Appl. Math. Inf. Sci.9, No. 1L, 59-63 (2015) %N =S¥\ 59

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.12785/amis/091L07

Generalized Statistical Convergence in Intuitionistic
Fuzzy 2— Normed Space

Ekrem Savas*

Department of Mathematics, Istanbul Ticaret Universitgkudar-Istanbul, Turkey

Received: 8 Nov. 2013, Revised: 9 Mar. 2014, Accepted: 10 R4
Published online: 1 Feb. 2015

Abstract: In this paper, we shall introduce the new notion namefyA statistical convergence by using ideal with respect to the
intuitionistic fuzzy norm(u,v),. We also study the relation betweeftA statistical convergence and-statistical convergence.
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1 Introduction fuzzy normed space.
Recently, Mursaleerif] studied the concept of statistical

The concepts of fuzzy set and fuzzy set operations wer&onvergence of sequences in random 2-normed space.
first introduced by Zadeh2B]. Subsequently several Quite recently, Savas2f] introduced A— statistical
authors have discussed various aspects of the theory arf®nvergence in random 2-normed space.

applications of fuzzy sets, such as fuzzy topological ) o ) . o

spaces, similarity relations and fuzzy ordering, fuzzy ~ More investigations in this direction and more
measures of fuzzy events and fuzzy mathematicafPPplications can be found ini@l, [21], [22] and [24])
programming, population dynamics , chaos control ,where many important references can be found.
computer programming , nonlinear dynamical systems , N this paper, we shall study” — [V,A]- summable
nonlinear operator, etc. Recently, the fuzzy topologya”df — A — statistical convergence on the intuitionistic
proves to be a very useful tool to deal with such situationsfuzzy 2— normed spaceu,v),. We mainly examine the

where the use of classical theories breaks down. relation between these two new methods in intuitionistic
In [10], Park introduced the concept of intuitionistic fUZZy normed Spaceu,v),. . . -
fuzzy metric space and later on Saadati and Pag [ First, we recall some notations and basic definitions

introduced the concept of intuitionistic fuzzy normed Which we will used throughout the paper.
space. Recently Mursaleen and Lohat?|[defined the
concept of intuitionistic fuzzy 2-normed space which is
generalization of the notion of intuitionistic fuzzy.

The notion of statistical convergence was introduced
by Fast P] and Schoenber@[/] independently. A lot of
developments have been made in this areas after the _
works of Salat [L9], and Fridy B]. Over the years and ((((:j))i**lb <acff(rj%yhaeﬁe[8,eg < candb < d for each
under different names statistical convergence has beeont bc,de [0 1]* - -
discussed in the theory of Fourier analysis, ergodic theory” T
and number theory. Recently, Mursaleen and Mohiuddine  pefinition 1.2 [25. A binary operation
[12) studied the lacunary statistical convergence with¢ : [0,1] x [0,1] — [0,1] is said to be a continuous

respect to the intuitionistic fuzzy normed space. ][ t-conorm if it satisfies the following conditions:
Mohiuddine and Lohani introduced the concept/of

statistical convergence with respect to the intuitionisti

Definition 1.1 [25. A binary operation
x:[0,1] x [0,1] — [0,1] is said to be a continuous t-norm
if it satisfies the following conditions:

(a) = is associative and commutative,
(b) % is continuous,
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(a) ¢ is associative and commutative, if X is a vector spacex is continuous t-normy is
(b) ¢ is continuous, continuous t-conorm, andu,v are fuzzy sets on
(c)a00=aforallac [0,1] X x X x (0,0) satisfying the following conditions for
(d) a0b < c0d whenevera < candb < d for each  everyx,y € X ands,t > 0.

a,b,c,d€(0,1]. (@) u(xy;t) +V(xy;t) < 1,

(b) p(x,y;t) >0,
Using the nations of continuous t-norm and t-conorm,  (c) u(x,y;t) = 1 if and only if x andy are linearly
Saadati and Park B] have recently introduced the concept dependent,
of intuitionistic fuzzy norm space as follows: (d) u(ax,y;t) = u(x,y al
Definition 1.3. The five-tuple(X, u,v,*,{) is said to @) U, Y;t) * U(X,ZS) < U(X,Y+Zt+S),
be an intuitionistic fuzzy norm space (for short, IFNS) if (1) ;;(x y: ) : (0,e0) — [0,1] is continuous,

