrigdand the results are compared with the general first order
scheme in Section 5. Finally, the conclusions are drawn.

aDIu(x,t) =
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2 Preliminary knowledge

First, in the intervala, b], we take the mesh poinig = a+ih,i =0,1,---,m, andt, = nt,n=0,1,--- ,N, whereh =
(b—a)/m, T =T/N, i.e.,handrt are the uniform spatial step size and temporal step sizéeffiallowing, we suppose
the symbolC ia a generic positive constant, which may take differentealat different places. Now, we give some useful
lemmas.

Lemma 2.1.If function v(x) € C?[a, b], then we have

2 _ . VA . 1
V(n): (XH-l n)v()(l)_r:(n XI)V(X|+1) —E(U—N)(le—n)\//((’), (9)
wherex; < ¢ < Xj11,i=0,1,--- ., m—1.
Proof. By the Taylor expansion, we expasik;) andv(x11) atx=n and obtain
1 /
V() =v(n) + (= V() + 506 = )V (G1) (10)
1 /
V(Xi1) = V() + (i1 —NV(N) + E(prl -V (G2) (11)
wherex; < G1 < n < G2 < Xi1. From (L0) and (1), we have
i+1— ] — X ] 1 / i+1— / — XA
et Z VOO 0 X)) 4 21y ) 00 1) [V 62) 2 v () T

Sincev(x) € [a,b], then there exists @€ [G1, G2] such that

— X

V'(6) =V'(q2) AT 1 vi(qa) L

h

Thus, the Eq9) holds.

Lemma 2.2.Suppose that & a < 1, v(x) € C?[a,b], by the definition of Riemann-Liouville fractional derivag, we
have

a—1, N 1 % ()
oD Ve) = < >/( me
(X1 =1V h(n X)V(Xcr1)
/ ~ e dn+R
-1
%dkv X) + Bi v (%i1)] + R, (12)
where
Nt (Xk+1 Xt ( xk+1—x. +xi=n)
A = d
K /><k dn = / e n
=—('If 1)[<|—k ) (i-k) —“1-h2—“—ﬁ[<i—k—1>2—“—<i—k>2-“]-h2—“,
e (X)L PR (n—X)+ (6 %)
%hk_/xk (Xi_’])adn /Xk (Xi—n)“ dn
(=K e oy p2ea, L —a i j2-a] p2-a
i e B (R Ve B e (R SR Ve (R NV R
and - y
1T e (= %) (er — )V (G)
= rmak x—me "
It is easy to conclude that
h2
|R‘|72/—(1 G xeab |Z/ dl’]<Ch2
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Lemma 2.3.If function v(x) € C3[a, b], then

V(x) = 20 (8, (13)

h
wherex—3 <& <x+

NI:’

3 The finite difference method for the FDE

In this section, we utilize the finite difference method tgEgximate the equatiorb] and derive the Crank-Nicolson
scheme. First, we consider the d|scret|zat|or§gﬁ (X)aDZ u(x, )} at node(x;,tn). Applying Lemma 2.3., we have

{% [K(x)aDgu(x )]} ’m o= M [aDFu(x.tn)] -~
- M [aDIU(X,tn)] ]W - 2_:{ ;—; [K(9aDFu(etn)] }| - (14)
wherexi_1/> < {i < X,1/2. By the definition of the Riemann-Liouville fractional deative, we have
aDZu(x,tn) = ;—XaD)‘z’*lu(x, tn). (15)

Then, we can obtain

d K(Xi11/2) 1 0 4o K(X-1/2) 1 0 4
{E( [K(x)aDgu(x,1)] } ‘(Xa o +/ [&aDg 1U(Xi+l/27tnﬂ - T/ [&aDg lu(xifl/zatn)] +0(h?). (16)
For the itemsg—XaDgflu(ml/z,tn) and %aD" U(Xi_1/2,ta), we use Lemma 2.3. again, yielding
J a— 1 a-1 2
&an U(Xit1/2,tn) = ﬁ[ “HU(X 41, tn) — aDY UK ta)] + O(hP) (7)
J a-1 1 a-1 a-1 2
&an u(xi—l/Zatn) = ﬁ[an U(Xivtn) - an u(xi—latn)] + ﬁ(h ) (18)
Then Eq.L6) can be written as
d K(Xi11/2) 1 g _
{3 KO9DRUX O] H| = = [aD o) — oD 0 )]
K(x—
— B2 et t0) — DS P4 1.)] + (), (19)
Using Lemma 2.2., we have
l-a i-1
S = aDg_lu(XiJrlatn) aDy ™ tu u(xi,tn) = z U, tn) € (I —k—1) + Pin+ Hin, (20)
where
(k) = 3(k+ 1) %+ (k+3)2° 9 —3(k+2)29—k> % k>0, (21)
9 hl 0(22 a S)U(Xhtn) 4 hliau(xi+latn) 4 hliau(x(htn) sz(l) (22)
n = r3-a) r3—a) rl-a) ’
g 1 i+l (i-pFe g 2 1
2 =(+1) (a—l a—2) (or—l)(or—Z)—H (a—z a—l) (23)
and
| n| < 2Ch? max [u” (X, tn)]-
xela,b]
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Similarly, we obtain

