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Abstract: This paper proposes an approach where it can be applied toptimization decisions making problems under
uncertainties and solves a multi-level multi-objectivactional programming problems involving stochastic patars coefficient in
objective functions (SMLMOFPP). In this work, the first phasf the solution approach, we convert the probabilisticureat
(stochastic) of this problem in objective functions into aultillevel multi-objective fractional programming prashs
(MLMOFPP).At the second phase, we use a computer-orieetthique to convert (MLMOFPP) into a multi-level multi-ebjive
linear programming problems (MLMOLPP). Then a fuzzy apptosolves (MLMOLPP) using the concept of tolerance memlygrsh
function to develop a Tchebycheff problem for generatingmjgromise solution for this problem. In addition, a numariexample is
provided to demonstrate the correctness of the proposaticsul
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1 Introduction

Stochastic programming provides a suitable framework tdehdecisions making problems under uncertaiBt(]. In
recent years methods of multi-objective stochastic og@tion have become increasingly importantin scientifidadised
on decisions making involved in real life problems arisingegtonomic, industry, health care, transportation, ajtice,
military purposes and technologyj[

In the real world, there are two or more decision makers inrgargization with a hierarchical structure, and they make
decision in turn or at the same time to optimize their obyecfunctions. Such situations are formulated as multilleve
programming problem<[7].

Fractional programming is a generalization of linear fi@wil programming. The objective function in a fractional
program is a ratio of two functions that are in general nadin The ratio to be optimized often describes some kind of
efficiency of a system. Fractional programming problemsuaedul tools in production planning, financial and corperat
planning B,5,6,15].

In [11], Saad and Emam suggested a solution of stochastic mustcttg integer linear programming problems with
a parametric study. This study proposed to investigatetdlisyeset of the efficient solution for this problem.

In literature there are many researchers have focused tee sollti-level linear or nonlinear multi-objective
programming problemslp, 14].

In [7], Osman, et al. provided a solution method for solving raleltiel non-linear multi-objective under fuzziness.
This solution method uses the concepts of tolerance melmpdtsctions and multi-objective optimization at everydé
to develop a fuzzy max-min decision model till generatingrogl solution.

In [4], Emam proposed an algorithm for solving bi-level integettirobjective fractional programming problem using
cutting plan algorithm.

In [13], Saraj and Safaei, proposed solution method for fuzzyalirieactional bi-level multi-objective programming
problems based on Taylor series and Kuhn-Tucker conditions
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This paper is organized as follows: we start in section 2 yntdating the model of stochastic multi-level multi-
objective fractional programming problems (SMLMOFPP)@avith the solution concept. Section 3, the transformation
stochastic parameters in the objective functions (SMLMB)iAto multi-level multi-objective fractional programng
problems (MLMOFPP) is presented. In section 4, a computented technique to solve (MLMOFPP) is described. In
section 5, a fuzzy approach to solve the equivalent prob{&h81OPP). In addition, a numerical example is provided to
illustrate the developed results in section 6. Finally,adosion and future works are reported in Section 7.

2 Problem formulation and solution concept

Letx € R", (i = 1,2,3) be a vector variables indicating the first decision levdisice, the second decision level’s choice
and the third decision level's choicE,. : R" — R (i = 1,2 3) be the first level objective function, the second level
objective function and the third level objective functioespectively.

Assume that the first level decision maker (FLDM), seconeéllelecision maker (SLDM) and third level decision
maker (TLDM) haveN;,N, and N3 objective functions, respectivelil be the set of feasible choicd$x;,x2,%3)}.
Therefore, the SMLMOFPP may be formulated as follows:

[FLDM|
elcix+aq .
Max Fi(x,0%) = 1A=~ 2 (=12 N 1
X1 1(7 ) dIIX"'Bl 7( 9 &y 9 l)a ()
Wherexy, X3 solve
[SLDM]
02cT X+ ao;
Max Fo(x,02) = 277 79 (i =12, Np), 2
Wherexz solves
[TLDM]
03¢l x+ a3
Max Fa(x,0%) = 3= (r =1.2.....Ng), 3
X3 F3( ) dng—F B3 ( 3) ( )
Subject to
M{(X1,X2,X3)|m(X1aX2,X3) < Oal = 17 27 .. '7n'}7 (4)

Where the functionk;(x, 8') are stochastic fractional objective functions defined oBM, SLDM and TLDM.