Xis a vector space is continuous t-norm is continuous (@) liMi e p1(X,y;t) = 1 and lim_o p(x,y : t) =0,

t-conorm, andu, v are fuzzy sets oiX x (0, ) satisfying () 1(x,y;t) = p(y,xt)

the following conditions. For eveny,y € X ands,t > 0. () v(x,y;t) < 1,,

() v(x,y;t) = 0 if and only if x andy are linearly

;L) for eacha # 0,
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@ pu(xt)+v(xt) <1, dependent,

(b) p(x,t) >0, . (k) v(ax,y;t) = v(x,y; &) for eacha # 0,

(©) H(xt) = 1if and only ifx =0, 0) Xy DO 29 f‘v(x yiztes

(d) p(ax.t) = (X, rqr) for eacha 0, (M)V(xy;.) : (0,00) — [0,1] is continuous,

(€) u(X.t)* U (y,S) < H(X+Y,t+5), (N) lime_e V(X,y;t) = 0 and lim_ov(x,y;t) = 1.

(f) u(x,.): (0,00) — [0,1] is continuous,
(9) limi_e 1 (x,t) =L and lim_o p(x,t) =0,

(0) v(X,y;t) = v(y, X;t)

In this case(u,v) is called an intuitionistic fuzzy 2-

gir)])\Y(()z(’tt))jll’if and only ifx— 0 norm on X, and we denote it b, v)».

0 v(dx ) = v(x, ) for eachaj;é 0 Example 1.1 Let (X, ||.||) be a 2-normed space, and
) * Ta ) letaxb=abandad0b=min{a+b,1} foralla,b e [0,1].

(K) u(x,)Ou(Y,s) > V(X+Yy,t+5), For allx € X and event > 0, consider

(1) v(x,.) : (0,00) — [0,1] is continuous, p(x,zt) == I+Ht><7ZH andv(x,zt) = IIx2]

; _ : _ T t+x2]
(M) limee v(x 1) = 0 and lim_ov(xt) = 1. Then(X, u,Vv,*,0) is an intuitionistic fuzzy 2-normed

space.

In this casé u, v) is called an intuitionistic fuzzy norm.

Definition 1.6. Let (X, u,v,*,0) be an intuitionistic
fuzzy 2— normed space. A sequence- (Xy) is said to be
convergent td_ € X with respect to(u, V) if, for every
€ >0 andt > 0, there existskg € N such that
H(x—L,zt) > 1—¢eandv(xx —L,zt) < & for all k > ko
and for allz € X. In this case we writ¢,v), —limx=L

In [4],Gahler introduced the following concept of
2-normed space.

Definition 1.4. Let X be a real vector space of
dimensiond, where 2< d < «. A 2-norm onX is a
function|].|| : X x X — R which satisfies,

(@) |Ix,y]| =0 if and only if x andy are linearly
dependent;

(0) [yl = [ly;x]];

(HV)2
orxy — Lask— co.

The family .# C 2¥ of subsets a nonempty s¥tis
said to be an ideal i if (i) 0 ¢ .7; (i) A,B € .# imply
©) |laxy|| = |al|x.yl|; AUB e .7, (iii) Ae .#, BC Aimply B € .7, while an
@) [Ixy+2] <%y + %2 admissible ideal? of Y further satisfiedx} € .# for each
The pair(X,||.,.||) is then called a 2-normed space. X € Y. If .7 is an ideal inY then the collectiorF (.#) =
A trivial example of an 2-normed space ¥6= R?, {M CY:M¢e 7} forms a filter inY which is called the
equipped with the Euclidean 2-normix;,x;|[e = the filter associated with?.
volume of the parallellogram spanned by the VeCtorsy o ginition 1.([9]) Let .7 2V be a nontrivial ideal in N.

X1, X2 which may be given expicitly by the formula The sequence {xa} -, In X is said to be .#-convergent to
x € X, if for ech € > 0 the st
A(e)={neN:|x,—x| > €} belongsto .7 .

