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Abstract: In this paper we define the concept(ef, € Vqx)*-intuitionistic fuzzyh-ideals, (€, € Vgk)*-intuitionistic fuzzyh-bi-ideals,
(€, € vak)*-intuitionistic fuzzy h-quasi-ideals of hemiring. And also characterizedlemiregular andh-intra-hemiregular hemiring
by the properties of thesgs, € V) *-intuitionistic fuzzy h-ideals, (€, € Vgg)*-intuitionistic fuzzy h-bi-ideals, and(e, € vgk)*-
intuitionistic fuzzyh-quasi-ideals.

Keywords: (€, € Vgy)*-intuitionistic fuzzy h-ideal( e, € vgy)*-intuitionistic fuzzyh-bi-ideals, and €, € \Vgy)*-intuitionistic fuzzy
h-quasi-ideas.

1 Introduction physics, computer sciences, control engineering,
information sciences, coding theory and topological

A semiring is an algebraic structure consisting of aSPaces, 17].
non-empty setR together with two associative binary The general properties of fuziyideals of semirings

operations, addition-+” and multiplication *. * such that \ere gescribed inZ3,11,23), Jun [17] considered the
. "distributes over :t~ from bOFh S|.des. Se’T"“”gs Wh'Ch. fuzzy setting ofh-ideals of hemirings. Moreover, Zhan et
are regarded as a generalization .O.f fings, was f'rStaI.in [22] discussed thé-hemiregular hemirings by using
introduced by Vandiver. By a hemiring, we mean a e 7,y h.ideals and they discussed the properties of
semiring with a zero and with a commutative addition. L-fuzzy h-ideals with operators in hemiring®J. As a
Ideals of hemirings play a central role in the structure .niinuation of this investigation, Yin et al. inl§

theory and are useful for many purposes. However, theynioquced the concepts of fuzaybi-ideals and fuzzy
do not in general coincide with the usual ring ideals. p_qasj-ideals of hemirings. By using these fuzzy ideals,
Many results in rings apparently have no analogues ingome characterization theorems bfhemiregular and
hemirings using only ideals. Henriksen defined M & = |intra-hemiregular hemirings are obtained. Other

more restricted class of ideals in semirings, which isjnnortant results related with fuziyideals of a hemiring
called the class ok-ideals, with the property that if the |\ qre given in £,5,8,20].

semiringRis a ring then a complex iR is ak-ideal if and
only if it is a ring ideal. Another more restricted, but very In [16] M. Shabir and T. Mahmood gave a
important, class of ideals, called ndwideals, has been characterization of h-hemiregular hemirings and
given and investigated by Izuka id(] and La Torre in  h-intra-hemiregular hemirings in terms of(e,
[13. € Vok)-fuzzy right and fuzzy lefth-ideals. As a
The fundamental concept of fuzzy set, introduced bycontinuation of this paper, we characterfzdemiregular
Zadeh in 196519, was applied to generalize some of the hemirings anch-intra-hemiregular hemirings in terms of
basic concepts of algebra. |69 Azirel Rosenfeld used (€, € Vvgk)*-Intuitionistic fuzzy right h-ideal. In this
the idea of fuzzy set to introduce the notions of fuzzy paper we define the concept @, € \VVgx)*-Intuitionistic
subgroups. In 1] Ahsan et al. initiated the study fuzzy fuzzy right h-ideal, (€, € Vok)*-intuitionistic fuzzy left
semirings. The fuzzy algebraic structures play importanth-ideal and (€, € Vvgy)*-Intuitionistic fuzzy h-bi-ideal
role in mathematics with wide applications in theoretical and(<, € Vgk)*-Intuitionistic fuzzyh-quasi-ideal oR.
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2 Preliminaries

Recall that a semiring is an algebraic systéRy +, . )

(namely pa(x)) and the degree of nonmembership

(namely Aa(x)) of each element ofx € X to A,
respectively, and & La(X) + Aa(x) < 1 for all x € X. For

consisting of a non-empty set together with two binary the sake of simplicity, we use the symi#o= (ua,Aa) for

operations %" and ”. ” on R which are called addition
and multiplication, respectively such th@®, + ) and(R,

the intuitionistic  fuzzy subset (briefly, IFS
A = {(XUa(X), Aa(x) :xe Xy}, If A= (Ua,Aa) and

. ) are semi groups, linked by the following distributive B = (ug,Ag) are intuitionistic fuzzy subsets of, then

laws:

a(b+c)=ab+ac and (a+b)c=ac+bcfor all
a,b,ceR

By a zero of a semirindR, +, . ), we mean an
element 0 R such that 0 x = x 0 =0 and
0+ x=x+0=x for all x € R. A semiring with a zero

(1) AC B<= pa(X) < pg(x) andAa(x) > Ag(x) for
allxe X.

(2)A=B<= ACBandBCA.

(3) Complement ofAis A’ = (Ap, Ua)-

If {Ai:i€l}is afamily of intuitionistic fuzzy subset

of X, then by the union and intersection of this family we

such that(R,+) is a commutative semigroup is called a mean an intuitionistic fuzzy subsets

hemiring. A non-empty subsétof a hemiringR is called

a sub hemiring ofR if it contains 0 and closed with
respect to addition and multiplication 8 A non-empty
subset | of a hemirin®is called a left (right) ideal oR if

| is closed under additon and®l C I(IR C I).
Furthermord is called an ideal if it is both a left ideal and
right ideal ofR. A non-empty subse® of a hemiringR is
called a quasi-ideal dR if Q is closed under addition and
RONQRC Q. A sub hemiringB of a hemiringR is called

a bi-ideal of R if BSBC B. Every one sided ideal of a

hemiring R is a quasi-ideal and every quasi-ideal is a

bi-ideal but the converse is not true.

A left (right) ideal | of a hemiringR is called a left
(right) h-ideal if for all x,z € R and for anya,b € I, from
X+ a+z=b+zitfollows x € |. A bi-ideal B of a hemiring
Ris called arh-bi-ideal ofR, if for all x,z€ Randa,b € B,
fromx+a+z= b+ z it follows x € B.

The h-closureA of a subsefA # ¢ of a hemiringR is
defined as

A= {xeRx+a+z=b+zforsomea,bc A ze R}.

A quasi-idealQ of a hemiringR is called arh-quasi-
ideal of Rif RONQRC Q andx+a+z= b+ zimplies
x e Q, for all x,ze R anda,b € Q. Every left (right)h-
ideal of a hemiringR is anh-quasi-ideal ofR and every
h-quasi-ideal is am-bi-ideal of R. However, the converse
is not true in general.

