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Abstract: This paper investigates the stability and stabilization problems for a class of uncertain time-delay systems. For exploring the
stability problem, the Lyapunov-Krasovskii function (LKF) method and Leibniz-Newton formula are adopted to analyze the stability
problems of a class of uncertain time-delay systems. In addition, the proposed delay-dependent stability conditions for a class of
time-delay unforced systems can be formulated by linear matrix inequalities (LMIs). By examining the stabilization problem, based
on the sliding mode control scheme, some assumptions, and some transformations, the delay-dependent stabilization condition for
uncertain time-delay system is propounded to guarantee theasymptotic stabilization of uncertain time-delay system in this paper.
Moreover, based on the Schur complement formula and some variable transformations, the delay-dependent stabilization conditions
of the uncertain time-delay system can be presented in termsof linear matrix inequality (LMI) form. Finally, a numerical example is
illustrated to demonstrate the effectiveness and validityof the proposed control scheme.
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1 Introduction

It is known that time-delay phenomenon always exists in
many physical and engineering systems, for example,
manual controls, pollution dynamic models, rolling hills,
neural networks systems, and inferred grinding models.
Therefore, the problems of stability analysis and
controller design for nonlinear systems with time delay
have gained considerable research attention [1,2,3] in the
past few years. In general, the stabilization for a delay
systems are divided into two categories;
delay-independent and delay-dependent cases. The
delay-independent approach usually is derived from the
standard Lyapunov-Krasovskii function to obtain the
stability condition, which provides feasible solutions
irrespective of the size of delay. Since the time delay is
not taken into consideration in the process of designing
controllers, the delay times are allowed to be arbitrarily
large. But the disadvantage of delay-independent
approach is that its stability/stabilization condition
generally more conservative than delay-dependent ones
especially when the size of the delay is small. For this
reason, delay-dependent stabilization for time-delay
systems based on Lyapunov-Krasovksii functional
approach are discussed in many studies [4,5,6]. But for

some systems, one cannot addresses the stabilization
condition directly, and one has to transform the original
system into a more fitting form for further analysis by
using the Lyapunov-Krasovskii technique. Therefore,
there are some studies that adopt some transformations to
obtain the equivalent equation for original system [7,8].

Among the various robust control methods for
uncertain system, the well-known sliding mode control
(SMC) [9,10,11] has been recognized as an effective
robust control approach for uncertain systems. SMC can
be regarded a special type of variable structure control.
The property of SMC is that it provides discontinuous
control laws to drive the system states to a specified
sliding surface and to keep them on the sliding surface.
Besides this, the closed-loop response becomes totally
insensitive to a particular class of uncertainties.
Moreover, it provides a systematic control design method
for nonlinear system. Therefore, SMC technique has been
widely applied to many uncertain nonlinear systems [12,
13,14,15,16,17]. Over the past few years, a considerable
number of studies have been made on SMC for
time-delay system [18,19,20,21,22,23].

Motivated by the above discussion, this paper will
explore the stabilization problems of a class of uncertain
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time-delay systems. The main contributions of this paper
are highlighted as following: i) designing a sliding mode
controller for the uncertain time-delay system; ii)
Describing the delay-dependent stabilization conditions
for the uncertain time-delay system via LMIs; iii)
Utilizing the proposed method for a numerical example
with time-delay.

This paper is organized to the subsequent sections: In
Section II, a stability condition for a delay system which
is proposed. In Section III, a sliding control method is
propounded for a class of uncertain time-delay system. In
Section IV, a simulation is shown to illustrate the
proposed method. Finally, in Section V conclusion is
drawn.

Notation: The notations in this paper are quite
standard. Rn and Rn×m denote, respectively, then
-dimensional Euclidean space and the set of alln×m real
matrices.AT denotes the transpose of matrixA. X ≤ Y or
X < Y , respectively, whereX and Y are symmetric
matrices, means thatX −Y is negative semi-definite or
negative definite, respectively.I is the identity matrix with
a compatible dimension (without confusion).

2 Stability Analysis for Time-Delay System

Considering the following time-delay system:

ẋ(t) =Ax(t)+Adx(t − τ(t)) (1)

x(t) = υ(t), t ∈ [−t0 0]

wherex(t) ∈ Rn is the state,A ∈ Rn×n andAd ∈ Rn×n are
the already known real constant matrices,τ(t) is the time
delay, satisfiedτ(t) ≤ τM and τ̇(t) ≤ τD, andυ(t) is the
initial condition.
Assumption 1. [7] The parameter uncertainties considered
here are norm-bounded and presented by the form:

[∆A(t) ∆Ad(t)] = MF(t)[N Nd ]

whereM, N, andNd are the already known real constant
matrices of appropriate dimensions;F(t) ∈ Rp×q is an
unknown matrix function with Lebesgue-measurable
elements and satisfies:

FT (t)F(t)≤ I, ∀t.

