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Abstract: A novel approach for constructing symmetric compactly supported biorthogonal multiwavelets with short sequences is
proposed in this paper. For some symmetric types of biorthogonal multiwavelet systems, starting from the symmetric properties of
scaling and wavelet functions, parameterized symmetric forms of polyphase matrices can be derived. Furthermore, according to the
matrix equations of the perfect reconstruction condition, the parameters of polyphase matrices can be reduced, which finally leads to
our proposed algorithm for the construction of symmetric compactly supported biorthogonal multiwavel ets with short sequences.
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1. Introduction

Multiwavel ets have several advantages over scalar wavel ets
because it is possible to construct multiwavel et bases pos-
sessing several properties at the sametime, such as orthog-
onality, symmetry, short support and ahigh number of van-
ishing moments. Since the multiwavelet wasfirstly studied
by Goodman et. al. [1], the construction of multiwavelets
has been a hot issue. Many approaches have been proposed
such as fractal interpolation method [2, 3], polyphase ma-
trix extension [4,5], lifting scheme[6, 7] etc.. However, the
involved computations are rather complex, and thereis no
simple and direct construction approach available so far.
This paper presents an algorithm to the construction of
symmetric compactly supported biorthogonal multiwavelets
with short sequences (SCSBM SS) based on the correspond-
ing multiscaling vectors. Firstly, we will discuss how the
symmetry of multiscaling and multiwavelet functions af-
fects the corresponding polyphase matrices. As a result,
the symmetric forms of polyphase matrices will be de-
rived under different symmetric conditions. Moreover, be-
cause the construction of SCSBMSS can be boiled down
to find high-passfilter sequences based on the low-passfil -
ter sequences such that they satisfy the perfect recostruc-

tion (PR) condition. We will show how to solve the matrix
equations of the PR condition, which finally leads to our
proposed construction agorithm.

Leto(z) = (41(2), d2(x), ..., ¢p(2))" and D(z) =
(1(x), p2(x), ..., dp(x))T beapair of biorthogonal mul-
tiscaling vectors satisfying the matrix dilation equations
B(z) = V23 ey Hi®(2v—k)and d(z) = V23, ., Hy,
&(2z — k), respectively. Here, H, and H;, are finite two-
scale matrix coefficients, whose entries are real-val ued num-
bers. The corresponding biorthogonal multiwavel et and dual
multiwavelet vectorsare ¥ = (11, o, ..., ¥,)T and & =
(41, P2, .., Pp)T, which satisfy the dilation equations
U(x) = V2, cp Gu®(2z—k) and V(z) = V23 icn Gy
&(2z — k) with finite real-valued matrix coefficients G,
and G;,. We say that () is a multiscaling vector func-
tion with short sequence if the length of the coefficient se-
quence { Hy, } ez islessthan or equal to 4. &(z), ¥(x) and
@(:c) can be defined anal ogously. Define two p x p matrices
H.(z) and H,(z) as H(z) = 27123, _, Hop2" and
H,(z) = 271/2 Y okez Hoyp 12", where z = e77¢. Then
the polyphase matrix of & (z) isdefinedas H(z) = (H.(z)
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Ho(2))px2p- Likewise, H(z) = (He(z) Ho(2))px2p, G(2)
= (Ge(2) Go(2))px2p and G(z) = (Ge(2) GOEZ))I)X%
are the polyphase matrices of @(z), ¥(x) and ¥(z), re-
spectively. Let R[z] bethering of univariate Laurent poly-
nomials over the complex field. It can be verified that the
polyphase matrices H (z), H(z), G(z) and G(z) are all
matrices over R|[z].