2.1 Lemma?2?2]

Let A, B be subsets of a hemiririgicontaining 0. Then
() ACA
(i) TACBCR, thenACB.
(i) A=A, forall ACR.
(iv) AB= ABandABC= ABC, for allA,B,C C R.
(v) For any left (right)h-ideal, h-bi-ideal orh-quasi-
ideal A of R, we haveA = A

Let X be a non-empty fixed set. An intuitionistic fuzzy
subsetA of X is an object having the form
A= {<X7 IJA(X)a )\A(X) S XE X>}

where the functions s : X — [0,1] and

(4) Uil A = (Viel Ma;, Niel An,)

(5) NietAi = (AietUa; Viel Aa,) -

Letabe a pointin a non-empty skt If a € (0,1] and
B € [0,1) are two real numbers such thatOa + 8 < 1
then IFS

a(avﬁ) = <X7aC!7 1- alfﬁ>

is called an intuitionistic fuzzy point(IFP) iX, where
a and B are
nonmembership of(a, B) respectively ané € X is the
support ofa(a, 8).

Leta(a, B) be an IFP inX, andA = (ua,Aa) is an IFS
in X. Thena(a, B)is said to belong té\, writtena(a, ) €
A, if pa(a) > o andAa(a) < B and quasi-coincident with
A, written a(a, B)gA if pa(a)+ o > 1, andAia+p < 1.
a(a, B) € VoA means thaa(a, ) € Aora(a, B)gAand
a(a, B) e AgA, means thaa(a, 8) € Aanda(a, B)gAand
a(a, B)e VgA means thaa(a, B) € VgAdoesn't hold.

Letx(t, s) be an IFP inX, andA = (ua,Aa) be an IFS
inR. Thenforallx,y € Randt € (0,1], s€ [0,1), we define
the following:

(1) X(t, s)oRAIf pa(X) +t+k>1andAa(x)+s+k< 1.

(i) x(t,s) € VgAif x(t,s) € Aorx(t,s)qkA.

(iii ) x(t,s) € AQAIf X(t,s) € Aandx(t, s)gkA.

(iv) x(t,s)€ VOxA means thak(t,s) € VoA doesn'’t
hold.

wherek € [0,1).

2.2 Definition P]

An IFS A of a hemiring R is called an (e,
€ VQ)-intuitionistic fuzzy sub hemiring dR, if V x,y € R
andts,t; € (0,1], 51,5 € [0,1)

(1b)X(t1,%1), Y(t2,%2) € A

= (x+y)(min(ty,t2), max(sy,sz)) € VoA

(2b)X(t1,91), Y(t2,S2) € A

= (xy)(min(ty,tz),max(s1, %)) € VA

2.3 Definition P]

An IFS A of a hemiring R is called an (e,
€ VQ)-intuitionistic fuzzy left ideal ofR, if V x,y € Rand

Aa © X — [0,1] denote the degree of membership ti,t> € (0,1], 51, € [0,1)
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(1b)X(t1,51), ¥(t2,52) € A 2.7 Lemmald]
= (X+y)(min(ty,t2), max(sy, sz)) € VoA N
(3b)x(t1,51) € A yeR Let Rbe a hemiring an® Q C R. Then we have
= (y. X)(Min(ty, o), max(s;, s)) € VA (HPCQ&Cr=(Xxp, Xp) S (XQ: X5 ) =Cao-
elaer
2.4 Theorem9| "o

Let A be an intuitionistic fuzzy subset of a hemirify * i i+ Ani ot i i
Then (1b) — (1c), (2) — (2c), (3b) — (3c) 3 (€, € Vok)*-intuitionistic fuzzy h-idealsin

wherex,y € R and ke [0,1), hemiring
(1) pa(x+y) = min{ ta(x), A(y ), 7%} and

Throughout in this papeéR will denote a hemiring.
)\A(X-i-)/) < max{)\A , A(y 1k }

(2¢) pa(x.y) >m|n{IJA (X), ua(y), 55} an o

Aa(xy) < max{Aa(x) (y %} 3.1 Definition

3 ) > —k d

(3C) Ha(y:x) mm{uA )k’ }an An IFS A of a hemiring R is called an (g,

Aa(y.x) < max{Aa(x), 35 }
Converse of the abo ve result may not be true in
generalSee exampl8.7. )

€ VQk)-intuitionistic fuzzy left h-ideal of R, if V
X,Y,z,a,b € Randty,t; € (0,1], 51,5 € [0,1)
(1b)X(t1,51), Y(t2,%2) € A
zb()xTy>(r31in(/:1,tz), gax(sl,sQ)) € VOiA
o X(t1,81) €Ay €
2.5 Definition 14 = (yp0(min(to t), max(ss, ) € VoA
Let A andB be intuitionistic fuzzy subsets of a hemiring ~ (4bx+a+y=b+za(t1,s), b(tz,s2) € A

R. Then theh-intrinsic product ofA andB is defined by = (X)(min(ty,t2),max(s1, %)) € VoA
A®B= (UA® U, Aa® A), Where (€, € Vok)-intuitionistic fuzzy right h-ideal are
(UA® UB)(X) = defined similarly. An intuitionistic fuzzy set is called an
Vo oM abtoesD Ak (€, € voy)-intuitionistic fuzzy h-ideal of R if it is both
Xﬁ?ﬁnb'ﬂ é{i:)l)a‘bﬂ (€, € vay)-intuitionistic fuzzy left h-ideal and (e,
(/I\?"lill/js(bi) € VQ)-intuitionistic fuzzy righth-ideal ofR.
A /\T:1UA(a/j) o
(A (Aake(b)) 3.2 Definition
0 if x cannot be express/ed as An IFS A of a hemiring R is called an (¢,
X+ Sitiabi+z=531 b +2 € Vay)-intuitionistic fuzzy h-bi-ideal of R, if V
(A ©Ag)(X) = x.y,z,a,b € Randty,tp € (0,1], 51,5, € [0,1)
Axts aibi+z=3"_ &bl +2 (1b)x(t1,31), Y(t2,%2) € A
(VM Aa(a)) = (X+y)(min(ty,t2),max(s;,s2)) € VOA
V (VI A(bi)) (2b)x(ty,31), Y(t2, %) € A
v (VM Aa@) = (xy)(min(ty,t2),maxs;,S)) € VOA
j=17AL (5b)x(tl, ), Z(ty, ) €A
vV (VI As(b)) = (xy2(min(ty,tz), max(sy, %)) € VakA
1 if x cannot be expressed as (4b)x-+ a+_yt= ?Jr 2 ally, 1), b(tZ’SQ)AE A
X+Z paibi+z=3" &b +z = (X)(min(ty,t2),max(si,S)) € VaA.
2.6 Definition [L4] 3.3 Theorem
If SC R, then intuitionistic characteristic function &fis Let A = (ua,Aa) be an intuitionistic fuzzy subset of a
denoted byCs = ( xs, X&) and is defined by hemiringR. Then the following holds, it/ x,y,z.a,b € R,
1 ifxes (4b)= (4c) and (5b)= (5c¢), where
XsX) =10 ifxg¢s and (4c)x+a+y—b+z
. 0 ifxes HA(X) > min{pa(@), ua(b), 55} and
Xs)=11 ifx¢s A(x) < max{Aa(a), Aa(b), 15
In particular, we lefl = ( xr, x§ ) be the intuitionistic (5¢) pa(xy2) > min{Ha(x ) A(2), 5%} andAa(xy2) <
fuzzy setinR. max{Aa(x),Aa(2), 15X
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Proof(4b) = (4c)

Let A be an intuitionistic fuzzy subset of a hemiriRg
and(4b) holds. Suppose thé#c) doesn’t hold. Then there
existx,a,b € Rsuch that

A < min{ua(a), pa(b), ¥} or
Aa(X) > max{Aa(a),Aa(b ),H}. So there exits three
possible cases.