Assumption 2. [9] The pair(A,B) is controllable for the
following time-delay system, whererank(B) = m

ẋ(t) =[A+∆A(t)]x(t)

+ [Ad +∆Ad(t)]x(t − τ(t))+Bu(t) (2)

Lemma 1. [9] For a given symmetric matrixD, and there
exist M, N, and F(t) are the matrices with suitable
dimension, where theF(t) satisfies theFT (t)F(t) ≤ I,
then

D+MF(t)N +NT FT (t)MT
< 0

if and only if there exists a scalarλ > 0 which is able to
satisfy:

D+λ MMT +λ NT IN < 0

Lemma 2. [12] Given any matrixH(t) ∈ Rp×q such that
HT (t)H(t)≤ I, then

2xT H(t)y ≤ xT x+ yT y

for all x ∈ Rp andy ∈ Rq.
Theorem 1. For a given real constantε > 0, the system
(1) is asymptotically stable if there exist some symmetric
positive definite matrices:P0, P1, R1 such that the
following linear matrix inequality (LMI) condition holds:

∑ =





∑11 ∑12 ∑13
∗ ∑22 ∑23
∗ ∗ ∑33



< 0 (3)

where ∑11 = P0A + AT P0 + P1 − R1, ∑12 = P0Ad + R1,
∑13 = εAT P0, ∑22 = −(1− τD)P0 − R1, ∑23 = εAT

d P0,
∑33 = −2εP0 + τ2

MR1, and ∗ stands for the symmetric
form in the matrix.
Proof. At first, one chooses a Lyapunov-Krasovskii
functional:

V (xt) =xT (t)P0x(t)+
∫ t

t−τ(t)
xT (s)P1x(s)ds

+ τM

∫ t

t−τM

(s− (t − τM))ẋT (s)R1ẋ(s)ds (4)

The time derivatives ofV (xt) becomes

V̇ (xt) =xT (t)(P0A+AT P0)x(t)+2xT (t)P0Adx(t − τ(t))
+ xT (t)P1x(t)− (1− τ̇(t))xT (t − τ(t))P1x(t − τ(t))

+ τ2
M ẋT (t)R1ẋ(t)− τM

∫ t

t−τM

ẋT (s)R1ẋ(s)ds. (5)

By the inequality in [24], we have

− τM

∫ t

t−τM

ẋT (s)R1ẋ(s)ds

≤−τ(t)
∫ t

t−τ(t)
ẋT (s)R1ẋ(s)ds

≤−(

∫ t

t−τ(t)
ẋ(s)ds)T R1(

∫ t

t−τ(t)
ẋ(s)ds). (6)

According to the Leibniz-Newton formula, we can obtain
∫ t

t−τ(t)
ẋ(s)ds = x(t)− x(t − τ(t)). (7)

From the (6) and (7), we have the following inequality:

τM

∫ t

t−τM

ẋT R1ẋ(s)ds

≤−(x(t)− x(t − τ(t)))T R1(x(t)− x(t − τ(t))). (8)
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Besides, we can choose a scalarε > 0 such that

−2ε ẋT P0ẋ(t)+ ε ẋT P0ẋ(t)[Ax(t)+Adx(t − τ(t))]
ε[Ax(t)+Adx(t − τ(t))]T P0ẋ(t) = 0 (9)

Concludomg the equations (5), (8), and (9), we can obtain
the following result

V̇ (xt)≤xT (t)(P0A+AT P0)x(t)+2xT (t)P0Adx(t − τ(t))
+ xT P1x(t)− (1− τD(t))x

T (t − τ(t))P1x(t − τ(t))
+ τ2

M ẋT (t)R1ẋ(t)− (x(t)− x(t− τ(t)))T R1(x(t)

− x(t − τ(t)))−2ε ẋT (t)P0ẋ(t)+ ε ẋT (t)P0[Ax(t)

+Adx(t − τ(t))]+ ε ẋT (t)P0[Ax(t)+Adx(t − τ(t))]
+ ε[Ax(t)+Adx(t − τ(t))]T P0ẋ(t)

= [ψT ·∑ ·ψ ] (10)

whereψT = [xT (t) xT (t − τ(t)) ẋT (t)]. Clearly, if the
LMI ( 3) hold, the system (1) is asymptotically stable.
This completes the proof of the theorem.�

3 Sliding Mode Control for Uncertain
Time-Delay System

In this section, we will discuss the stabilization problem
of time-delay system with uncertainties. Before
discussing the stabilization problem of time-delay system
with uncertainties, we have to select an appropriate
sliding surface, while the system state remains on the
sliding surface, the desired performance can be achieved.