S 2 DI (%, 1) — aDI MU _1,tn) = % :(zzlu(xk,tn)%(i K= 2)+ P gpt H1n, (24)
and
| #_1n| < 2Ch? max U’ (%, t)|-
Combining (9), (20) and @4), we find
0 o . 12 .
{0_x [K(X)aDZu(x.1)] } oy = AU ) + k;u(xk,tn)V(l,k)
+ G()U(Xi—1,tn) +B(i)u(Xi,tn) + D(1)u(Xi11,th) + ﬁ(hz)v (25)
where
Ai) = v g (K12 20 ~K(x12)2-1)],
V(i) = prar gy [KO%ea k=)~ KXy 206 i —k=2)].
S0) = rrarr—gy [KX-12)€(0) ~Kix-1,2)(2 " ~3)]. (26)
B(i) = W:(La—a) :K(Xi+1/2)(22_a —-3)— K(Xifl/z)} ,
1

D(i) = mK(XiH/Z)-

Now we consider the discretization of the time. It is easydnatude that,
au(x,t)
ot

[ m——

_ u(x,tn) _TU(Xiatnfl) +0(1?), (27)

(i th-1/2)

and

{%( [K(x)an{u(x,t)} + f(x,t)}

(Xitn-1/2 (X tn)

+0(1?). (28)
(%ith-1)
Therefore, the Crank-Nicolson scheme of the fractiondiigibn equationg) at (x,t,_1/2) can be

n g{aix [K(aDgu(x )] + f(xﬂ)}

(K, t) _T“(X"t”*l) = AT by aj2) + O 4 ) (29)
where L
Qin=Ai)u(xo,tn) + 3 U tn)V (i,K) + G()U(Xi—1,tn) + B()U(X; tn) + D()U(Xi+1,t) (30)
k=1
and 1
f0tn1/2) = 5 | F06,t0) + £ 06, tn0)|. (31)

Letu! be the approximation solution afx;, t,) and fi”_l/2 = f(x,th_1/2), then we obtain the difference scheme 28)(

W= QM =+ QM T (4 1), (32)
The boundary and initial conditions are discretized as
W=90x), W= (), U= altn). (33)
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DefineU" = [uf,u3,---,ul 4],

»¥m—1
n-1/2
A +Gy 0 f%—l/z
Ao 0 7
Fif=| [+ hH+| @ [h+uphH+2]| (34)
—1/2
Am-2 0 s
Am-1 Dm-1 §n-1/2
m—1

and
B1 D, 0 0

0 0
G Bz D2 0 0 O
V31 Gs3 Bz D3 0 o0
Q= _g Va1 Va2 Gs By o 0 | (35)
Vm-2,1 Vm-22 Vm-23Vm-34 -+ Bm-2 Dm-2
Vm-11Vm-12 Vm-13Vm-14 -~ Gm-1 Bm-1
eliminating the error term, then we can rewri82) in the matrix form
(1+QU"= (1 - QU™+ ZF". (36)

4 Theoretical analysis of the finite difference method

4.1 Sability

Here, we consider the stability of the Crank-Nicolson scaésg). Before the proof, we start with some useful lemmas.
Lemma 4.1. Supposing that & 3; < 2, we define functiom(x), X € (0,+) as
p(X) = 2(x+ 1)Pr —xPr — (x+-2)~1

then

p'(x) = By [2(x+ 1Pl (x4 2)31—1} >0, (37)
and

p" () = Bu(By— 1) [20x+ 1)P 22— (x4-2)P 2| <0 (38)

Proof. Letw(x) = (x+1)" =X, x € (0,+), r € (—1,0)U(0,1), and

g(x) =w(X) —w(x+1) =2(x+ 1) —x" — (x+2)".
It is easy to obtain that

W (x) = r[(x+1)"t—x"1.