Definition 2.Let (X, u,V,*, ) bean intuitionistic fuzzy 2—
) normed space. Then, a sequence x = (k) is said to be .
Mursaleen and ITohanLB] u_sed the idea of 2-normed ~statistically convergent to L € X with respect to (i, v)o,
space to define the intuitionistic fuzzy 2-normed space. ¢ tor every e > 0andt > 0, and for non zero z € X such

that

|[X1,%2|[e = |det(xij)| = abs(det(< x;,xj >))

wherex; = (xi1,%2) € R? for eachi = 1,2.

Definition 1.5. The five-tuple(X, u,v,*, ) is said to
be an intuitionistic fuzzy 2-norm space (for short, IF2NS) {neN:|{k<n:p(x—L.zt)<l-egorv(x—L,zt) > e}/ >} € 7.
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In this case we write x L(S<“V (7 )) In this case we write .7 — S —limx = L or x — L

(ﬂ _ S;H-,Wz) ]

In this section we study the concept gf-A- statistical We shall denote bySHV2(.7), SE\W)Z () and
convergence in the intuitionistic fuzzy-2normed space [V,A]*¥2(.#) the collections of all .7-statistically
(u,v)2. Before proceeding further, we recall the definition convergent, .# — S&u,\/)z convergent and

of density and related concepts which form the (V) .
background of the present work. -V, A" V2-convergent sequences respectively.

2 A —Statistical convergence in IF2NS

Theorem 1Let (X, u,v,*,0) beanintuitionistic fuzzy 2—
normed space. If a sequence X = () in X is . — A
statistically convergent sequences with respect to (i, V)2,
then limit is unique.

Definition 2.1. LetK be subset oN, the set of natural
numbers. Then the asymptotic density Kbfdenoted by
0(K), is defined as

1
5(K)=lim—[{k<n:keK}|, Proof.This can be proved by using the techniques similar

to those used in Theorem 1 of Sa
where the vertical bars denote the cardinality of the 2

enclosed set. Theorem 2Let (X, u,v, *,0) be anintuitionistic fuzzy 2—
normed space. Let A = (Ap) € A. Then
A sequencex = (xg) Is said to be statistically
convergent to the number if for eache > 0, the set  (j)x, — L[v,A]*¥2 (f) =% — L (gﬂ‘v")z (y)) and
K(e) = {k <n:|x —L| > €} has asymptotic density
zero, i.e. the inclusion [V, A]HV)2 S<le is proper
for everyideal .7 .
(ii)If x € m(X), the space of all bounded sequences of X

1
Iim—|{k§n: Xk —L| > €} =0
andxka L (S&“’Wz(cﬁ)) thenx — L[V, A]HV2 (7).

In this case we writat —limx =L (see P], [3]).

Note that every convergent sequence is statlsucally('“ V2 (7)am(X) = V,A#V2 () Am(X).
convergent to the same limit, but converse need not be
true. Proof.(i) Lete > 0 andx — L[V, A]¥V2 (7). We have
LetA — (An) be a non-decreasing sequence of positive 2 (H (% —L.zt) orv(xc—L.zt))
numbers tending t® such thaf\n,1 <An+1,A; =1.The keln
collection of such a sequendewill be denoted byA. > (U (xc—L,zt) orv(x«—L,zt))

The generalized de Valée-Pousin mean is defined by keln & p(x—Lzt)<1-¢
orv(xc—L,zt)>€

tn(X) = — >el{kel i p(x—L,zt)<l—eorv(x—L,zt)>e}.

Xk,
An keTh

So for a giverd > 0,
wherel, = [n—Ay+1,n].

Let (X,u,v,x,0) be an intuitionistic fuzzy 2
normed space. A sequence= (Xc) Iis said to be 1 _
#-[V,A]-summable td_ € X with respect tu,v)z if for = Ay 2 H HO—Lzt) <(1-g)dory kgnv(xk— L.zt) > €d
anyd > 0,t > 0, and for non zera € X such that

/\—1n|{ke In:p(x—Lzt)<l-—corv(xx—L,zt)>¢€}| >0

i.e.