(i) Ha(x) < min{pa(@), Ha(

Aa(X) < max{Aa(a) /\A(b) k}

(i) Ha(¥) > min{pa(a), ua(b), 154} and

)\A X) > max{)\A )\A(b) 17}

(iii) pa(x) < m'”{IJA HA(b)v%(} and

Aa(X) > max{Aa(a),Aa(b), 555} .

For the first case, there extseE (O 1] such that

pa(x) < t < min{pa(a), ua(b) } Now choose
s=1-t, then clearlyaft, s) € A and b(t,s) € A but

1KY and

—~

o =

0.4
0.3

A. Hussain, M. Shabir: Characterizations of hemirings
if x € (4)
if xe (2) —

Ha(X) =
0 otherwise

04 ifxe (4
0.3 ifxe(2)—(4)
0 otherwise
Forallx,y,a,be N
(19) () > min{pa(x). i (y): 04} and
Aalcty) < max(Aa(). Anl $).0.4)
(3c) pa(xy) = min{ua(y),0.4} and
Aa(xy) < max{Aa(y),0.4}
(4c) x+a+y=b+y
= Ha(X) = min{pa(a), Ha(b),0.4} and
An(x) < max{Aa(a),Aa(b),0.4}
Thus A = (Ua,Aa) is an (€, € VQp2)*-intuitionistic
fuzzy h-ideal ofN. But
2(0.25,0.35), 2(0.25, 0.35 € A
= (2.2)(0.25, 0.35)€ V(Op2A. ThusA=

(4) Aa(X) =

(Ha,AA)

(x) (t,s) € VOKA. Which is a contradiction. Second case is is not an(e, € \V(o.2)-intuitionistic fuzzyh-ideal ofN .

similar to this case.

Now consider (iii ),
i.e pa(x) < min{pa(a) b), 5%}

and Aa(x) > max{)\A a),Aa(b), 355} . Then there
existt € (0,1] ands € [0, 1) such that

HA(X) <t < min{pa(a), ua(b), 1%} and

AA(X) > s> max{Aa(a),Aa(b), 155}

= a(t,s) € Aandb(t,s) € A but (x) (t,s) € VQcA.

case

Which is again a contradiction. So our supposition is

wrong. Hencd4c) holds.

Similarly we can prové5b) — (5c¢).

3.4 Definition
Let A = (Ua,Apn) be an IFS of a hemirin@R. ThenA is

called an(e, € vgg)*-intuitionistic fuzzy lefth-ideal of R
if it satisfies the condition&lc), (3c) and(4c).

3.5 Definition

Let A = (Ua,Apn) be an IFS of a hemirin@R. ThenA is
called an(e, € vgg)*-intuitionistic fuzzy lefth-bi-ideal of
Rif it satisfies the conditionglc), (2c), (4c) and(5c).
3.6 Remark

Every (€, € Vok)*-intuitionistic fuzzy left h-ideal

(h-bi-ideal) A = (ua,Aa) of R need not be an(e,
€ Vgy)-intuitionistic fuzzy lefth-ideal (h-bi-ideal) of R.

3.7 Example

Let N be the set of all non negative integers and

A= (Ua, Ap) be an IFS ol defined as follows

3.8 Definition

Let A andB be intuitionistic fuzzy subsets of a hemiriRg
Then the intuitionistic fuzzy subsetg, ANk B, andAc¢B
are defined as followmg

ANk = (UaA 355 AV K = A
ANgB = < ((l;\A/\\/L)l\i))/\\/llzT> (ANB)k
2
AGKB= <%§%ﬁ3@§ > = (A®B)
3.9 Lemma

An intuitionistic fuzzy sefA = (Ua,Aa) of @ hemiringR is
an (e, € Vgg)*-intuitionistic fuzzy lefth-ideal ofRif and
only if it satisfies(1c), (4c) and1 ok A C A¢

ProofAssume that A = (ua,Aa) is an (e,
€ Vo)*-intuitionistic fuzzy left h-ideal of R It is
sufficient to show thatl ©x A C Ac. Let x € R if
(Xr @k pa)(X) = 0 and (Xg Ok Aa)(X) = 1. Then
(XR @k HA)(X) € (Ua)(X) and (Aa)(X) € (X& Ok Aa)(X)-
Otherwise there exist;, b.,aJ ,bj,z€ Rsuch that

X+ 30 aibi +z= y]_, &bj+zthen we have

(XROk Ma)(X)
= \/X+Zinlla‘bi+z=zﬁ‘:1a’jb’j+z

{ ((A/i";luA(bi)) A } L1k

ama(bf)) [ T2

= Vx+z| 1aibi+z=31_; ajbj+z
(AT pa(b) A 2FE) A
(An_kab) 1 355)

(@© 2015 NSP
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< Vx+z{';la4bi+z=z?:1aﬁb’j+z = \/xy+z{11a@bi+z=z'j“:1a’jb’j+z
(A pa(aibi)) A N 1—k (A1 pa(bi)) A
(Mamaiait))) 2 (A0 ysaa(t))
ALK
< \/x+z{ila4bi+z=z?:1aﬁb’j+z L z
M ab; > pa(y) A 15
(UA(Z;lalE)I )/) A because(y+ Oy+z=xy+z and
(Halz]-120))) AA(XY) < MmOV L5 < (XR @1 An) (49) =
ALK
2 = /\xy+zi";1a4bi+z:z'j“:1a’jb’j+z
< { [Vx+z, 1at.b.+z_zJ 1a’b’j+zUA(X)} (VL x&(@) v
/\T (V1 Aa(bi)) 1-k
= 1A00 A = (a2 (9 (Viaxg@) v (V=7
= (XROKHA)(X) C (LA %() (x) (VE":MA(b’j))
and(xg Ok Aa) (X)
= Mz a3 b4z = Mxyryabi+2=3"_; albj+2
(V{%MA(bQ) V], 1=k (V" Aa(bi)) v
(Vahate))) [ * 72 (Vi Aa(bh))
1k

= /\X+z{ila4bi+z=z?:1aﬁb’j+z V=
(VR Aa(bi) v 155) v < Aaly) v 35K
(\/r-n Aa(bh) v H) becausay+ 0y +z=xy+z
=174 1_Jk z This shows thaA satisfies conditiorf3c). SoA is an

Ve (€, € Vak)*-intuitionistic fuzzy lefth-ideal ofR. Similarly
S A we can prove the case of @ € Vgx)*-intuitionistic fuzzy
= Pyl abitz=y i &bl +z right h-ideal of R.