We can observe that, whenOr < 1, W (x) < 0, which meansv(x) is decreasing monotonically wherincreases, then
w(x) > w(x+ 1). Hencew(x) —w(x+ 1) > 0, namelyg(x) > 0 for all x € (0,+) when O0< r < 1. Similarly, we can
obtaing(x) < 0 for all x € (0,+) when—1 <r < 0. Since 1< f; < 2, thenf; —1 € (0,1) and 1 — 2 € (—1,0).
According to above discussion, it is easy to obtain tB&} &nd 38) hold.

Lemma 4.2. Assuming that &< o < 1, we defineg'(k), k=0,1,2,--- as
% (K) = 3(k+1)>% + (k+3)> " - 3(k+2)> Y —k* ¢, (39)

then
¢ (k) <0, (40)

(@© 2015 NSP
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% (k) is increasing monotonically wheqincreases, i.e.,

¢ (k) <€ (k+1), (41)
and
kiTm%(k) =0. (42)
Proof. Since O< a < 1, itis easy to verify
€(0)=3+432"9_-3.22709 <0, (43)

We define functior¥’(x), x € (0,+) as
' (X) = 3(X+ 1)+ (x+3)2 % — 3(x+2)2 % — %279,

LetBy =2—a,itis easy to check that
%(X) = p(x) — p(x+1),

wherep(x) is defined in Lemma 4.1. Thanks t87), we obtainp(x) — p(x+ 1) < 0, i.e., for allx € (0, +)
¢ (x) <0.

Hence, 40) holds. By using the Taylor expansion ar38), we have

POX-+2) = POt 1)+ Px 1)+ 3p"(€) < Px-+1) 4 p/0cHD), € € (xtLx+2),

1
P(X) = P(x+1) = p'(x+1) +5p"(n) < px+1) = p'(x+1), nexx+1).
To sum each side of the inequalities respectively, we obtain
p(X) + p(x+2) < 2p(x+1),

which means
P(X) — p(x+1) < p(x+1) — p(x+2),

ie,
E(X) <E(x+1).

Thus, @1) holds. Now we consider the following limix,> 0, 1< 3> < 2
i B2 B _ B2 _ yB2
Xl_lmw (B(x+ 1)P2 4 (x+ 3)P2 — 3(x+ 2)F2 — x2)
31+t (1+3)k-3(1+2)F -1

= Jim, BE
— i 3(1+t)P 4 (143t)P2—3(1+2t)P2 -1
ot th2 '

By using the Taylor expansion, we obtain

31+t)P 4+ (1+3)2—3(14+20)P2—1

— 3[1+Bt+ %tz +0(t?)] + 1+ 3Bzt + w (3t)%+0(t?) — 3[1+ 2Bt + w (2% +o(t?) -1
= o(t?).
Then,

) _ i 98 2 g

i B2 B2 _ B2 _ yB2) — | =
XL'TOO(3(X+1) + (X+3)P2 = 3(x+2)P2 — x2) tI_|>r(T)1+ B =M =5

As 1< 2—a < 2, therefore,42) holds.

(@© 2015 NSP
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Corollary 4.1. It is easy to conclude that
+o00
%%(k) =2-2%0 (44)
k=

Now we consider the property of matigx

Theorem 4.1.Suppose thaK(x) is decreasing monotonically wherincreases an#(x) > 0 on[a,b] and 0< a < 1.
When 6+ 3279 — 249 > 0 (or a > 0.5546), the coefficients);; satisfy

m-1
Qil> Y [Qjl, i=12-- m-1 (45)
=T
i.e.,Qis strictly diagonally dominant.
Proof. It is easy to obtain
0, i>i+1
K(Xi+1/2); j=i+1
Qij = ko § K(%i41/2) (2279 —3) —K(%_1/2), j=i (46)
K(%i11/2)€(0) —K(%i_1/2)(27 = 3), j=i-1
K(Xi11/2)€(1—]—1) =K(Xi_12)¢(i—]—2). j<i-1

whereky = —m < 0. SinceK(x) > 0, thenK(x;;.1/2) > 0, sokoK(Xi11/2) <0, i.e.,Qii;1 <0.As0< a <1,

then 27 —3 < 1 and 0< K(%11/2) < K(X_1/2), SO

(227 —3)K(Xi11/2) < K(Xi_1/2),
hence,
Ko[K (Xi11/2) (227 =3) = K(X_1/2)] >0,
i.e., Qi > 0. Forthe itenQ; _1,

