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Abstract: The problem of combined forced and free convection in a fesglate vertical channel is relevant in many industriadl a
engineering applications, such as heat exchangers, chlgpnacessing equipment, fluid transport, and so on. A nuwiakanalysis is
performed within a combined forced and free convective ratmitydrodynamic (MHD) flow in a parallel-plate vertical cmel. The
MHD flow is assumed to be steady state, laminar and fully dgeal. The analysis takes account of the effects of both heaténg and
viscous dissipation, and is therefore relevant for MHD floithvinigh values of the dynamic viscosity as well as for higloeéy flows.
The non-linear governing equations for the velocity andgerature fields are solved using the differential transédiom method. It
is shown that the numerical results are in good agreemehttiagtanalytical solutions.
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1 Introduction with a gravitational acceleration that oscillates in time
with g-jitter effect. Sposito and Ciofalo5] obtained

Th bl f bined f dand f tion | analytical solutions for the temperature, velocity and
€ problem of combined lorced and Irée Convection IN &g g cyic | potential fields in the fully developed laminar
parallel-plate vertical channel is relevant in many

ndustrial and : : licati h h low of an electrically conducting fluid within a vertical
industnial and engneering applications, such as Neakpannel ynder the simultaneous effects of a pressure
exchangers, chemical processing equipment, flui

. ’ riving head, buoyancy, and a MHD force, respectively.
transport, and so on. The earliest analyses of laminar an 9 yancy b y

fully developed mixed ton in th lel-olat etayesh and Sahab][ studied the effect of various
ully developed mixed convection in thé para e'paetemperature-dependent transport properties on the
vertical channel with uniform temperatures at the

boundaries can be found in Tag]| Hamadah and Wirtz developing MHD flow and heat transfer in a parallel-plate

X S . channel in which the walls were held at a constant and
[2] showed that for mixed convection in a vertical channel equal temperature. Umavathi and Malashetty] [
subject to asymmetric heating conditions, the buoyancy .conted analytical and numerical solutions by a
force enhances the heat transfer near the hotter wall anBerturbation method for the temperature and velocity
causes a flow re"ersﬂ' near the cooler wall. Barlé_ﬂa [ fields in a combined free and forced convective MHD
presented a perturbation-based method for analyzing th

focts of i dissipation in lami bined f dﬁow in a vertical channel. It was shown that the viscous
Elfects ofviscous dissipation In laminar combined force dissipation effect enhanced the flow reversal which
and free convection flows in a parallel-plate vertical

e -~ occurred when the flow in the downward direction
channel. The characteristics of natural and mixed

. . ~“encountered that in the upward direction.
convection flows subject to magnetohydrodynamic
(MHD) effects have attracted significant interest in recent  Differential transformation theory has been widely
years f,5]. For example, Bakeet al. [4] studied the applied to the solution of general initial value problems in
mixed convection in a vertical plan channel with a the mechanical engineering domain. For example, Chen
horizontal magnetic field, in conditions of microgravity and Ho B,9] used differential transformation theory to
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solve general eigenvalue problems and to analyze the free 6.(a) Linearity operation

vibration response of Timoshenko beams. Kubt(][
applied the differential transformation method (D.T.M) to

Tlap(t) +Ba(t)] = aP(k) +pQ(k),  (6)

investigate the velocity and temperature profiles in a free

convection boundary-layer flow over a vertical plate.
In the present study, the D.T.M method is used to

7.whereT denotes differential transformation aocand
Bare any real number.

solve the temperature and velocity profiles in a combined 8.(b) Convolution operation

forced and free convective MHD flow in a parallel-plate
vertical channel. In performing the analysis, the effedts o

Joule heating and viscous dissipation are taken into

consideration.

2 Differential Transformation Theory

This section reviews the basic principles of differential
transformation theory. Assume thgft) is an analytic
function in the time domainT. The differential
transformation of at timet = tg in the K domain is given

by

dk

Y(kito) =W(K) (Fs(t)y(t)))“ KEK (1)

where k belongs to a set of non-negative integers
which collectively define theK domain; W(k) is a
weighting factor; and s(t) is a kernel function
corresponding tg/(t). Note thatW(k) ands(t) are both
non-zero ands(t) is analytic in the time domain. The

inverse differential transformation ofY(k;tp) is
formulated as
1 2 (t—to)kY(kto)
=— teT
v s(t) k;: kK Wk < @