Firstly, consider the time-delay system with
uncertainties

ẋ(t) =[A+∆A(t)]x(t)

+ [Ad +∆Ad(t)]x(t − τ(t))+Bu(t) (11)

x(t) = υ(t), t ∈ [−t0 0]

whereA ∈ Rn×n, Ad ∈ Rn×n, τ(t), and τM are the same
as those in (1); u(t) is the input control;B is the already
known real constant matrix with appropriate dimension;
∆A(t)∈ Rn×n and∆Ad(t)∈ Rn×n satisfied the Assumption
1.

From the Assumption 2, we can know there exists a
which is a real nonsingular such that

T B =

[

0(n−m)

B̄

]

whereB̄ ∈ Rm×m is nonsingular and satisfies the following
singular value decomposition (SVD)

B̄ =U

[

ωm×m
0(n−m)×m

]

V T
, U = [U1 U2]

T = col{UT
2 UT

1 }

whereU1 ∈ Rn×m and U2 ∈ Rn×(n−m) are both unitary
matrices and is a diagonal positive-definite matrix.

By utilizing the transformationη(t) = T x(t) [9], we
can transform the system (11) into:

η̇1(t) =(Ā11+∆ Ā11)η1(t)+ (Ā12+∆ Ā12)η2(t)

+ (Ād11+∆ Ād11)η1(t − τ(t))
+ (Ād12+∆ Ād12)η2(t − τ(t)) (12)

η̇2(t) =(Ā21+∆ Ā21)η1(t)+ (Ā22+∆ Ā22)η2(t)

+ B̄u(t)+ (Ād21+∆ Ād21)η1(t − τ(t))
+ (Ād22+∆ Ād22)η2(t − τ(t)) (13)

where Ā11 = UT
2 AU2,Ā12 = UT

2 AU1,Ād11 =
UT

2 AdU2,Ād12 = UT
2 AdU1,∆ Ā11 = UT

2 MF(t)NU2,∆ Ā12 =
UT

2 MF(t)NU1,∆ Ād11 = UT
2 MF(t)NdU2,∆ Ād12 =

UT
2 MF(t)NdU1, Ā21 = UT

1 AU1,Ā22 = UT
1 AU2,Ād21 =

UT
1 AdU1,Ād22 = UT

1 AdU2,∆ Ā21 = UT
1 MF(t)NU1,∆ Ā22 =

UT
1 MF(t)NU2,∆ Ād21 = UT

1 MF(t)NdU1,∆ Ād22 =
UT

1 MF(t)NdU2,η1 ∈ Rn−m,η1 ∈ Rm,B̄ = ωV T .
Here, we can design the sliding surface for the (12) and

(13) as

S(t) = Qη1(t)+η2(t) = 0 (14)

whereQ ∈ Rm×(n−m) is a real matrix.
From (14), we can substitute the result

η2(t) = −Qη1(t) into the (13), and then we can obtain
the following sliding mode equation:

η̇1(t) =[Ā11+∆ Ā11− (Ā12+∆ Ā12)Q]η1(t)

+ [Ād11+∆ Ād11− (Ād12+∆ Ād12)Q]

×η1(t − τ(t)) (15)

By the result of [25], S(t) = 0 andṠ(t) = 0 , we can get
the following equivalent control law

ueq(t) =− B̄−1{Q[Ā11η1(t)+ Ā12η2(t)

+ Ād11η1(t − τ(t))+ Ād12η2(t − τ(t))]
+ Ā21η1(t)+ Ā22η2(t)+ Ād21η1(t − τ(t))
+ Ād22η2(t − τ(t))} (16)

Now, we will explore the stability condition of (15) and
conclude the result as following theorem.