Qi7i—1 = kO |:K (Xi+1/2)<€(0) — K(Xi—l/Z) (22701 _ 3):|
=ko [(K(XiJrl/Z) —K(Xi—1/2))% (0) +K(Xi_1/2) (6 + 32-a _ 24701)}

Sinceky < 0, K(Xi11/2) — K(Xi_1/2) <0, €(0) <0, K(X_1/2) >0 and 6+ 3% —24¢ >0, thenQ;;_1 < 0. When
j<i-—1,

Qi = ko[ KOx12) (1= = 1) =K (x_1/2)% (i — | ~2)]
= ko[ K(%41/2) (€1 = = 1) =% (i = = 2)) + (KX 43/2) =K _1,2)) (i = | -2)

Accordingto Lemma 4.2¢(i—j—1)—%¢(i—j—2)>0and%(i—j—2) <0, then it is easy to obtai@;; < 0. Now,
for a giveni, we consider the sum

m-1 i—2 m-1
Z Qijl = 1Qijl+ > [Qijl+Qui-af +Qiisal
J=Lj#i =1 j=1+2

i—2
_ —ko{ 5 [K(xi+1/2><€<i 1)K a2l - 2>] K (s1/2) K (12/2)(0) — K(x_1/2)(Z2 — 3)}

J

i2 i3
= —ko{K(Xi+1/2) ng(i) —K(Xi-1/2) ZO%(J') + K (Xi11/2) + K(Xi51/2)%(0) = K (Xi_1/2) (2% — 3)}

I= 1=

(@© 2015 NSP
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i—2
_ —ko{[K(XiH/z) KOy 3 () +K ) K261 -2) 2 +3>]}
=

too
< —ko{ [K(Xi11/2) —K(Xi_1/2) %% )+ K(Xip1/2) + K(X_1/2)[€ (i — 2)—22_a+3)]}

—ko

ko{ (%i41/2) — K(Xi-1/2)](2—=227%) + K(X41/2) + K(Xi_1/2)[£ (i —2)—220+3)]}
— —kof K013~ 27 +Kix gL+ 4G -2]

< —kod K(Xi41/2) (322 %) + K (x_ 1/2)}=Qi,i=|Qi,i|

m-1
1Qij| < [Qiil-
J=L)#i

Thus, the proof is completed.
Corollary 4.2. LetA =c+di, i =+/—1 be any one eigenvalue of the mat@xthen the real part of satisfies

c>0. (47)

Proof. By the Gerschgorin’s circle theorem (s&9]) , we have

m-1
|Qi—c—di|<ri= |Qijl-
j=1z,1¢i
Then
(Qi —c)?+ (di)*> <rf,
therefore,

|Qii —¢| <ri.
Using @5) andQ;; > 0, it is easy to derive47) must hold.

Corollary 4.3. The matrixl + Q is strictly diagonally dominant. Thereforke4 D is invertible and the equatior3®) is
solvable.

Theorem 4.2.The difference schem&) is unconditionally stable.

Proof. Since the eigenvalues of matrix Q satisfy Corollary 4.2., then the eigenvalues of the marix Q)~%(1 — Q)
satisfy

1-A B 1-c—di -
1+A| |1+c+di

Hence, the spectral radius of the matfix+ Q)~*(I — Q) is less than one. Therefore, the difference sched@g i6
unconditionally stable.

4.2 Convergence
By (32), we see that the local truncation error of the Crank-Nioolscheme gives,
A" = 0(13+1h?). (48)

Theorem 4.3.Let u" be the exact solution of the problerB){(7). Then the numerical solutiod" unconditionally
converges to the exact solutioh ash andt tend to zero, and

UM —u"| < C(12 + h?).
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Proof. Let €' denote the error at grid points;,t,) ande' = U" — u(x;,tn). Substitutingu(x;,th) = U — €' into Eq. 9)
and combining Eqs.3Q) yields

e - éei” =+ %QH+ O(T3+1h?).
where 5
.
OF = Al)dl+ 3 eV (i,K)+G(i)d"; + B(i)e+ D()el,.
k=1

Using the conditionss), (7) and @3), we obtain the errore.0 =0andej=¢,=0fori=1,2,--- ,m—1andj=0,1,--- ,N.
We can write the system in matrix-vector form as

(I+QE"=(1-QE" 1+ (3 +1h?)x
or
E"=ME" 1 +b
wherex =[1,1,---, 1|7, E"= (€],€},---, &}, )T,M=(1+Q)"1(1 - Q) andb= ¢ (13 + th?)(I + Q) L. By iterating and
noting thatE® = 0, we obtain
En: (Mn—1+Mn—2+...+|)b'
Now, from Corollary 4.2., Corollary 4.3. and Theorem 4.2 havep((I +Q)~1) < 1 andp(M) < 1. Therefore, we can
choose a vector norm and induced matrix ndrnf such that|M|| < 1 and||(1 +Q)~}|| < 1. Then upon taking norms,
IE™ < (IM™ 3]+ [|M™2)| 4+ 1) |b]]
< (A4+1+---+1)|/b||
no(t3+th?) = TO(12 +h?).