2

{(Vﬂl)‘A(a«bu)) } 1-k

m . V—
(\/le)\A(aJ b‘)) 3.10 Theorem

2 Ax+z{‘;1a4bi+z:zg‘:lagb’j+z If Ais an (€, € vgyk)*-intuitionistic fuzzy righth-ideal,
m ~ph andBis an(e, € Vgk)*-intuitionistic fuzzy lefth-ideal of
(AA(z'n a‘?'),)v R, thenA®y B C AryB.
(Ma(z)1ab)))

ProofLet AandB be(e, € VVgk)*-intuitionistic fuzzy right

vk : !
2 and lefth-ideals ofR respectivelyFor anyx € R,

(HA ©k HB)(X) =
> { [ xt5I aib+z=37_ abf+2AA(X )}
- v ik
\/ m -h: — <N /
1-k 1-k x+3M abi+z=5"_, ajbj+z
=2AaX)V —— = (ApaV —)(X
AV === AV —-)(%) (AP tia()) A
= (X§OkAA)(X) 2 (AaV 155) (x), thusTokA C Ay (A kg (bi)) A
Conversely, assume that given condition hold. It is (/\nfluA (@ ))
sufficient to show that the condition (3c) of Theor@m . )
is valid. Letx,y € R. Then we have (/\ 1IJB(bJ))
HA(XY) > Ha(XY) A 155 > (Xr Ok Ha) (Xy) =
Vi sty a+2=3]y2)b +2 = Vs abitz=3"_ abl 42
g (@ ); (N1 Ha(@) A 1) A
.mllJA(bi) 1—k ( m 1IJB bl A 2) ]__k
s AR(@ ))A "2 ( J—1Ha( 17)
(v 1:1“A<b’i>) @ lus<b/> 5
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< Vx+zi’11aibi+z=z'j“:1a’jb’j+z > /\x+z{';laibi+z=z?:1a’jb’j+z
AP Ha(aibi)) A (Aa(32q8ibi) v
/\in;j_IJB(aibi) A 1—k ()‘B(Zi=1aibi))v 1—k
(/\TzluA(a/jb/j))/\ A 2 )‘A(ZT:laljb/J))v v 2
(Ay-aa(al) (CONEELY)
/\x+zi’ila4bi+z=z?:1a’jb’-+z
S Vsl abiz=5) dbi+2 (Aa(ztaabi) v |
(a2 D) A (Aa(z7-181)
(ps(Titiaibi)) A 1-k vl;k
(ha(sTaab)) A (A5 = (Mrspiatiesy iz
(He(sT_1abh) (el 1ab) v
L )
\/x+zi’ila;bi+z=z?:1a’jb’-+z \/1
{(umzwlabo> } X vk
(“A(ZJ 15 )) > max{Aa(X), Ag(x), 15K}
N ()\Avk)\s)( )
(UB(Z_lalbl)) HenCEAG)kBgAﬂkB.
(WcLﬁmn
1-k N
N2, 3.11 Definition
Ay
. . An IFS A of a hemiring R is called an (g,
<min{pa(x), e (¥), 15*} € Vak)*-intuitionistic fuzzy h-quasi-ideal of R, if it
= (Ua/\k HB)( ). satisfies the conditiofi.c), (4c) and
Thus(Ha Ok ps)(X) < (Ha Ak H)(X). (AckT) N (TekA) CA.

)(X
Now, (Aa® Ag)(X)

/\x+zim 1aibi+z=3]_ ajbj+z

é\/m 1Aa@)) v
\/I 1/\B b' ) _k
()
(v;ﬂ 1/\B(b’))
= /\erzI 1aibi+z= ZJ 1 Jb’Jrz
(V2 Aa(a) v 35 v
(VM Ag(bi) v 35K) v
(\/fj“_l)\A(a’-) Vv %‘) Vv
1 k

(v;" Aa(b))V
k
vk
> A

Xty aibi+z=3] ;ajbj+z

é\/irll’\/\(al bl)i
v, A(aibi)) v
(VI Aa(aibh)) v

(vgﬂzlAB(a'j b, ))

vl—k
2

3.12 Theorem

A non empty subsetA of R is an h-ideal
(h-bi-idealh-quasi-ideal) of R if and only if its
intuitionistic characteristic functionCs is an (€,
€ V) *-intuitionistic fuzzy h-ideal
(h-bi-idealh-quasi-ideal) oR.

ProofProof is straightforward.

3.13 Lemma

Let A andB be (€, € V) *-intuitionistic fuzzy righth-
ideal and(e, € vqy)*-intuitionistic fuzzy lefth-ideal of a
hemiringR, respectively. The®ANy B is an(e, € Vak)*-
intuitionistic fuzzyh-quasi ideal oR.

ProofLetx,y € R. Then

(Ha Ak pB) (X+Y)
= min{uA(x+y),uB( +y), L }
{min{uA( A(Y), T}
>min{ min{ pg(x), ps(y), 55},
Th
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. {m?n{qu,us(X) Wit
=min

2
o (M Ak UB)(X),
_m|n{ (HA/\kHB)( ),12k}
Thus(uAAkuB x+ y) >

: (HA Ak HB)(X),
mln{ (Ha Ak HB) (Y —k}

Now, ()\A\/k)\B)(X
= max{Aa(X+Y), Ag(X

7 )

max{Aa(x), Aa(Y), 37° },

< max{ max{Ag(x) /|\< B(y), 55K}
2.}

ki

>+“

2
)\Avk)\B (X)a

- max{ (/\A\/k)\B y), 5% }

Thus(AaVkAB)(X+Y)
/\A\/k/\B X)

< max{ ()\A\/k)\B ]__ }

Now leta,b,x,z e Rsuc that

X+a+z= b+z Then

(Ua Ak HB)(X)

= min { pa(x), 4a(x), 355}

min{ pa(a), pa(b), 5%
> min{ min{uB(a), ukg(b), k
1—

min{pa(a), us(a), %
= min min{HA(b ) HB(b)a%<

1-k
o (Ma Ak s)(
- ”"”{ <uAAkuB><b>,Tk}
),

3
3

Thus(pa Ak Us) (X)

(Ua Ak B) (2 }
(MaAc ) (D), 155 [
Now, (/\A\/k/\B)( )
= max{Aa(x), As(x), 35X}

max{/\A(a , Aa(b), 5K
<max{ max{Ag(a), )I\(B(b _k

> min

v

max{Aa(a), As(a), 15*

=max{ max{Aa(b), A -
K

_ (AaVkAB)(a),
- max{ (M VicAs)(b), 15K } .