For a given biorthogonal multiwavelet system, the PR
condition means that the following matrix equation must
be met:

H.(2) Hy(2) H.(2)* Go(2)*
(G eld) (B e ) =m o
ie,
HE(z)E[e(Z)* + Ho(z)ffo(z)* =Ip, 2
He(z)ée(z)* + Ho(z)éo(z)* = 0,, (3)
GG(Z)HE(Z)* + Go(z)ﬁo(z)* = Opv (4)
Ge(z)ée(z)* + GO(Z)GO(Z>* = Ip, %)

where 15, denotes the 2p x 2p identity matrix. Our con-
struction problem is: for a given pair of compactly sup-
ported biorthogonal multiscaling vectors & () and &(x)
with polyphase matrices satisfying H (2) H (2)* = I,,, how
to find the corresponding G(z) and G(z) such that they
satisfy (1). In this paper, only the multiwavelet systems
with short sequences are considered, i.e., each of &(z),
&(x), ¥(x) and ¥(z) only has at most 4 nonzero matrix
coefficients.

2. Symmetric formsof polyphase matrices

In this section, we will study the symmetric properties of
biorthogona multiwavelets with short sequences so that
parameterized symmetric forms of polyphase matrices can
be derived for future development.

For the multiscaling and multiwavel et functions, they
are caled symmetric (antisymmetric) if they satisfy
¢i(x) = 5:9:(2a; — x), () = ti1)i(2b; — ), (6)
bi(x) = 8:0i(2a; — ), i () = ti1h;(2b; — ), )
where Siy iy Sis 1?7, S {—1, 1}, a;, bi, a; and Bz c R, 1<
i < p,ie, st 8, t; determine whether a function is
symmetric or antisymmetric and a;, b;, a; and b; are the
symmetric (antisymmetric) centers. Define the two-scale
matrix symbols as

{I?(Z) = \@Zkez ngzka Q(z) = ﬁZkeZ kazk%
P(z) = \/Qz:kez Hyz%, Q(2) = ﬁZkeZ Gr2".

8
According to (8) and take into account the Fourier trans-
forms of (6) and (7), we have

where S and A(z) are diagonal matrices with diagonal en-
tries s; and 22, respectively. T, S, T, B(z), A(z) and
B(z) are defined analogously.

Here, only the multiwavelet systems with multiplic-
ity p = 2 are considered. Thus, there are only two com-
ponents in each of multiscaling and multiwavel et vectors.
Note that Q(z) = G.(2?) + 2G,(2?) (P(z) aso satisfies
asimilar equation), and take into account (11):

Q@)=Ce(#*) + 2Go(2?)

4bq —2a1
(%) ) ee (T ) s a9

Because the bases remain essentially the same when
we replace any scaling or wavelet function by its integer
trandlate, without a loss of generality, we can assume that
a;, b; € [0,1). Note that P(z) and Q(z) are required to
be Laurent polynomial matrices in z, which ensures that
the scaling and wavel et functions are compactly supported.
Thus, according to (13), the values of a;, i = 1,2 can
only be either 0 or 1/2 and b; be 0, 1/4, 1/2 or 3/4. In the
following, scaling vector functions with same symmetric
centers (i.e., the components of scaling vectors have same
symmetric centers) and different symmetric centers will
be discussed, respectively. For the orthogonal case, multi-
wavel ets with different symmetric centers have been stud-
ied in [9]. We say a multiscaling vector @(z) = (¢1(x)
¢2(x)) issymmetric/antisymmetric about a; and as, if ¢1 ()
is symmetric about a; and ¢-(x) is antisymmetric about
as. If there are no wavelets symmetric about 1/4 or 3/4,
then, several useful symmetric forms of polyphase matri-
ces can be derived, asfollows.

Theorem 1. Suppose that all multiscaling and multi-
wavelet vectors &(z), ¥ (zx), $(x) and ¥(z) are symmet-
ric/antisymmetric about 0 (this symmetric form is denoted
asTypel),i.e, a; = ao = by = by = 0, then the cor-
responding polyphase matrix of ¥(z) has the following
form.

c1 0 es(1+2"YH eq(1—271
(Gel2) Gol2)) = ( 0 d di%l - z*1§ d4E1 + z*% :

(14
where ¢; and d;, 1 < i < 4, are constants. Also, (G, (z)
G,(2)) hasasimilar form of (14).
Proof. By substituting a; = as = by = by = 0 into
(13), we have

[

TOG@(Z_l)SO
Z_lTOGO(Z_l)SO,

(15

where the subscripts of 7; and Sy denote the symmetric

P(z) = SA(z*)P(z~1)SA(z71), (9 centersof scaling and multiwavelet functions, respectively.