IN

Thus,
||[E"| < C(1%+ 1),

which completes the proof.

5 Numerical examples

In order to demonstrate the effectiveness of the finiteedéhce method, two examples are presented.
Example 5.1.First, we consider the following fractional diffusion edjga

2 — & [K(aDgulxt)] + F (1),
ux,00=x3, 0<x<1, (49)
0, u(Lt)=¢, 0<t<T,

where O< o < 1, |
fxt) = e — K oag %

2—a
r4—a) x4e,

and the exact solution igx,t) = x3¢".

Here we takeK(x) = 2 — x, the related numerical results are given in Table 1. Tabledcidbes thé., error and
convergence order of the Crank-Nicolson schente-ail with T = h, wherea is corresponding to six distinct values. It
can be seen that no matier> 0.5546 ora < 0.5546 the numerical results are all in excellent agreemetht tive exact
solution.

Example 5.2. Now, we consider the following fractional diffusion equeati

du(x,

U — 2 [K(aDFu(x )] + Fx1).
u(x,0) =x3(1-x)2, 0<x<1, (50)
u(0,t)=0, u(1,t)=0, 0<t<T,
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Table 1: The error and convergence order for differemt

I—h a=0.1 a=03 a=05
|E(hT)[]2  Order [[E(h1)|l2 Order [[E(h1)|lz Order
1/16 1.6257E-03 8.1478E-04 4.5315E-04

1/32 3.5858E-04 2.18 1.9173E-04 2.09 1.1054E-04 2.04
1/64 8.3223E-05 2.11 4.6713E-05 2.04 2.7408E-05 2.01
1/128 2.0024E-05 2.06 1.1560E-05 2.01 6.8378E-06 2.00
1/256 4.9162E-06 2.03 2.8784E-06 2.01 1.7092E-06 2.00

I—h a=0.6 a=0.75 a=0.9
|E(hT)[l2  Order [[E(h1)|l2 Order [[E(h1)|lz Order
1/16 3.9998E-04 4.5870E-04 5.6288E-04

1/32 1.0101E-04 199 1.1906E-04 1.95 1.4438E-04 1.96
1/64 2.5544E-05 1.98 3.0667E-05 196 3.6935E-05 1.97
1/128 6.4520E-06 199 7.8562E-06 1.96 9.4286E-06 1.97
1/256 1.6266E-06 1.99 2.0040E-06 1.97 2.4025E-06 1.97

where O< a < 1,
f(xt) = —e [x2(1— X2+ K/ (X)P(x, @) + K (X)P(x, 1+ a)} ,

F(S) A—a 2r (4) —a r (3) 2—a
Pxa) = e " Faa*  TFE o
and the exact solution ig(x,t) = x>(1 — x)%e".

In [28], Chen et al. proposed a first order scheme&i@f + h) for a nonlinear two-sided space-fractional diffusion
equation with variable diffusivity coefficients by usingtbackward Euler difference scheme for the temporal déravat
and the shifted left and standard right Griinwald-Letnikactional derivatives to approximate the left and righeiRann-
Liouville fractional derivatives respectively. Here wegisome comparisons of the first order scheme and our secded or
scheme for differen(x). Table 2 shows the comparison of the two schemés-at with 1 = h and differenta for the

Parabolic case, whete(x) = 1‘—2X2 Table 3 shows the comparison of the two schemes=at with T = h and different
a for the Exponential case, whekgx) = ”T‘ﬁ Table 4 shows the comparison of the two schemés=at with T =h

and differenta for the Asymptotic case, wheite(x) = 1+ ﬁ We can observe that the second order scheme is more

accurate than the first order scheme for the same time and sfs, and for the differeKt(x) the numerical results are
still in excellent agreement with the exact solution, whigtther demonstrate the effectiveness of our numericahotet