. — ) <1-— — ) > g
neNipt (g -Lz <1-dorvit(x)-L,zt) 20} €7 {neN:Ail{keln:u(xka,z;t)Sl—eorv(xka,z;t)Za}lzé}

Now we define the#-A - statistical convergence with {
C

respect to intuitionistic fuzzy-2 normed space. neN: /\i { > H(x—Lzt)<l-gor 3 v(x—Lzt)> e} > 55}.

n | kel keln

Definition 3.Let (X, 11, v, +, ) beanintuitionisicfuzzy2—  Sincex — LIV,A]*2 (), so the set on the right-hand
normed space. A sequence x = (xy) is said to be .# — A - side belongs to .# and so it follows that
statistically convergent or .# — S, convergent to L with ~ x — L (S(“N)Z) (1.

respectto (u,v)s, , if for every e > 0and 6 > 0, andt > O, i

BSpECt 10 (K, V)2 y To show thats/"“2(1) ¢ [V, A]#¥2 (.#), take a fixed

and for non zero z € X such that
Ac 7. Let (R,]. |) denote the space of all real numbers
{ne N:d{keln: p(x—Lzt) <1—gor v(x—Lzt) > e}| > 5} €. with the usual norm, and let« b = ab andab = min{a+
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b,1} for all a,b € [0,1]. For all x € R and everyt > 0,
consider el
. . t . . 8
H(X,zt) = A andv(x,zt) := TR
Then (R,u,v,%,0) is an intuitionistic fuzzy 2
normed space. Now we define a sequenee(x) by

for n— [VAs] +1<k<nn¢A
N—An+1<k<nneA
otherwise

Thenx ¢ m(X) and for everye >0 (0 < € < 1) since

v

A -0

/\_ln H{keln:pu(x—0,zt) <l—corv(x—0,zt) > €}| =
asn — oo andn ¢ A, so for everyd > 0,
{neN: Llke It p(—0.2t) <1-eorv(x—0.zt) > €} za} CAU{1,2,...m}

for somem € N. Since.¥ is admissible, it follows that
X — 0 (Sf\“‘w (ﬂ)) . Obviously

1 Z (U(x—8,zt) orv(xx—6,zt)) —
)\n kEn

i.e. x - OV,A]#V2 (7). Note that ifA € .7 is finite
then x¢ - 9(8&“’\')2). This example also shows that
7
Sf\“ Yl2_convergence.

(i) Suppose that, — L (Sf\“’v)2 (ﬂ)) andx € m(X).
Letpu(xx—L,zt) >1—-Morv(xc—L,zt) <M VK. Let
€ > 0 be given. Now

L > (H(x—L,zt) orv(x—L,zt))

An KeT,

1

S&“’Wz-convergence is more general than

=5 (U(xx—L,zt) orv(x—L,zt))+
Mkely & p(x—L,zt)<l—¢
v(x—L,zt)>e

1

+ (U (x—L,zt) orv(x—L,zt))

An Keln & H(x—L,zt)>1—¢
v(x—L,zt)<e

M
< ~ Kkelh:u(x—L,zt)<l-corv(xx—L,zt) > €e}|+¢.
n

Note that
{neN: = {kelh: px—Lzt) <l-eorv(x—L,zt) > e}[> ﬁ}
A(e) € £lfne (A(g))° then

/.l(xk—L,z;t)>1—2£ori

v(x«—L,zt) < 2¢e.
An keTh

An keTh
Hence

{neN: %kzl u(xk—L,z;t)gl—ZaorA—lnkzl V(X —L,zt) 225} CA(g)
&l Ein

and so belongs to .#. This shows that

X — LIV, AJ V2 (7).
(iii) This readily follows from(i) and(ii) .

Theorem 3Let (X, U,v,*,{) bean intuitionistic fuzzy 2—
normed space. Then SHY(#) c SV (») if
lim inf 40> 0,

n—oo
Proof.(i) For givene > 0,

%\{kg n:u(xx—L,zt)<l-gorv(x—L,zt) > e}

Y

%\{ke In:U(x—L,zt)<l—corv(x—L,zt) > e}
> A—r:}\i {keln:u(x—L,zt) <l—eorv(x—L,zt) > ¢e}.
n
iflim inf % — o then from definition{ne N: % < g}
n—o0
is finite. Ford > 0,

{neN:

C {neN:

u{neN:ﬁ<g}.
n 2

Since .# is admissible, the set on the right-hand side
belongs ta# and this completed the proof.

)\i Hkeln:pu(x—Lzt)<l—egorv(x—L,zt) > e} > 6}
n

%\{ke In:p(—Lzt)<l-gorv(x—L,zt) > e} > %6}
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