P(z) = SA(z>)P(z"1)SA(z7Y), (10) Intrll_iscase, Ty = So = diag(1,-1).

Q(z) = TB(z")Q(="")SB(=""), (11) “ a2

Q(z) = TB(=)Q(="")5B(= "), (12) Gel2) = (GE; GE%) 7 (16)
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by substituting (16) into (15), we have

Gel(2)

G2(2)
Note that only the biorthogonal multiwavelets with short
sequences are considered here, i.e., the coefficient number
of the multiwavelet is less than or equal to 4. Thus, each
of theentries of G.(z) and G,(z) can only be afirst-order

polynomial in z (or z—!) or a constant. Further, by (15),
G (z) can be chosen as

c1t+cz e+ cyz
Gel2) = <d1+d1zd2+d’ )

Gl(z~
-G (2~

1,62 (2) = =G (a7,
D, GE(2) = G2(z7).

(17)

(18)

G, (z) can only be chosen as
c3 + C3Z ey + iz
GO(Z) d + d/ d4 + d/ —1
wherec;, ¢, d;, d;, 1 < i < 4, are constants. By substitut-
ing (18) mto (17), we get

-1

G (2) =c1,GE(2) = 0,G* (2) = 0,G?*(2) = d».
(19)
Analogously, wehave G11(2) = c3(1+2~
ca(l =271, G?M(2) = d3(1 — 271), G?2(2) = ds(1 +
—1). Thus, (14) holds. Also, we can prove that (G.(z)
Go(2)) has asimilar form of (14).
Besides the above symmetric form of Type I, in this
paper, another two symmetric types are given, as follows.
Type |l. Suppose that al the multiscaling and mul-
tiwavelet vectors are symmetric/antisymmetric about 1/2.
According to (13), we have

G.(z)
Go(z)

Whae, T1/2 = 51/2 = dlag(L —1)
Because all the entries of G.(z) and G,(z) can only

be the first-order polynomialsin z (or z—') or constants,
we can assume that

= T1/2Go(271)51/2

- 20
:Tl/QGe(Z 1)51/2, 20)

_ c1 + dlz Cco + dQZ
GE(Z) B <03 +dsz cq4 + d4z> ’ (21)
By (20),
o Cl+d1271 —(02+d2271)
GO(Z) - (_(03 +d32_1) 4 —|—d4z_1 : (22)

Thus, G(z) hasthe following symmetric form:

G(2) = (Ge(2) Go(2))

_ c1 + dlz Cco + dQZ c1 + dlz

o <03+d3z cq +dyz —(63+d32 )

Also, (G (z) Go(z)) hasasimilar form.
Type I11. Here, we will discuss a sort of biorthogo-

nal multiscaling vector functions with different symmet-

ric centers, i.e., the first and second components of both

&(z) and &(z) are respectively symmetric about 0 and 1/2,

cy + d4z_1

1, G (2) =

—(ca + dgzl)) '

while ¥ (z) and ¥ () are symmetric/antisymmetric about
0. In this case, we have the following theorem.

Theorem 2. Suppose that & (), &(z), ¥(z) and ¥ (z)
satisfy the above mentioned symmetric conditions of Type
1. Then G(2)U = (G.(z) G,(z))U hastheform of

1 co(l+27 Y es(1+271) cu(1— 271
G = ( 01 dz((l — 2_1% di,((l — z‘l)) di%l + 2_13) ’

(23)
and the corresponding multiwavel et functions obtained by
(Ge(2) Go(2)) satisfy the symmetric conditions of Type
I11. Here,

100 O
00 L
_ V2 T V2
U= 001 O
1 1
0%50-2%
is an orthogonal matrix and U~ = U7 = U = U*. ¢

andd;, 1 < i < 4 are constants. Also, G(z)U

Go(2))U hasasimilar form of (23).
Proof. By SUbStltUtlng a1 =0,as = 1/2, by =b=0

= (Ge(Z)

into (13) and notethat S = diag(1,1),T = diag(1,—1),
we have
10 0 O
(10 |00 0 2!
G(z)—(0—1>G(2 Moo =0
0zt 0