1.in whichW(k) = Hk/k! ands(t) = 1. Note thatH is
the time interval.
2.Attimety =0, Eq. (??) becomes

k
d ym] KeK.
t=0

dtk
3.From Eg. ), the inverse differential transformation of
Y (k)is obtained as

k
Y=g | ©

0=3 (&)Y .teT. @
= — ,teT.
0= 2
4.Substituting Eq.3) into Eq. @) gives
_ ot dYy()
0= w ), T

5.Eq. 6) has the form of a Taylor series expansion.

k

T[p(t)q(t)] = P(k) © Q(k) = ;

=0

POQ(k—1),

T[p™(t)] = kP(0)P™(k) =

S5 [(m+1)gPOP k—0).meN )
9.wherex denotes convolution.
10.(c) Differential operation
d"p(t)]  (k+n)!
T [ G | = A P(k+n), (8)

11.wherenis the order of differentiation
12.(d) Differential transformation of sfh) and cost)
functions

T[sin(at+ B)]

(ag)k sin (%k N B) T [cogat +B)]
cos(%kwLB) ;

~ (aH)k
wherea andBare any real number. [11-12].

” 9)

3 Mathematical Formulation

3.1 Governing Equations of Velocity and
Temperature

Consider the steady-laminar MHD flow of an
incompressible fluid etween the two vertical walls of a
parallel-plate channel (see Fig. 1). Applying the mass
balance equation, momentum balance equation and
energy balance equation, and taking the effects of Joule
heating and viscous dissipation into account, the
differential equations for the velocity in the x direction
(u) and the temperaturd | are obtained as7]

4 2 2 42 2
ﬂ — & @ + 0cB ﬂ 0B Bgu{ (10)
dy*  aCp \ dy p dy2 " aCpu
d?T v /du\? oB?,
e (§) et @

A no-slip condition is imposed omat each of the

Therefore, the basic operational properties of thechannelwalls, i.e.,

differential transformation method (D.T.M) can be
summarized as follows:

(12)
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Fig. 1: Schematic diagram of vertical channel

and those induced by the boundary conditions on

temperature, namely

du A Bg(Ti—To)
—=———— at y=0 13
du A By(T2—To)
—__Z_tARe Y at =L 14
For analytical convenience, let the following
dimensionless v variables be defined:
_ U - T-To _— 2 BgATD®
u UO ) e - AT ) y_ D 9 Gf - V2 )
To—-T1 uoD [JU(Z) k
Rr = = B =20 -
TT AT v o T kat YT ey
212 2
H%_@75:%:M7 (15)
H Re YUo

whereD = 2Lis the hydraulic diameter.
The reference velocityipand reference temperature
Toare defined respectively as

AD? T T+ T2

=g - T

(16)

Moreover, the reference temperature differedCe, is
given by

AT =T2—T1 if T1<T2

or

V2

CpD?
For symmetric heatingTq = T,), the temperature

difference ratioRris equal to zero. By contrast, for
asymmetric heatinglf < T,),Rris equal to one.

AT = if Tp=To, a7)

Substituting the dimensionless variables given in Eq.
(19 into Egs. (0), (11) and (2 yields the following
normalized differential equation for the velocity profite i
they direction:

d4ar 1 ,d%0 1

1_, (du 2
& = Br<d;> + Mg * 16" =B.#, (18)
27 =
J(O):O,g—;:—12+RTT_ at y=0, (19)
.
u_(l):O,g—ylZJ——12 R;‘ at y=1, (20)

Taking the effects of Joule heating and viscous
dissipation into account, the dimensionless equation for
the temperature profile in thedirection is obtained as

din\? 1 _
+B <d—9 +ZH%Bru2:O,

0

dy?

where the boundary conditions of the temperature field
are given respectively by

6(0)=-Rr/2 at y=0,

(21)

(22)

6(1)=Rr/2 at y=1, (23)

3.2 Application of Differential Transformation
Method (D.T.M) to Solution of Vel ocity and
Temperature Fields

In this section, the differential transformation method

(D.T.M) is used to solve the velocity and temperature

fields within the vertical channel, together with their

corresponding boundary conditions. The process is as
follows:

i

T [4—3, (3—9 } = %EBr i(/’,+1)U(/J+1)(k7/3+1)u(k7//,+1),

Bl - 20

1
T{ HZ_Bru]——HZ BrZoU U(k—2),
6 ™

Equation 24) can be rewritten as

~ (k+1)(k+2)(k+3)(k+4)
= i

U(k+4),

2 (kt 12'(2k+2)u(k+2)7

(24)