Definition 1.

Let M1,My,M3 be the feasible regions of FLDM, SLDM and TLDM, respectivelRor any (x; € My = {xq|
(X1,X2,%3) € M1}) given by FLDM, and(xz € My = {Xo| (X1,X2,X3) € M2}) given by SLDM, if the decision-making
variable(xz € Mz = {x3| (x1,%2,X3) € M3}) is the optimal solution of the TLDM, thefx;, X2, X3) is a feasible solution of
(SMLMOFPP).

Definition 2.

If (x],%5,%35) is a feasible solution of the SMLMOFP (1)-(4); no other fé#sisolution(x, X2, X3) € M exists, such
that f1i(X;,%5,x5) < f1i(x1,%2,%3), with at least ong(i = 1,2,...,k); so (Xj,X5,%35) is the optimal solutions of the
(SMLMOFPP).

3 Stochastic transformation for solving (SMLMOFPP)

The basic idea in treating (SMLMOFPP) is to convert the pbilstic nature of this problem into an equivalent
deterministic. In this case, the set of objective functicas be written asd]:

n n n
jlerij + K jZlE(ejr)xj + K j2102(6]')xj2 +ar

S (x) = T B (r=12,...K. )
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WhereE(6;) = mean off; ando?(0!') = variance of9!, andk}, k, are non-negative constants whose values indicate
the relative importance of the mean and the standard dleniafithe variabléd for maximization.

Therefore, the (MLMOFPP) equivalent to (SMLMOFPP) may barfolated as follows:

[FLDM]
n n n
Y Crixj+K Y E(6))xj+K, | 5 02(91-')xj2+orr
=1 i=1 i=1
Max S;(Xx) = ,(r=21,2,...,N 6
X1 Si(x) d;rjX‘FBr ( 1) (6)
Wherexy, X3 solve
[SLDM]
n n n
Y Crixj+K Y E(68))xj+K5, | ¥ 02(6))% +ar
=1 i=1 i=1
Max X) = ,(r=212,....N 7
o) 52( ) d;rjx"‘ﬁr ( 2) ( )
Wherexs solves
[TLDM]

n n n
jZlerXj + kfljzlE(ejr)x,— + K, jZlUZ(ej’)sz + o

Max X) = ,(r=212,....N 8

X3 S3(x) d;rjX‘FBr ( 3) (8)
Subject to

M = {(X1,X2,X3)|mi (X1,X2,%3) < 0,i=1,2,...,n.} 9)

4 A computer-oriented technique for solving (MLMOFPP)
In multi-level multi-objective fractional programminggislems (MLMOFPP), the objective functions are transformed
by using a computer-oriented technig® fhe main idea of this technique is to convert (MLMOFPPYiatmulti-level

multi-objective linear programming problems (MLMOLPPY the FLDM, SLDM and TLDM in the following form as
follows:

Z=py+g (10)

wherep(c—d%) Y= ﬁ andg = %

And the transformation of the constraints (4) can be writteffollows:

b X b
(A+—d) < B’ (11)

whereA+ pd =G, 25 =y, =h

Now the equivalent MLMOLPP of problem (1)-(4) can be writisfollows:

[FLDM]
Max Z1(y1,Y2,¥3) = Max (z11(Y1,¥2,¥3), - - - 21N, (Y1, Y2, Y3) ), (12)
Wherey,, y3 solve
[SLDM|
Max Za(y1,¥2,¥3) = Max (z1(y1,¥2,¥3), -, 22N, (Y1,¥2,¥3)), (13)
(@© 2015 NSP
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Whereys solves
[TLDM)]
Max Zs(y1,Y2,¥s) = Max (za1(Y1,¥2.¥3),- - Zang (Y1,Y2,¥3)): (14)
Subject to
G= {(Yla)’27)’3)|gi (Yla)’ZaYB) S Oa I = 17 27 ceey n} (15)

Wherey,,y», Y3, represent decision variables under the control of FLDMDBLand TLDM respectivelyG is the
set of linear constrains.