Denote G(z)U as R(z), then

10 0 O
B 10 . 00 0 27!
R(z)—G(z)U—(O_l)G(z YU 00 =1 0
0zt 0 0
Note that
1 0 0 O 1 0 0 0
00 0 z! 0zt 0 0
UOOZ‘1 U_OOz_IO’
0zt 0 0 00 0 —z!
thus
R(2) = diag(1, =1)R(>~")diag(1, 27", 27", —271),
i.e,

)diag(1,27Y),
o(z Ddiag(z~t, —271).

by substituting (25) into (24), we have

RN = RUGY) (RM(G) =2 R ()
R12(z> — —1R12( RIQ(Z) — —Z_lR(l)Q(Z_l)
RQI(Z) — R21( R21(Z) — 7271R?)1(271
P ) ST W e e
(26)
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Because each of the entries of R.(z) and R,(z) can only
be afirst-order polynomial in z (or 1) or a constant. By
(24), R.(z) and R,(z) must have the following forms:

c1+ izt g+ cht
Re(z) - dl —|—d/1 dg +d/ -1 > (27)
Ro(2) ez + bzl eyt
TN\ dy +dyet dy+djz )
By substituting (27) into (26), we have
Rl(z) = Ryl (z) =cs(1+271)
B Zat+a™) { Rl - o)
2(2)=0 SH(z) =ds(1—27
R?2(z) =do(1 — 2z71), UR%E(2) =ds(1 +271).

Therefore, (23) holds. Analogously, (R, (z) Ro(2)) = (Ge(2)
Go(2))U hasasimilar form of (23).

Denote H'(z) = H(z)U and H'(z)* = UH(z)*.
Thus, H'(z), H'(2)*, R(z) and R(z)* satisfy the PR con-
dition, which is equivalent to the fact that H (z), H(z)*,
G(z) and G(z)* satisfy the PR condition. For a given pair
of H'(z) and H'(2)*, if the solution matrices R(z) and
R(z)* (they are in the form of (23)) can be found, then
the multiwavel et vector functions ¥ () and ¥ () obtained
by the polyphase matrices G(z) = R(z)U and G(z) =
R(z)U satisfy the symmetric conditions of Typelll.

According to the above discussions, the construction of
SCSBMSS of the above three symmetric types from their
corresponding multiscaling functions can be converted into
how to determine the parameters ¢; and d;, 1 < ¢ < 4.
Thus, for a given pair of low-pass filter sequences { Hy, }
and {H}}, the corresponding polyphase matrices (G.(z)
Go(2)) and (G (z) G,(z)) of high-pass filter sequences
can be obtained by substituting the corresponding sym-
metric forms of them into (1). Then (G.(z) G,(z)) and
(Ge(z) Go(2)) can be solved from the matrix equation.
The construction algorithm for the above three symmetric
typesis presented as follows.

Step 1. Compute the polyphase matrices (He (z) Ho(z))
and (H.(2) Ho(2)) (He(2) Ho(2))U and (H.(2) Ho(2))U
for Typelll) by the low-pass filter matrix coefficients.

Step 2. Substitute the corresponding symmetric forms
of (Ge(2) Go(2)) and (Ge(2) Go(2)) (Ge(2) Go(2)U
and (G.(z) Go(2))U for Type Il1) into (1) according to
the symmetric centers of scaling functions. By solving (1),
the relations of ¢; and d;, 1 < 7 < 4, can be obtained to
reduce the number of parameters.

Step 3. Select proper parameter values to obtain the
polyphase matrices of the corresponding multiwavelets.

3. Examples

Example 1. Consider the biorthogonal sets of scaling vec-
tor functions and their corresponding multiwavelets pre-

sented in [5]. Here, &(z), &(z), ¥(z) and ¥(x) are sym-
metric/antisymmetric about 0. This satisfies the symmetric
Type I. All the scaling and multiwavelet functions have a
support in [—1, 1]. The scaling coefficients were given in
[5] asfollows.