(k+1)(k+2|_)|&k+3)(k+4 (k+4) =

z[ ol+NU(l+1)(k—¢+1U(k—¢+1) ,

LDy (k4 2) + AHZZB, 55 U (OU (k—0)
(25)

1
4
+3H2
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In addition, the boundary condition given in EQ9 can e
be reformulated as Fm = 2 o
T[u(y)] =U(k) =0, (26) -

T [g—_zﬂ _T [—12+ %} =
(k+1)(k+2)U (k+2) = (—12+ %) 5(K)

Similarly, the boundary condition given in EQQ) can be
reformulated as

, (27)

Ersmnmiees Velrety |

Tuy)l =

M3

U (k) - 0’ (28) 12 T T [T 1

— Tamemneaibas Chorved "Wkt (T

T[] — [ q2_Re= Fig. 2 Numerical and analytical results for velocity profiles
[d—)—,z} - { 8 } = - (29) given various values of andB; = 0,Hpy = 2.
S ok(k— DU (K) = (12— B ) 5(K)
Applying the same procedure to the temperature profile = e
(Eg. (21)) and corresponding boundary conditions (Egs. : K s =
(Egs. (22) (23)), it can be shown that 0 o o
B o e nia ]

d20]  (k+1)(k+2
T {W] - %e(kn),

Temperaiine | 5 |
=

=

2
T |:Br (3—9 ] = Br/i(ul)uuur1)(k—z+1)U(k—z+1),

LHimersiorioes

1 L] 1 K
T |SH2B 02| = SH2B k—
SHeet| - 22 SYUCVIEVANNCI A
Substituting Eq. 0) into Eq. 1) yields the following .
differential equation: e | ,
kid)(ki2 : O oo Clonand WAL~ :
(+|_)|(2+ )@(k—i—Z) imensionbess Clanned Widkh 7

= B YK o(l+ DU+ 1) (k— £+ DU (k—E+1),

—%H%Br EE:OU (OU(k—10) Fig. 3: Numerical and analytical results for temperature profiles

(31) given various values ddrancE = 0,Hm = 2.

The boundary condition for the temperature profile can be
reformulated as

T[6()] =T [-Rr/2] :@(k):_%é(k)’ 32) 4 Numerical Resultsand Discussion

m This section analyzes the velocity profile and temperature
T [9_()7)} =T[Rr/2] = z o(k) = &50()7 (33)  profile within the parallel-plate vertical channel shown in
Py 2 Fig. 1 subject to both asymmetric and symmetric heating
conditions (i.eRr = 1 andRr= 0, respectively). Figure 2
presents the velocity profiles obtained using the D.T.M
method and the analytical method proposed in [7] for the
case in which the viscous dissipation effect is assumed to
5(K) = {1 for k=0 (34) be negligible, and the channel is heated asymmetrically. It
0 otherwise can be seen that for each value ®f a good agreement
The solutions fotJ (k) and @ (k) are obtained from Eqgs. exists between the numerical results and the analytical
(25 and B0)°(31), respectively, using the transformed results.
boundary conditions given in Eqgs. (26)-(29) and Similarly, Fig. 3 shows that the temperature profiles
Eqgs.(32)-(33). computed using the D.T.M method for various valueB,of
are also in excellent agreement with the analytical results

wheremindicates the number of terms in the power series,
U (k)land©(k) are the transformed functions afy) and
6(y), respectively, and (k) is defined as
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given various values ef(Rr = 1).

Fig. 5: Numerical and analytical results for temperature profiles
given various values @, = (R = 1)

Figure 4 presents the analytical and numerical results
for the velocity profile within the channel for values of
in the range-8 < ¢ <8 and= = 100 o= = —100. Note
thatHm = 2 in every case. It can be seen that for a positiveAcknowledgements
value of =, the velocity increases with increasmngrhis
result is to be expected since the viscous dissipationteffecThe authors gratefully acknowledge the financial support
increases the fluid temperature and therefore gives rise tprovided to this study by the National Science Council of
a greater buoyancy force, which leads in turn to a greateMaiwan under Grant Number NSC 100-2221-E-018-035.
velocity in the upward direction. Conversely, for a negativ Meanwhile, the authors thank the reviewers for their
value of =, the velocity reduces asis reduced frong =0 comments.
toe =-8.
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