Theorem 2. Given a real constantε > 0, if there exist some
symmetric positive definite matrices:P0, P1, andR1 such
that the following LMIs hold:

Ξ̂ =









Ξ̂11 Ξ12 Ξ̂13 Ξ14
∗ Ξ22 Ξ23 Ξ24

∗ ∗ Ξ̂33 Ξ34
∗ ∗ ∗ Ξ44









< 0 (17)
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then the sliding mode dynamics (15) is asymptotically
stable with sliding surface

S(t) = Qη1(t)+η2(t)

where Ξ̂11 = Ξ11 + λUT
2 MMTU2,Ξ12 =

(

Ād11P̄0− Ād12L
)

+ R̄1,Ξ̂13 = Ξ13+ ελUT
2 MMTU2,Ξ14 =

(U2P̄0−U1L)T NT ,Ξ22 = −(1 − τD)P̄1 − R̄1,Ξ23 =
ε(Ād11P̄0 − Ād12L)T ,Ξ24 = (U2P̄0 − U1L)T NT

d ,Ξ̂33 =

Ξ33 + ελUT
2 MMTU2,Ξ11 = (Ā11P̄0 − Ā12L) + (Ā11P̄0 −

Ā12L)T + P̄1 − R̄1,Ξ13 = ε(Ā11P̄0 − Ā12L)T ,Ξ33 =
−2εP̄0 + τ2

MR̄1, P̄0 = P−1
0 ,Ξ34 = 0,

Ξ44 =−λ I,P̄1 = P−1
0 P1P−1

0 ,R̄1 = P−1
0 R1P−1

0 ,Q = LP−1
0 .

Proof. Firstly, pre- and post-multiply the matrix∑ by Γ =
diag[P−1

0 P−1
0 P−1

0 ]> 0 and define theA andAd as

A = [Ā11+∆ Ā11− (Ā12+∆ Ā12)Q]

Ad = [Ād11+∆ Ād11− (Ād12+∆ Ād12)Q],

then we can obtain the (18)

ˆ∑ =





∑̂11 ∑̂12 ∑̂13
∗ ∑̂22 ∑̂23
∗ ∗ ∑̂33



< 0 (18)

where∑̂11 = [Ā11+∆ Ā11− (Ā12+∆ Ā12)Q]P̄0+ P̄0[Ā11+

∆ Ā11 − (Ā12 + ∆ Ā12)Q]T + P̄1 − R̄1,∑̂12 =
[Ād11 + ∆ Ād11 − (Ād12 + ∆ Ād12)Q]P̄0 + R̄1,∑̂13 =

εP̄0[Ā11 + ∆ Ā11 − (Ā12 + ∆ Ā12)Q]T ,∑̂22 =
−(1− τD)P̄1− R̄1,∑̂23 = εP̄0AT

d ,∑̂33 =−2εP̄0+ τ2
MR̄1.

By Assumption 1, we can obtain (19) from (18)

Ξ +





UT
2 M
0

εUT
2 M



F(t)





(UT
2 P̄0−U1L)T NT

(UT
2 P̄0−U1L)T NT

d
0



+[Θ ]T < 0

(19)

where Ξ =





Ξ11 Ξ12 Ξ13
∗ Ξ22 Ξ23
∗ ∗ Ξ33



, and the [Θ ]T means the

transposition of second term in the inequality (19).
By utilizing the Lemma 1 and Schur complement to

(19), we can obtain the (17).This completes the proof of
the theorem.�

After designing the sliding surface, the next step of the
SMC design procedure is to design a feedback control law
such that the reachability of the specified sliding surface
(14) is ensured.

Theorem 3. Consider the system (11) subject to the
Assumption 1 and Assumption 2. If LMIs (17) with
sliding surface (14), whereQ is given by(17) .The control
input is given as:

u(t) = u1(t)+ u2(t)+ u3(t) (20)

whereu1(t) = ueq(t),

u2(t) =− B̄−1
{

1
2

[

4
∥

∥

∥
(QUT

2 M)
∥

∥

∥

2
+‖NU2η1(t)‖

2

+‖NU1η2(t)‖
2+‖NdU2η1(t − τ(t))‖2

+‖NdU1η2(t − τ(t))‖2+4
∥

∥

∥
(UT

1 M)
∥

∥

∥

2

+‖NU1η1(t)‖
2+‖NU2η2(t)‖

2+‖NdU1η1(t − τ(t))‖2

+‖NdU1η2(t − τ(t))‖2
]}

sign(S(t))

,
u3(t) = −B̄−1 [kS(t)+σsign(S)],k > 0,σ > 0. Then,

the all signals involves in closed-loop system (11) with
the control input (20) are uniformly ultimately bounded.