From the above (MLMOLP), we get= ﬁ. Using this definition we can get:

y

=P gy

(16)

Which is our required optimal solution. Then put this valdiexin the original objective function, we can obtain the
optimal value.

5 Fuzzy approach for solving (MLMOPP)

To solve the MLMOLPP by using fuzzy approach, first gets thisfectory solution that is acceptable to the FLDM, and
then give the FLDM decision variables and goals with somedseto the SLDM for him/her to seek the satisfactory
solution, then the SLDM give the decision variables and g@ath some leeway to the TLDM for him/her to seek the
satisfactory solution and to arrive at the solution whicbl@sest to the optimal solution of the FLDM.

The FLDM solves his/her problem as follows:
1. Find individual optimal solution of problem FLDM by obieng the best and the worst solutions of the FLDM
problem argZ;,,...,Ziy), (Z11,Z5y)- 2. Using this value ofZ},, Z;, ) to build the membership functions as follows:

1 i zi(y) > 7,
Hay[zaly)] = § 2k iz < 20(y) < (17)
0 if zl‘kZzlk(y),k: 1,2,...,Nz.

Now, we can get the solution of the FLDM problem by solving thiéowing Tchebycheff problem

Max A, (18)
Subjectto
yeG
Hzy [zik(Y)] > A k=1,2,...,Ny,
A €10,1]

Whose solution is assumed to be
Vi.Y5.¥5, 25 K =1,2... ,N,AF(Satisfactory leve])

The SLDM do the same action like the FLDM till he obtains hidusion to be [yf,yg,yg,zzsq,q =1,2,...,N,8S

(Satisfactory level)], then SLDM transform the value(gf, y5,y3) to obtainx3, x5, x5 using equation (15).

The TLDM do the same action like the SLDM till he obtains hislusion is assumed to be
vI,y3,y3,Z5,r = 1,2,....,N,y"(Satisfactory leve]) and then TLDM transform the value @] ,y},yl) to obtain
x],xJ,x} using equation (15).
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Now the solution of the three level decision makers is dsetb However, three solutions are usually different
because of nature between three levels objective functions

The FLDM knows that using the optimal decisiorfsas a control factors for the SLDM are not practical. It is more
reasonable to have some tolerance that gives the SLDM antdertesible region to search for his/her optimal solution,
and reduce searching time or interactions, also the SLDMed@same action with the TLDM.

In this way, the range of decision variabtg x, should be arounokf,x% with maximum tolerancéy,t, and the
following membership function specifyf , x5 as:

-0 -t1) F F
(X)) = (XF£%1)7Xl Xé f1 < X1FS X1 (19)
X SX <X+,
x—(06—t) s S
(%) = 7 K< <X, (20)
HX2) = (x$+tp) —x

2 S S
t, X2 <X §X2+t27

First, the FLDM goals may reasonably consider & > ka,k =1,2,...,N; are absolutely acceptable and all
Zi < Zy = Zi(X$ X3 X9),k = 1,2,...,N; are absolutely unacceptable, and that the preference with
[Z}, 2 k= 1,2,...,Nq] is linearly increasing. Is due to the fact that the SLDM ol the optimum aXJ, X3, X3),
which in turn provides the FLDM the objective function ved#,, makes anyy < Z3,,k=1,2,...,N; unattractive in
practice. The membership functions of the FLDM can be stased

1 if zy > 2 (%),
-z -
i [2c00) = § BB 2y < 20(x) < (22)
0 if zlk(x)ZZ’lk,k: 1,2,...,Ny.