Thus(Aa VkAg)(X)
(AaViAs)(a),

< .

- max{ (AaVkAg)(b), 15K

On the other hand we have

((AnkB) &k 1) Nk (1o (ANKB))

C (Ack1) Nk (1oB)

C ANk B € AngB.

This completes the proof.

3.14 Lemma

Any (€, € vgy)*-intuitionistic fuzzy h-quasi ideal of a
hemiring R is an (€, € Vvoy)*-intuitionistic fuzzy
h-bi-ideal of R

ProofLet A be an(e, € vVgy)*-intuitionistic fuzzyh-quasi
ideal of a hemiringR. It is sufficient to show that
conditions (2c) and (5¢) hold.
Letx,y,z€ R, by assumption
Ba(Xy2) > ((Ha Ok XR) Nk (XR Ok Ha)) (Xy2)
_ min{ (HA©KXR) (YD), }
(XROk HA) (XY, =

xyzt s ajbj+z= zj 1an’+z

[ s [

vxyz+z| 18ibj+z= zj 1a b’+z

(il 1

[ min{pa(x),
me{ {12, 1a(2), 55}, 55
sincexyz+x0+ 0= x(yz) +0 and
Xyz+0z+0= (xy)z+0
=min{ pa(X), Ua(z } and
An(xy2)
< ((AA Ok XR) Uk (Xg ©kAa)) (XY2)
:max{( (Aa Ok XR) (XY2); }

min

X5 @k Aa) (xy2), 15

/\xyz+z| 1ab+z=3"_ dibi+z

Ana)y 1=1%"]
Ui
)

1k (0

max /\xyazi’ilaibiﬂ:zj 1aJ b’J +z

}v
U fvs
1-

k

= max{)\A )\A( ) }
Similarly we can sho that condition (2¢) holds. This

completes the proof.

4 h-hemiregular hemirings

In this section we characteribehemiregular hemirings by

the properties of theifc, € vgx)*-intuitionistic fuzzy h-

ideals, (&, € Vgk)*-intuitionistic fuzzyh-bi ideals and e,
€ VQk)*-intuitionistic fuzzyh-quasi ideals.
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4.1 Definition [L8]

A hemiringRis said to béh-hemiregular if for eaclk € R,
there exish,a',z ¢ Rsuch thaik + xax+ z= xax+z

4.2 Lemmalg]

A hemiringR is h-hemiregular if and only if for any right
h-ideall and any lefih-idealL of Rwe havelL = I NL.

4.3 Lemmalg]

Let R be a hemiring. Then the following conditions are

equivalent.
() Ris h-hemiregular.
(i) B= BRBfor everyh-bi-ideal B of R.
(i) Q = QRQfor everyh-quasi-ideal of R.

4.4 Theorem

For a hemiringR the following conditions are equivalent:
() Ris h-hemiregular.
(i) AngB = AcBfor every(e, € Vgx)*-intuitionistic
fuzzy righth-ideal A and every(e, € Vgy)*-intuitionistic
fuzzy lefth-ideal B of R.

ProofLet A be an(e€, € vgg)*-intuitionistic fuzzy right
h-ideal andB an (€, € Vqy)*-intuitionistic fuzzy lefth-

ideal ofRandx € R. Then there exist, @',z <€ R, such that
X+ Xax+z= xax+ z Now

(Ua Ok UB)(X) =
Vx+zi’11a4bi+z:z?:1a’jb’j+z
(/\irllllA(ai)) A
Naka@))A | 1k
(e (2

(A1ake(o)))

/\x+zim:1a4bi+z:zj-‘:1a’jb’j+z
(VI Aa(@)) v
VI Aa(@) ) v L1k
(VM As(bi)) v 2
(vf;;lAB(b/j ))

Aa(xa) vV Ap(xd)
5{ AvAB(x)vA% ]

< [Aa(x) VAg(x) v 15K

= (AaVkAB)(X).

ThusAngB C AGyB.

By Theorem3.1Q we know thatA©xB C AngB.
HenceAoxB=ANB

(i) = (i) Let A and B be right h-ideal and left
h-ideal of R respectively. ThenCa is an (g,
€ Vgk)*-intuitionistic fuzzy righth-ideal andCg is an(e,
€ Vok)*-intuitionistic fuzzy left h-ideal of R. By
assumption

ChokC = ChkC = ([Ca0oC
(CanCglk = (Cag)k = (Cag)k = AB=
Thus by lemmat.2Ris h-hemiregular.

Bk =
AN B.

4.5 Theorem

The following conditions are equivalent for a hemiriRg

() Ris h-hemiregular.

iy A C (AeklekA)  for  every (g,
€ V) *-intuitionistic fuzzyh-bi-ideal A of R.

(i) A« C (AokloA) for  every (e,
€ V) *-intuitionistic fuzzyh-quasi-idealA of R.

Proof(i) = (ii) Let A be an(e, € Vgy)*-intuitionistic
fuzzy h-bi-ideal A of R, and x € R. Then there exist
a,a,z € Rsuch thak + xax+ z= xax+ z Now
(Ha Ok XR Ok Ha)(X)
= \/x+zi’ilaibi+z=z?:1a’j bj+z
(A1 (HAGKXR) (@) A
(A7 (Ha G xm) () A
(AL pa(bi)) A
(A1)
—K
NG
{ (A Ok XR) (X&) A }
> ¢ | (HAGKXR) (X&) A (Ua(X))

1-k
N5

vXﬁJrZirilCidiJFZ':Z?:ldjdﬁﬂ'
(A1 Ha(Ci)) A
(i)
= Ve +3M cidi+z=3"_; ¢jd|+Z
(AL pa(ci)) A
(i)
mln{ m&?%’} N
ALk

2
(mm{zﬁ&z%})
A k

AN

ik | A

2

k

1—
2

Y

1k
2

1k
2
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becausea-+ xaxa+ za= xaxa-+ za

andxad + xaxd + zd = xaxa + zd

> pa(x) A 5%, and

(AA Ok XE Ok Aa) (X) =

/\x+zi";164bi+z=z?:1a’jb’j+z

(V1 (Aa Gk X9) (@) v

(v lmA@kxk)( D)V {1k
\/I 1/\/'\ (bi) ) 2
(VI iAa()))

{ )\AQka ( Vv }
/\A®ka V(/\ (X))

IN

Xa+z{n:15idi+2,22?:lc'jd(+z’
(VZ1Aa(a)) v y
(V1atnc))

\/ 7k

/\xa’+zi:1Cidi+z’:zj:1djdi+Z/

(VM 1AA(ci)) vV
(VT]:MA(C"))

J

max{Aa(xax),
</\A(xdx)} v %‘ >
max{Aa(xax),
v ()\A(xdx)} v Lk )

IN

<Aa(x) Vv K

ThusAy C (A@ki(DkA) .