Proof. According to the concept of sliding mode control,
we know that the reaching condition of sliding mode
control isST (t)Ṡ(t)< 0. From the sliding surface (14) and
substituting the control input (20) into Ṡ(t) we can obtain

Ṡ(t) = π1−π2−π3

where

π1 =Q
[

UT
2 MFNU2η1(t)+UT

2 MFNU1η2(t)

+UT
2 MFNdU2η1(t − τ(t))+UT

2 MFNdU1η2(t − τ(t))
]

+UT
1 MFNU1η1(t)+UT

1 MFNU1η2(t)

+UT
1 MFNdU2η2(t − τ(t))

π2 =
1
2

[

4
∥

∥

∥
(QUT

2 M)
∥

∥

∥

2
+‖NU2η1(t)‖

2

+‖NU1η2(t)‖
2+‖NdU2η1(t − τ(t))‖2

+‖NdU1η2(t − τ(t))‖2+4
∥

∥

∥
(UT

1 M)
∥

∥

∥

2

+‖NU1η1(t)‖
2+‖NU2η2(t)‖

2+‖NdU1η1(t − τ(t))‖2

+‖NdU1η2(t − τ(t))‖2
]

sign(S(t))

π3 = kS(t)+σsign(S),k > 0,σ > 0

By the Lemma 2, we haveπ1 ≤ π2. Clearly, ifS(t)> 0,
then Ṡ(t) ≤ −π3 < 0. On the contrary, ifS(t) < 0, then
Ṡ(t)≥−π3 > 0. Concluding the above discussions, we can
know thatST (t)Ṡ(t) < 0. This completes the proof of the
theorem.�

4 Simulation

In this section, we will apply the proposed method to
design a sliding mode controller for an uncertain
time-delay system. Firstly, consider the following
uncertain time-delay system:

ẋ(t) =[A+∆A(t)]x(t)

+ [Ad +∆Ad(t)]x(t − τ(t))+Bu(t) (21)
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whereA =

[

0 1
−2 −3

]

, Ad =

[

0 0.1
−0.2 −0.3

]

, B =

[

0
4.7

]

.

Based on Assumption 1, we can define the matricesM, N,
andNd as follows:

M =

[

0.2 0
0 0.2

]

, N = Nd =

[

1 0
0 1

]

, τ(t) = 0.5, τM = 1

In this example, we chooseτ(t) = 0.5, τM = 1,
k = 0.5, σ = 0.5 and utilizing the Theorem 2 with and
B̄ = B and T = I, then we can figure outP0 = 0.9697,
L = 1.0670. Substituting these values into (20), then we
can get the control input. The simulation results of
applying the sliding mode controller to the time-delay
uncertain system (21) under three different initial
conditions[−1.5 − 0.7], [1.1 0.5], and [−2 1.3] are
shown in Fig. 1 and Fig. 2. From these simulation results,
we can find that the designed sliding mode controller
ensures the robust asymptotic stability of the closed-loop
system, and the states are regulated to zero after few
seconds. Fig. 3 shows the total control inputu with
k = 0.3 andσ = 0.3, and the Fig. 4, Fig. 5, and Fig. 6
show theu1, u2, andu3 respectively.

0 5 10 15
−2

−1.5

−1

−0.5

0

0.5

1

1.5

sec

x1
 s

ta
te

Fig. 1: State responses ofx1 under three initial conditions
[−1.5 −0.7], [1.1 0.5] and[−2 1.3].

5 Conclusion

In this paper, the stability and stabilization problems fora
class of uncertain time-delay systems are explored. By
utilizing the Lyapunov-Krasovskii function (LKF)
method and Leibniz-Newton formula, the proposed
delay-dependent stability condition for a class of
time-delay unforced system can be formulated by linear
matrix inequalities (LMIs). For the stabilization problem,
based on the sliding mode control scheme, the
delay-dependent stabilization condition for uncertain

0 5 10 15
−1.5

−1

−0.5

0

0.5

1

1.5

2

sec

x2
 s

ta
te

Fig. 2: State responses ofx2 under three initial conditions
[−1.5 −0.7], [1.1 0.5] and[−2 1.3].

0 5 10 15
−3

−2

−1

0

1

2

3
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to
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l c
on

tr
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 in
pu

t (
u1

+
u2

+
u3

) 
(u

1+
u2

+
u3

)

Fig. 3: Total control input u under three initial conditions
[−1.5 −0.7], [1.1 0.5] and[−2 1.3].

time-delay system is presented to guarantee the
asymptotic stabilization of uncertain time-delay system in
this paper. Finally, an uncertain nonlinear system with
time-delay is illustrated to demonstrate the effectiveness
and feasibility of the proposed control scheme.
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Fig. 4: Control inputu1 for three initial conditions[−1.5 −0.7],
[1.1 0.5] and[−2 1.3].
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Fig. 5: Control inputu2 for three initial conditions[−1.5 −0.7],
[1.1 0.5] and[−2 1.3].
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