Secondthe SLDM goals may reasonably considezajl > zg;, r=1,2,...,N, are absolutely acceptable and4ll <
Z, = Zo (XE,XE XE),r =1,2,... N, are absolutely unacceptable, and that the preferencd#tzs ,r = 1,2,...,N,
is linearly increasing. Is due to the fact that the TLDM obta the optimum atx[, X5, XF), which in turn provides the
SLDM the objective function valueg, , makes any, < Z5.,r = 1,2,..., N, unattractive in practice.

1 if 2 > 25.(X),
W (2 ()] = { 222 if 7, < 70(x) < 5, (22)
if zr(X) >2,,r=12,...,N.

Third , the TLDM may be willing to build a membership function fostier objective functions, so that he/she can
rate the satisfaction of each potential solution. In thigwiae TLDM has the following membership functions for hisrh
goals:

1 if z3q > 2,(),
73q(X)—2Z34 -

Hgl22a(0) = § S50 24 < () <24 @3)
0 if zaq(x)Zqu,qzl,Z,...,Ng,.

WhereZy, = Zgg[XP, X3, X3).

Finally, in order to generate the satisfactory solution, which #a Pareto optimal (satisfactory) solution with
overall satisfaction for all DMs, we can solve the followifighebycheff problem.
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Max 3, (24)

Subject to
[ +t11) =] >
t1a =7
Ixa— (< ~t11)) > 5l
t1a =
L0S+t11) — %) > 3l
ti2 =
o= (S—to1)] > 5l

21 =

)

6 An illustrative example

To demonstrate the solution of (SMLMOFPP), let us considerfollowing example:

[FLDM]

20}x1+363%+63%3 ejx1+3951xz+egx3]
X1 +2%+X3+1 7 Xg+2Xp+xz+1 17

MX?X Fl(X7 el) = [

Wherexy, X3 solve

[SLDM]
M 62 — 02%1+202%+62%3  202%1+02%+02x3
XEZ;‘X FZ(X’ )_[ 2 +Xo+X3+1 7 2Xp+Xo+x3+1 ]'
Wherexz solves
[TLDM]
3 3 3 3 3 3
3\ 67X +205%+63%3 94X1+295X2+96X3
ngx F3(X,9 )_[ X1 +Xo+2X%3+1 7 Xp+Xo+2x3+1 ]'
Subjectto

M={xeR: (xg+X2+x3)},
X1+ X2+ x3 < 15,

3X1 + 2% + %3 < 10,

X1+ 2%+ 3x3 <12,

X1+ X2+ X3 > 0.

Suppose tha#!, (i = 1,2,...,6) are independent normal distributed random variable wighfttlowing means and
variances:

Tablel. The means and variance$@jf)

Randomvariables 6] | 61 [ 05 [ 67 |62 |62 [ 07 | 67|02 0702|6207 [05]65]67]62]6
Mean 3|24 12|12 12|23 |2|1|2|1|2]|2]|2
Variance 4 116 9 | 4|9 (25|49 | 4259|9254 ] 9] 425|306

The equivalent (MLMOFPP) of the (SMLMOFPP) can be written as

[FLDM]

_ 110X +6Xo+3X3  7X1+9x%0+5x3
Mx?x S]_(X) - [X1+2X2+X3+1 ’ X1+2X2+X3+1]’
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Wherexy, X3 solve
[SLDM]

_ [ 6X1+8X%0+4x3  10X1+6X2+3%3
ngx SZ(X) - [2X1+X2+X3+1’ 2X1+X2+X3+l]'

Wherexs solves
[TLDM]

_ 1 AX1+6x0+9x3  6X1+8x0+10x3
ngx S‘:”(X) - [X1+X2+2X3+1’ X1+X2+2X3+l]'

Subject to
X1+ X2+ X3 < 15,
3X1 + 2%+ X3 < 10,
X1+ 2%+ 3%3 < 12,
X1+ X2+ X3 > 0.

Using a computer-oriented technigus, (MLMOFPP) is converted into (MLMOLPP) for the FLDM, SLDMnal

TLDM in the following form as follows:
First, the FLDM solves his/her problem as follows:

Max Zy(y) = 10y1 + 6y2 + 3y, 71+ 9y2 + 5y3

Subject to
16y, + 31y, + 16y3 < 15,
13y1 + 22y, + 11y3 < 10,
13y1 426y, +15y3 < 12,
Y1+Y2+y3 > 0.