(i) = (iii ) This is straightforward.

(i) = (i) Let Q be anyh-quasi-ideal oR. Then by
Theorem3.12Cq is an(e, € Vok)*-intuitionistic fuzzyh-
quasi-ideal oR. Now by given conditior{Cq)x € (Cq ®k
16kCq) = (Co)k € (Co® 10 Colk = (Carok

— QC QRQ Also QRQC RONOR= Q. ThusQ =
QRQ Therefore by Lemma4.3 Ris h-hemiregular.

4.6 Theorem

The following conditions for a hemiring are equivalent:

(i) Ris h-hemiregular.

(i) AngB C Acex B ok A for every (g,
€ Vgk)*-intuitionistic fuzzy h-bi-ideal A and every(e,
€ VQk)*-intuitionistic fuzzyh-ideal B of R.

(i) AnkB C AGk B ek A for every (g,
€ VQk)*-intuitionistic fuzzyh-quasi-idealA and every(€,
€ VQk)*-intuitionistic fuzzyh-ideal B of R.

Proof(i) = (ii) Let A be an(e, € Vo)*-intuitionistic
fuzzy h-bi-ideal A andB be an(e, € Vgg)*-intuitionistic
fuzzy h-ideal of R, andx € R. Then there exisa,a’,zc R
such thak+ xax+ z= xax+z Now

(HA Ok MB Ok Ha) (X) =

vX+ZP113ibi+Z=z? 18jbj+z
(A4 (Ua©k HB) (a1))
/\(/\J 1(HAGK i) (8 ))

( i= 1IJA (by )/\
)

1UA (b
/\l k

{ (HA Ok UB) (x@) A

(U Ok HB) (X&) A (HA(X)) }

\/anrzI 1c.d.+z' z c’d’+z’
( i= 1“/'\ Ci )
A

[| —~—1V

1HA(C/)) A 1—k

( )] Nz
1”B(d/)) 1-k
anl+zi:1c|d|+z’72jzlc’1dj+z’ " 2
(A1 HAlc)) A
NJZ1Ha(GP) ) A A 1k
ALy pe(di)) A 2

(N_ake(e))

| Ha(X), us(axa),
(mm Lis(xa)

(mm{uA<>usaxd} ) e
ps(a'x

( becausea+ xaxa+ za= xaxa+ za )

\Y
m|H

|_;
l\)
\_/
l\)

andxa + xaxd + zd = xaxd + zd

> (HaA M) (X) A 15K
(AA GOk AB Ok Aa) (X)

= (Ma Ak HB) (X

= /\x+zi”;1a;bi+z:z?:la’jb’j +z
(VL1 (A @k AB) (&) V
VI (AnGrAe)(@))V | 1k
(VimAab))v (VT2
(VI ae))

(/\AQK)\B) (xa)\/
{ (Aa Ok AB) (X&) V (Aa(X)) }

—IA

1-k
Ve
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a3, cidj +z’:z'j“:1x:’. d+7
(VM Aa(c)) v
(vf;;lAA(dj)) v
(VN4 A(dh)) v
(VI s(et))

/\xal+zi";1ci d; +z’:z?:1c’jdj+z'
(VM4 Aa(Gi)) vV

max{/\A X), Ag(axd), )

<
max{)\A ), As(axa), y
p(axa)} v 15K
s axa()}\/ Lk

VA
< )\A\//\B %
)\A\/k)\B
ThusAﬂk B Q A@k BoOkA.

(i) = (iii) This is straightforward.

(i) = (i) Let A be an(e, € vq)*-intuitionistic
fuzzy h-quasi-ideal of R Since 1 is an (€,
€ VOk)*-intuitionistic fuzzy h-ideal of R, so by given
condition
(Anl) C (Aekl1ekA) = A C (AGkIGKA).
Therefore by Theorem.5, R is h-hemiregular.

4.7 Theorem

Let R be a hemiring. Then the following condition are

equivalent.

(1) Ris h-hemiregular.

20 A B C A B for every (e,
€ Vgk)*-intuitionistic fuzzy h-bi-ideal A and every(e,
€ VQk)*-intuitionistic fuzzy lefth-ideal B of R.

(3) AnkB C Ak Bforevery(e, € Vgx)*-intuitionistic
fuzzy h-quasi-idealA and every(e, € \Vgk)*-intuitionistic
fuzzy lefth-ideal B of R.

(4) AngB C Ak Bfor every(e, € Vgk)*-intuitionistic
fuzzy righth-ideal A and every(e, € Vgx)*-intuitionistic
fuzzy h-bi-ideal B of R.

(5) AngB C Ak Bfor every(e, € VVgx)*-intuitionistic
fuzzy righth-ideal A and every(e, € Vgy)*-intuitionistic
fuzzy h-quasi-ideaB of R.

6) AngkBnkC C (AGkBGeKC) for every (e,
€ Vgy)*-intuitionistic fuzzy right h-ideal A, every (€,

€ Vk)*-intuitionistic fuzzy h-bi-ideal B, and every(e,
€ V) *-intuitionistic fuzzy lefth-idealC of R

(7) AngBnkC C (AGkBGeKC) for every (e,
€ VOy)*-intuitionistic fuzzy right h-ideal A, every (€,
€ VOk)*-intuitionistic fuzzy h-quasi-idealB, and every
(€, € Vgk)*-intuitionistic fuzzy lefth-idealC of R

Proof(1) = (2) let A be an(e, € Vq)*-intuitionistic

fuzzy h-bi-ideal andB be an (e, € vgg)*-intuitionistic

fuzzy left h-ideal of R. SinceR is h-hemiregular so for
X € R, there exist a, @,z € R such that
X+ Xax+ z= xdx+ z Thus we have

(KA Gk Hs) (X)
= Vs aibiz— T ajbi+z

(A1 Haai) A
(Aama@))n | 1k

(AaGxAs) (%)
= Nxtrs™ aiby +z=3]_ ajbj+z
(VZgAa(a)) v

i g1k
(Vv Ae(bi)) v 2
(v ye(b))
< {)\A(X;\;/(g‘?x()a)()v v %
—{ ML~ Guvicrer
Thus (2) holds.