% 1 1 0 % _1
ma= (5 5)m=( §)m (i ),

- 1 5 - 1 0 - 1 =5
H-l(ﬁ %5) Ho(o >H1 (i —%5>~

\ 16 32 2 16 . 32
Solution. From the definitions of polyphase matrices

described in Section |, we have,
¥z
0 ¥
V214D V2(e 1)
HO(Z) == \/ﬁ(lizil) _\/5(]%071_"_1) ’
2 5

- V2
He(z)* == (2) ﬁ ’
4

V2(z+1) 7V2(1—2)
Ho(z) 5\/5(4,271) 735\/352(z+1)

8 64
Because the symmetric centers of the scaling functions
are 0. We can use (14) for computation. By substituting
(14) into (4), we have

oo (27)

- (a 0 03(1+271) 64(172:71)
o 0 do d3(1—271) d4(1+271)
Yz 0
0 2
x \/_(z+1) 7\/_(1 o | = 0o

5\/(2 1) —3of(z+1)
The sol ut| ons of the above matrix equation are

{ cs = —2ca301 = Hey

28
ds = —3dy;da = 22d,. (28)

Thus,

(Gel(2) Go(2))

—5(1+z"") -1
_ [ Oca 350 = ey cq(l—2 1) (29)
0 Td‘l 3 dy d4(1+2’_ )
Analogously, we can obtain G (z) and G,(z) by solving
(

an
the matrix equation (G'.(2) G,(2))(H.(2) H,(2))* = Os.
The resultant matrix is

(Ge(z) éO(Z) )

0 —2(142z"~

)E éa(1—271)
16 7 2(z7° 1) 3 1 : (30)
=dy ————dy d4(1 +2z7h)

Fi naIIy, by SLIbSIItUtI ng (29) and (30) into (5), we have
Cqp = d4 —— . Thus,

(© 2012 NSP
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5 g zb0+zTh) (-—z7h)
¥ 16¢ ]
(Ge(z) GO(Z)) = < 04 35 5(2714—1) (1+z41)> ’
128d, 64d, 32d,
o
0 64,

5
—2(51)+z)é4 tQ(é_Z)dﬁl
54(1 — Z) dg(l + Z)

It can be seen that there are only two parameters in
(Ge(2) Go(2)) and (Ge(2) Go(2))*. In fact, as long as
¢y # 0 and dy # 0, the above two matrices are a so-
lution of the construction problem. Especialy, let ¢, =

—¥2 and dy = 232, Then the resultant matrices (G.(z)

Go(2)) and (G.(z) Go(z)) coincide with the results as
documented in [5]. The graphs of multiscaling and mul-
tiwavelet functions of this example are shown in Figure 1
and Figure 2.

Example 2. Here, we will reconstruct the biorthogo-
nal multiwavelet presented in [8], which satisfies the sym-
metric Type I1. Both the scaling and wavel et functions are

symmetric/antisymmetric about 1/2. The scaling coefficients

were givenin [8] asfollows.

10 10Y). 5 0 2
wo= (L) m=(1a)ma= (0 4)
- 1 1 . 1 -1 - 0 -1
Ho=| %) Hi= 18 ), He = 8 ).
. 1 8 1 8 . . 8 .
Solution. The polyphase matrices of the scaling coeffi-
cientsare

He(2) = (_Ti 8>,Ho<z> - (f 8)

2 V2
~ 11—z ~ 1 ozt
H.(z) = (ﬁ %@),Ho<z)= (VE 1%{51).
V2 8V2 N

According to (4), (21~) and (22), we have
(6et2) Gole)) ()

_[a+ diz ¢co +doz ¢ + dlzfl
T \e3tdsz ey +dyz —(c3+dzzt)  eq+dyzt
1

V2

1—z"' 1—271
2T =0
8V2 82
The above matrix equation equals to four equations
with 8 parameters. The solutions of the matrix equation
aec; = —3co,dy = §co,dy = 05 c3 = e, d3 = — 3y,
dy = 0. Thus,

ca(z—1) c co(z71-1) N
2 C2
(GE(Z) GO(Z)) = <c4(18—z) c4(z§1—1) > '
5 G4 3

Analogously, G.(z) and G, (=) can be obtained by solv-
ing (3). The resultant matrix is
~ S - 0co + %22 0 —(62 + CiQZil)
(Ge(z) GO(Z)) - <0 Cq+dyz 0 54+d42_1 '
Finally, by solving (5), we have dy = 0,ds = 0, =
365004 = 5¢;- Thus

202 ’

S

Cq

—(ca + d221)> .