1. Find individual optimal solution by solving (13), we get:
(ZILZIZ) = (53348)7 (Zflv ZIZ) = (07 0)
2. By using (13), build the membership functions then sol® @s follows:

Max A,
Subject to
yeG,
10y; + 6y2+ 3ys —5.3A >0,
7y1+9y2+5y3 —4.81 >0,
A €0,1].

Secondly the SLDM defines his/her problem in view of the FLDM as follow
Max  Z(y) = 6y1+ 8y2+4ys, 10y1 + 6y2+3y3

Subject to
31y1 +16y2+ 16y3 < 15,
23y1 + 12y, +11y3 < 10,
25y1 + 14y, + 15y3 < 12,
Y1+Y2+ys > 0.

Whose solution for the SLDM does the same action like the FLDM

(V3. Y5,¥35) = (0.1,0.2,0),(Z3,,Z5,) = (2.2,2.2), = 0.4, (x3,%5,%3) = (0.125,0.25,0)

Third , the TLDM defines his/her problem in view of the SLDM as folkw

MavZs(y) = 4y1 + 6y2+ 9ys, 6y1 + 8y + 10y

Subject to
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16y, + 16y, + 31y; < 15,
13y; + 12y, +21y3 < 10,
13y; + 14y, +27y3 < 12,
y1+Y2+Yys=>0.

Whose solution for the TLDM does the same action like the SLDM
(y1,y3,y%) = (0.03,0,0.2),(Z3;,2%,) = (1,1.2),y= 0.2, (x] ,x) ,x} ) = (0.03,0,0.125)

Finally, 1. We assume the FLDM control decision is around 0 with tolee 1.
2. We assume the SLDM control decision is around 0 with thergoice 1.
3. By using (17)-(23), the TLDM solves the following problei(24) as follows:

Max o

Subjectto
X1+ X2 + %3 < 15,
3X1 + 2x2 + %3 < 10,
X1+ 2%+ 3x3 < 12,
X1+ 0 <0.86,
—x1+1.146 <1,
X2+ 0 < 0.75,
—X+1.250 <1,
10X1 + 6%+ 3x3+ 1.150 < 2.75,
X1+ 9% + 5x3+ 1.60 < 3.125,
6X1 + 8% +4x3—0.70 < 1.5,
10x; + 6%+ 3x3 — 0.30 < 1.88,
4X1 +6BXo+9%3—2.30 < 2,
6X1 + 8%+ 10x3 — 2.250 < 2.75,
X >0,i=1,23,
0 €[0,1].

Whose compromise solution is

X0 =(0.1,0,0.4),5 = 0.75and(FY, FS) = (2.2,2.7), (FY, FY) = (2.2,2.2), (F9,FY) = (4,4.6) .

7 Summary and concluding remarks

This paper proposed an approach for solving a multi-levdtirobjective fractional programming problems involving
stochastic parameters coefficient in objective functicd®B®IKMOFPP). In this work, the first phase of the solution
approach, we converted the probabilistic nature of thiblem into a multi-level multi-objective fractional prognaning
problems (MLMOFPP).At the second phase, we used a compuitarted technique to converted (MLMOFPP) into a
multi-level multi-objective linear programming problerLMOLPP). Then a fuzzy approach solved (MLMOLPP)
using the concept of tolerance membership function to d@ezl a Tchebycheff problem for generating a compromise
solution for this problem. Finally, a numerical example i®yded to demonstrate the correctness of the proposed
solution.

However, there are many open points for discussion in futnhéch should be explored and studied in the area of
stochastic multi-level fractional optimization such as:
1- A decomposition algorithm for solving stochastic midtel large scale integer fractional programming probléms
the objective functions.
2- A decomposition algorithm for solving stochastic mugtel large scale integer fractional programming probléms
the constraints.
3- A decomposition algorithm for solving stochastic mugtel large scale integer fractional programming probléms
both the objective functions and constraints.
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