(2) = (3) This is obvious because everfe,
€ V) -intuitionistic fuzzy h-quasi-ideal is an(e,
€ V) -intuitionistic fuzzyh-bi-ideal

(3) = (1) Let A be an(e, € Vq)*-intuitionistic
fuzzy righth-ideal andB be an(e, € Vgy)*-intuitionistic
fuzzy left h-ideal of R Since every (e,
€ Vok)*-intuitionistic fuzzy right h-ideal is an (€,
€ Vo) *-intuitionistic fuzzy h-quasi-ideal, so by (3), we
have ANy B € A®k B. By Theorem3.10 we know that
AegB C AngB. HenceAng B = AG B for every (e,
€ Vo) *-intuitionistic fuzzy righth-ideal A and every(e,
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€ VQk)*-intuitionistic fuzzy lefth-ideal B of R. Thus by
Theoremd.4Ris h-hemiregular.

Similarly we can show that (£-(4)<(5).

(1)= (6) LetAbe an(e, € Vay)*-intuitionistic fuzzy
righth-ideal,B be an(e, € Vgy)*-intuitionistic fuzzy right
h-bi ideal andC be an(e, € Vo) *-intuitionistic fuzzy left
h-ideal. SinceR is h-hemiregular so fok € R there exist
a,a,z € Rsuch thaix+ xax+z= xa/x+ z Thus we have

(HA Ok Mg Ok Hc) (X)
= \/x+zim:1a;bi+z:zz-‘:laﬁb’j +z
(A (A O pB) () A
( "1 (HAGK He) (8] ))A
( i= 1“(3 b' A
(- e b’)

{ (UA Ok UB) (X) A Hc(ax) }

1-k
/\IJC (a/X) A\ e

AVARAY)

\/x+zi”;la;bi+z:z?:1a’j bj wy
(A1 Ha(@i) A
(A1 (k) (&) A
(AZyps(bi)) A
(A0 () (5))
/\1 k
At (ax) A Ilc (ax) ALK

pa(xa) A pa(xa) A Ha(X)
> { M0 e ik |
Pa(X) A HB(X)A
2{ He (x) A A5 }
= (Ha Ak M Ak ) (X).
Thus(pa ®k ts Ok Hc) >
(AA @Ok AB OKAC) (X) =

(Ma Ak MB Ak Hc). And

Axctsyabi+z=37_ &b +2
(VI (Aa@rcAe) (@) v

< { (An @k AB) (X) V Ac(ax) }

1-k
\/)\C(a/x) V e

/\X+zi'1134bi+zzzlj1=1a/j b/l' +z
(VM Aa(@)) v
/
< (vgnzl)"*(ai)) ™
S (v Ae(bi)) v ’
(v Ae())
VAo(@) v Ao(ax) v 1

VAc(ax) v Ac(a'x) v K

< {/\A )V AB(X) V Ac(X) 1 k

= (AaVkAB VikAc)(X).

ThUS()\A Vi AB \/k/\c)

2 (AA©kAB Ok AC).

HenceAngBNxC C (AGxBoKC).

(6) = (7) This is straightforward.

(7)== (1) LetAbe an(e, € Vo) *-intuitionistic fuzzy
right h-ideal andB be an(e, € V) *-intuitionistic fuzzy
left h-ideal of R. Then

(ANkB) = (AN 1Nk B) C (AGk1GkB) C (AGkB).

But (A e B) € (AngB) always. Hence
(AN B) = (A B) for every (€, € Vog)*-intuitionistic
fuzzy right h-ideal A and for every (g,
€ VQy)*-intuitionistic fuzzy lefth-ideal B of R. Thus by
Theoremd.4, Ris h-hemiregular.

{)\A(xa)\/)\A (xa) V Ag(X )}

5 h-intra-hemiregular hemirings
5.1 Definition [L8]

A hemiringR is said to ben-intra-hemiregular if for each
x € R there exist a,a,bj,bj,z € R such that

X+ 3y ax?al +z=y]_; b +z

5.2 Lemmal§

A hemiringR is anh-intra-hemiregular if and only if for
any righth-ideall and any lefth-idealL of R we havé N
L CLI.

5.3 Lemmal§

The following conditions are equivalent for a hemiriRg
(i) Ris bothh-hemiregular andt-intra-hemiregular.
(i) B = B2 for everyh-bi-idealB of R.
(i) Q = Q2 for everyh-quasi-ideal of R.

5.4 Lemma

For a hemiringR, the following condition are equivalent:
(1) Ris h-intra-hemiregular.
(2 AnNgB C Ak B for every(e, € Vak)*-intuitionistic
fuzzy left h-ideal A and every(e, € Vo)*-intuitionistic
fuzzy righth-idealB of R

Proof(1) = (2) Let A be an(e, € Vgx)*-intuitionistic
fuzzy left h-ideal andB be an(e, € Vvgg)*-intuitionistic
fuzzy righth-ideal ofR. AsRis h-intra-hemiregular so for
eachx € Rthere existy, &, bj, bj,z € Rsuch that

X+ 3 M ax?e +z= 31, bjx?b; +z Thus we have
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(HA Ok U) (X)

= Vrs™, aby +z=3_ &b +z

(/\in;ﬂlA(ai)) A

Ha(@ix) A pa(0jx) A
s (X&) A s xb()/\l k

becausex+ 31 (ax)(x&) + z
( =37 _1(bj )(XU)+Z )
> (Ha Ak Hs) (X), and
(Aa Ok AB)(X)

= /\erzI 1aibj+z= ZJ 1 Jb’Jrz
(VZyAa(ai) v
(\/’J-“zl)\A(a’j))\/ 1k
(V4 A(bi)) v 2
(v;nzlAB(b'j))

< Aa(@x) \/)\A(ij)\/
As(xa) Vv Ag(xb) v 15K
< (AaViAe)(¥)
ThusAngB C AegB = (2) holds.
(2) = (1) Assume thatA and B be left and right
h-ideals of R, respectively. Thus by Theore®12 the
intuitionistic characteristic function€a and Cg are (€,

€ Vo) *-intuitionistic  fuzzy left h-ideal and (e,
€ Vok)*-intuitionistic  fuzzy right h-ideal of R
respectively. By assumption

CaMkCs CCa®kCg = (CaNCa)k C (CA®Ca)x =
(CanB)k C (Caglk = ANB C AB. Thus by lemmé.2,
Ris h-intra-hemiregular.

5.5 Theorem

For a hemiringR, the following conditions are equivalent:

(1) Ris bothh-hemiregular andi-intra-hemiregular.

(2)Ax = AGk A for every (€, € V)" -intuitionistic
fuzzyh-bi ideal A of R.