6 Conclusions

In this paper, we have developed and demonstrated a secded fonite difference method for solving a class of
fractional diffusion equation with variable coefficientirgtly, based on a second-order scheme, applying the finite
difference method, we derived the Crank-Nicolson schem#hefproblem and rewrote the scheme in matrix form.
Subsequently, we proved that the scheme is unconditiostdlyle and convergent with the accuracyd@fr? + h?).
Finally, some numerical results were given to show the Btgbtonsistency and convergence of our computational
approach. This technique could be extend to two-dimenbimntree-dimensional problems with complex regions. In
the future, we would like to investigate finite differencethml for the two-sided FDE and fractional problem in high
dimensions.
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Table 2: Comparison of two schemes for Parabolic case and different

I—h a=02 a=05 a=038
|E(hT)[l2 Order |[[E(hT)[lz Order [[E(hT)|]2 Order
1/16 2.0543E-03 1.1090E-03 9.1087E-04
1/32 1.0494E-03 0.97 5.3530E-04 1.05 4.0959E-04 1.15
1/64 5.3232E-04 0.98 2.6351E-04 1.02 1.9463E-04 1.07
1/128 2.6841E-04 0.99 1.3074E-04 1.01 9.4653E-05 1.04
1/256 1.3483E-04 0.99 6.5102E-05 1.01 4.6541E-05 1.02
I—h a=02 a=05 a=0.8
|E(hT)[l2 Order |[[E(hT)[lz Order [[E(h1)|]2 Order
1/16 3.4579E-04 2.3554E-04 1.9359E-04
1/32 8.2875E-05 2.06 6.3634E-05 1.89 4.9412E-05 1.97
1/64 2.0893E-05 1.99 1.7417E-05 1.87 1.3611E-05 1.86
1/128 5.2973E-06 1.98 4.6838E-06 1.89 3.7857E-06 1.85
1/256 1.3386E-06 1.98 1.2351E-06 1.92 1.0280E-06 1.88
Table 3: Comparison of two schemes for Exponential case and differen
I—h a=02 a=05 a=0.8
|E(hT)[l2 Order |[[E(hT)[lz Order |[[E(hT)|]2 Order
1/16 1.9275E-03 1.4961E-03 1.3157E-03
1/32 9.5627E-04 1.01 7.1739E-04 1.06 5.9150E-04 1.15
1/64 4.7579E-04 1.01 3.5108E-04 1.03 2.8011E-04 1.08
1/128 2.3729E-04 1.00 1.7364E-04 1.02 1.3629E-04 1.04
1/256 1.1849E-04 1.00 8.6351E-05 1.01 6.7237E-05 1.02
I—h a=02 a=05 a=038
|E(T)]l2 Order |[[E(h1)[]z Order |[[E(h,T)[l2 Order
1/16 5.8993E-04 4.6139E-04 3.5110E-04
1/32 1.4721E-04 2.00 1.1679E-04 198 8.9358E-05 1.97
1/64 3.6797E-05 2.00 2.9482E-05 1.99 2.2713E-05 1.98
1/128 9.2014E-06 2.00 7.4238E-06 1.99 5.7642E-06 1.98
1/256 2.3008E-06 2.00 1.8658E-06 1.99 1.4625E-06 1.98
Table 4: Comparison of two schemes for Asymptotic case and diffement
I—h a=02 a=05 a=08
[IE(h,T)||2 Order ||E(h,T)||2 Order ||[E(h,T)||2 Order
1/16 1.7374E-03 1.4290E-03 1.2552E-03
1/32 8.6134E-04 1.01 6.8055E-04 1.07 5.6392E-04 1.15
1/64 8.6134E-04 1.01 3.3195E-04 1.04 2.6705E-04 1.08
1/128 2.1393E-04 1.00 1.6392E-04 1.02 1.2995E-04 1.04
1/256 1.0685E-04 1.00 8.1447E-05 1.01 6.4104E-05 1.02
I—h a=02 a=05 a=038
[E(D)ll2 Order |[E(h1)|l2  Order |[E(h,7)|l2  Order
1/16 5.2882E-04 4.2085E-04 3.2388E-04
1/32 1.3252E-04 2.00 1.0670E-04 198 8.2693E-05 1.97
1/64 3.3145E-05 2.00 2.6953E-05 1.99 2.1060E-05 1.97
1/128 8.2885E-06 2.00 6.7896E-06 1.99 5.3511E-06 1.98
1/256 2.0724E-06 2.00 1.7069E-06 1.99 1.3593E-06 1.98
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