6,0 v,

1 -0.5 0 0.5 1 - -0.5 0 0.5 1
0,0 v, (%)
2 4
2
1
0
0
-2
-1
-4
- X -6 X
-1 -0.5 0 0.5 1 -1 -0.5 0 05 1

Figure 1 Graphs of scaling functions and their corresponding
multiwavelets of Example 1: ¢1(z), 11 (z), ¢2(x) and 12 (z).

9,09 v,
4 10
2 5
0 0
-2 -5
-4 X -0 x
21 -os [) 05 1 E 05 [) 05 1
0,(%) v,(X)
2
1
0 0
-1
-5 X X
21 o5 [) 05 1 1 -os [) 05 1

Figure 2 Graphs of the dual scaling functions and their corre-
sponding dual multiwavelets of Example 1: ¢1 (), ¢1 (), ¢2(x)

- - 05— 0 —5

(Gul(2) Gol2)) = (0 G ) .

Especially, when ¢, = —% and ¢y = % we can ob-
tain the so-called 2/4 SABMF biorthogonal multiwavel et
as documented in [8]. The graphs of multiscaling and mul-
tiwavelet functions of this example are shown in Figure 3
and Figure 4.

Example 3. Thebiorthogonal multiwavelet constructed
in [3] accords with the symmetric form of Type IIl. The

(© 2012 NSP
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~ 1 V3
0,00 v, fy = (0 ? )
2
is : m=(20).
; e :
0 _Solution. Compute H'(2) = H(2)U and H'(2)* =
05 UH(z)*, asfollows.
0 i 1 (427 —(427h) (-2
-1 0 1 2 -0.5 0 0.5 1 15 H'( ) \/i 3f 612 2v/3 ,
6,() v,(x) ¥8 0
75 0
2
! 2 V3(14z) 1
0 0 —dhy 3 (31
2v2 V6
-1 - \/é(i—z) 0
0 1 2 3 05 0 05 1 15 According to (23), let R(z) = G(z)U, then
(#e) rot)) (0. )
Figure 3 Graphs of the scaling functions and their correspond- [ ¢1 ca(1 + 2~ ) 3(1 + ) 2(1—271)
ing multiwavelets of Example 2: ¢1(z), ¥1(x), ¢2(z) and 0 do(1—2"Yd3(1—2"1)d (1+z*1)
P2(2). _ 7 0
0,(x) v, (x) V3(+2) 1
15 ) 7(14“) i = 0,.
2v2 V6
1 o V3(1-2) 0
4
05 By solving this matrix equation, we have ¢; = 6¢3,co =
0 -2 —%03704 = —Vbcs; dy = —%ds,ch = —V/6ds. Thus,
-1 0 1 2 -1 0 1 2 (RE(Z) Ro(z)) =
X v, (X) -1
¢2( ) 2 6c3 %63 63(1 —|—271) \/663(271 — 1)
L ? 0 2 Hdy dy(1-271) —Vods(1+271) )
0 6 o ) (32)
Analogously, we can obtain R (z) and I, (z) by solving
-1 -2 the matrix equation (R.(z) R, (2))(H.(z) H.(z))* = Os.
i 5 : ) o 5 - ) The resultant matrix is
(Re(z) RO(Z)) =
984 —V6(1+2 )~ ( + Z_l) f(z —1)~
Figure 4 Graphs of the dual scaling functions and their corre- 0 \/—(z2 l)d d 1 ‘/_(1+Z_1)J .
sponding dual multiwavelets of Example 2: ¢ (), 1 (), s () (1-z71) =55 @)
and .
¥2(@) Finally, by substituting (32) and (33) into (R.(z) R (2))-
(Re(2) Ro(2))* = I, we have
1 1
03:%73:12(5- (34
components of the scaling vectors have different symmet- 3 3
ric centers, i.e, ¢1(x) and ¢2(x) are symmetric about 0 Substitute (34) into (32) and compute G(z) = R(z)U,

and 1/2, respectively (likewise, ¢, () and ¢, (x) are aso
symmetric about 0 and 1/2, respectively). The matrix co-