(3)Ax = AGk A for every (€, € Vgk)*-intuitionistic
fuzzy h-quasi idealA of R.

Proof(1) = (2) Let A be an(e, € vgk)*-intuitionistic
fuzzy h-bi ideal of R, and x € R. Since R is both

h-hemiregular andh-intra-hemiregular, so there exist

a,a,a,&,bj,b},z € R such thatx + xax+z = xax +z
andx+ 3 ax?af +z= 3 bl +z

(AaV 355) >

Then (as given in Lemma .6, [18]) there exist

a1, 2, pi- P, 0,0}, 2 € Rsuch that

n

+ Z (xaeqjx) (xdja1x) +

(XauqjX) xdjazx )+

3 'U‘M:

(xaq pix) (xpgagx) +

3 1]

(xagpix) (xpfagx) +z

Il
3 M= ]

(Xazp| ) (xp{azx) +

(xa piX) (Xpazx)

1]
]

+

(xa1qjx) (xdjagx) +

Il
.

(xazq iX) (xdjagx) +z

HM: _

(HA O Ha) (X)
= Vx+z{11aibi+z=z?:1a’jb’j+z
(A Ha(ai) A
(M-amm@)) A | 1k
( |m1I1A(b|)) 2
( 1 Ha( b/)

/\I 1“A(Xalpl X)
i1 Ha anlx)
1uA Xap PiX)
AL HA(Xpaz

( X
[ j—1HA(XaQ;jX

Y

o
)
( ) ) A
1 Ma(Xfa1x) | A
( A

)
"1 Ha XalQJXé

J 1HA XCfJaZX))
/\1 Kk

> min {pa(x), 155} A 2

= Pa() A K = (Uan

Thus(pa Ok Ha) > (A A
(AaGkAa). Thi

On the other hand

if X+ 30 aibi +z= 3], ajbj +2z we have

(Ha A ) (%)
{ IJA(Eln;la‘bl)a
= ming | Ha(3]-18b). :

)
2
2

f

T)( ).
15K) similarly we can prove
s implies thatdy C AGKA.
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>m|n{ (2 1uA(aibi))’1k}

s 1F‘A(aﬁb’j))a7
i:luA(%ae))
, AHA(D;
>
R WA TTACH RN
NG A
Thus(Ua Ok Ha)(X)

= \/x+zi";la; bi+z:zT:1a’j b’j +z
(/\inllﬂA(ai)) A

< (Han 59 (),

S0 (Ha®x Ha) < (Han 155).

Similarly we can prove

(AaV 3K < (AackAa).

This impliesAx 2 AGkA. Consequenthp, = AGkA.

(2) = (3) This is straightforward.

(3) = (1) Let Q be anh-quasi ideal ofR. Then by
TheorenB.12, Cq is an(e, € Vo) *-intuitionistic fuzzyh-
quasiideal oR, thus by assumptiofCq)k = (Cqo ©kCo) =
(CQOCk = (Cplk = Q= Q2. Hence by Lemma.3,
Ris bothh-hemiregular antt-intra-hemiregular.

5.6 Theorem

For a hemiringR, the following conditions are equivalent:

(1) Ris bothh-hemiregular andt-intra-hemiregular.

(2) AnkB C Ay B for all (€, € vok)*-intuitionistic
fuzzy h-bi idealsA andB of R.

B AN B C AcegB for every (g
€ Vk)*-intuitionistic fuzzy h-bi ideal A and every(e,
€ VQk)*-intuitionistic fuzzyh-quasi ideaB of R.

(4) AngB C AGkBfor every(e, € Vok)*-intuitionistic
fuzzy h-quasi idealA and every(e, € Vo) *-intuitionistic
fuzzy h-bi ideal B of R.

(5) AnkB C AeyB for all (€, € Vok)*-intuitionistic
fuzzy h-quasiidealsh\ andB of R.

Proof(l) — (2) Let A and B be (g,
€ VQk)*-intuitionistic fuzzy h-bi ideals ofR andx € R
SinceR is bothh-hemiregular andh-intra-hemiregular, so
there  exist a,a’,a{,a{,bj,b’j,z € R such that
X + xax + z = xdx + z and
X+ 3M ax’e +z= 3" b3 +2z

Then (as given in Lemma.6, [18]) there exist
a1, a2, pi- pf,0;,q},z < Rsuch that

X+ i (xapq;jX) (xcfjarx) +
=1

=}

(xayqjX) (xcfax) +

37
M

(xaq piX) (Xpax) +

3

(xagpiX) (X azx) +z

JWEWE“

(Xaz piX) (xpagx) +

(xay pix) (xpagx) +

(xanqjx) (xdjagx) +

Il
ik

M:

(HA Ok HB) (X)

(A1 Ha@)) A
(/\n 1HA( /)) A
( i= 1“B (bi) )/\
(Af-ase(t})

Y

o

(

> min{ pa(x), Ug(x),

= min{ Ua(x), us(x),
= UaA(X) Akus( )= (

= \/x+zi”;1a; bi+Z:Z?:1 a’j b’j +z

A

(xazq iX)(xdjagx) +z

1-k
2

N_1 Ha(Xaegjx
/\'j‘:lug(x .agX
/\erlIJA(XaquX

( J —1HB XCfJaZX)

1IJA Xag pixX

Thus(ua @k Ug) > (Ha Ak MB)-

Now (/\A @k/\B) (X)

= /\x+zi";1a; bi+z=3]_, &b} +z

(Vg Aa(a@i)) v
(VInra@)) v
(VZ4As(bi)) v
(\/’j“:l)\B(b/j ))

V

1-k
2

)) A
)) A
)/\
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\/ro]:l)\A(XanjX) \
\/anl)\B(dealx) Vv
) )V

\/Enzl)\A(Xaqu' X

IN

(\/’J-“zl)\g(xcfj azx))
Vil Aa(Xa piX)
VL Ag(Xpaax)
VIR Aa(xagpix
[\ (VTas(xpia)

< max{Aa(X),As(X),

= max{Aa(x), As(X),

= Aa(X) VkAB(X) = (Aa Vi AB) (X).

Thus(Aa ©kAB) < (AaVkAB).

This implies thatAng B C Ak B.

(2) = B) = (5) and (2)= (4) = (5) are
straightforward.

(5)= (1) LetAbe an(e, € Vi) *-intuitionistic fuzzy
right h-ideal of R and B be an(e, € Vo) *-intuitionistic
fuzzy left h-ideal of R. ThenA andB are (€, € Vok)*-
intuitionistic fuzzyh-bi ideals ofR. So by assumptioAn,
B C AGkB and by using Theorer®.10 AoxB C AngB
. ThusA®g B = Ang B. Hence by Theorerd.4, R is h-
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