G(z)* = UR(z)*, the resultant polyphase matrices are

efficients of scaling vector functions were given in [3] as 1 (27'=5) (1+27h) (1-5z71)

follows. . L. . _ | 46 2(4\/1553) (24631) (24\/§c%)
0——— _ 1 _9° 1 == —(z7"+5 1—=z 145z ’

H_2:<0 %\/§>,H_1:< 06 6\O/§>,H0=<0 63), ) O~12\/§J3 12d;  12v/3ds
S1oa LAY (Gelz) Goz))

Hi= (2090 )ifa= (00 ) fia= (5 ) = (20 TV BlraT) —yBea
3 00 00 0 —v3ds ds(1—2"Y) V3dszt |-
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Especialy, when ¢3 = —% and d; = % we can obtain For such a biorthogonal multiwavelet system with short
the biorthogonal multiwavelet as documented in [3]. The  sequences, the polyphase matrix has the form of
graphs of multiscaling and multiwavelet functions of this (14 2) es(1—2) ez 0
example are shown in Figure 5 and Figure 6. (Ge(2) Go(2)) = <di(1 e dz(l +2) (f d4) . (35)

Remark. Besides the three symmetric types discussed _ _
in Section 2, symmetric forms of other symmetric types  Also, (G.(z) G,(z)) isinasimilar form.
can also be derived. For example, suppose the multiscaling For the scaling vectors given in Example 1, we can
and multiwavel et vector functions are symmetric/antisymmetricprove that there are no corresponding biorthogonal multi-
about 0 and 1/2, respectively. According to (13), we have wavelets with short sequences such that the polyphase ma-
trices G(z) and G(z) satisfy the symmetric form of (35).
Ge(z) = 2T12Ge(271) Sy But we can verify that the following high-pass matrix se-
Go(z) = T1/2Go(271)So. guences satisfy the symmetric properties described in this
Remark (i.e., the multiscaling and multiwavel et vectors are
symmetric/antisymmetric about 0 and 1/2 respectively).

00 Vi 5
0,0 ) G-l = <0 0)’ o) = 2( : i’f)
15 . 10 -11
' G(1) =2 LG2)=Vv2( ¢ E);
' " ! 13 15 41 11
: G-n=va( % 5).60-va( i)
. 50 32 010
0 ~ 10 0 ~ _1 1
x 18 x  G(1)=+v2 %m)G(?):\/?(_ji),
-1 -0.5 0 0.5 1 -1 -0.5 0 05 1 5 3215 10 10
849 v a®=v2(® u
80 32
15 . ! The above matrix coefficients can not be obtained by
e the approach proposed in this paper because the coefficient
! ¢ number of the dual-multiwavelet exceeds 4. We will fur-
05 o8 ther study the construction of biorthogonal multiwavelets
, « « Wwith arbitrary sequences by other approaches.
4. Conclusion

Figure 5 Graphs of the scaling functions and their correspond- In this paper, a simple and direct approach for the con
ing multiwavelets of Example 3: , , and . : o -
wzg(m). ple 3: ¢1(), Y1(a). ga(a) struction of SCSBMSS based on the multiscaling vectors

was proposed. By studying the symmetric properties of

.09 0 the multiscaling and multiwavelet vectors, parameterized
18 : , symmetric forms of the polyphase matrices could be ob-
! ‘ tained. Thus, for a given pair of scaling vectors, by sub-
0s ' stituting the corresponding symmetric forms of polyphase
0 - 0 ‘ matricesinto matrix equations of the PR condition, the pa-
-05 ~ 1 rameters could be greatly reduced, which finally led to the
e e s solution of the multiwavelet construction problem. Exam-
T00 7.0 ples showed that our proposed approach was direct and
2 a2 useful for the construction of SCSBMSS.
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