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Abstract: The aim of this paper is to use the concept of id&aio study ideal bitopological ordered spa¢¥s1, 12, R, .#). Clearly, if

% = { @}, then every ideal bitopological ordered spaces are bitgichl ordered spaces. In addition, 4f = { ¢} andRis the equality
relation "A”, then every ideal bitopological ordered spaces are bltapoal spaces. Therefore, these spaces are generalizidtihe
bitopological ordered spaces and bitopological spacesisrand a subsequent paper, we use the notioA-oficreasing (decreasing)
sets which based on the ided], to introduce separation axioms in ideal bitopologicaleved! spaces. Whereas this paper is devoted
to the axioms#PTj, (i = 0,1, 2) in part Il the axioms#PTj, (i = 3,4,5) and.# PR;-ordered spaceg,= 0,1,2,3,4 are introduced and
studied. Some important results related these separdtamesobtained and the relationship between these axiomthaipdevious one
has been given.

Keywords: Bitopological ordered spaces, separation axioms, ideals.
Mathematics Subject Classification (2010§4F05, 54E55, 54D10.

1 Introduction The object of the present paper is to use the ideal
properties to study ideal bitopological ordered space
Topological spaces have been generalized by many way$X, 11, T2, R,,.#) which is a generalization of the study of
A topological ordered spadeX, T,R) is a setX endowed  bitopological ~ordered  spaces (X,1,72,R) and
with both a topologyr and a partially order relatioRon  bitopological spacéX, 11, 72). Every ideal bitopological
X. The study of order relations in topological spaces wasordered spaceX,11,72,R,.#) can be regarded as a
initiated by Nachbin10] in 1965. bitopological ordered spad&, 71, 72, R) if .# = {¢} and
can be regarded as bitopological spaCé 11,12) if
4 = {@},R is the equality relation A”. Separation
In 1963 Kelly [7] was introduced a bitopological space axioms PTi,i = 0,1,2 are studied on the space
(X,T1,T2) as a richer structure than topological space. In(X,T1,72,R,.#) which based on the notion of
1971 Singal and Singal 1p] were studied the --increasing (decreasing) set].[ In addition, the
bitopological ordered spacéX,T:,T>,R) which is a relationship between_these axioms and the axioms,in [
generalization of the study of general topological spacelZ have been obtained. Moreover, we show that the
bitopological space and topological ordered space. Everproperties of beingsPTi-ordered spaces,= 0,12 are
bitopological ordered spad, 71, T2, R) can be regarded Preserved under a bijective, P-open and order (reverse)
as a bitopological spacéX,11,1,) if R is the equality ~€mbedding mappings (see Theorems 3.2, 3.6).
relation "A” and every bitopological spadeX, 11, 12) can ~ Furthermore, it is proved that the property of being
be regarded as a topological spa¥et) if T, = T = T. #PTi-ordered spaces,= 0,1,2 is hereditary property
Also, every bitopological ordered spat¥,11,72,R) can  (See Theorems 3.4, 3.7).
be regarded as a topological ordered spgXer,R) if
T1=T2=T.
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2 Preliminaries

pairwise T;(PTy, for and

UPT;-ordered space.

short), if it is LPTy

In this section, we collect the relevant definitions and Definition 2.10[12] A bto-space(X, 11,12, R) is said to

results from bitopological ordered spaces,
separation axioms and mappings.
Definition 2.1[10] Let (X,R) be a poset. AseAC X is

said to be

1.Increasing if for evern € A andx € X such thaiaRx,
thenx € A.

2.Decreasing if for everg € A andx € X such thakRa,
thenx € A.

Definition 2.2. A mappingf : (X,R) — (Y,R") is called

l.Increasing (decreasing) if/xi,xo € X such that
X1 = f(x1)Rf (%) (f ()R F(x0)) [10].

2.0rder embedding ifxg, x> € X, x1Rxx <
f(x)R F(xp) [13).

3.0rder reverse embeddingviky, xo € X, X1 RX <
()R (x) [1]

Definition 2.3.[4] Let X be a non-empty set. A clagsof
subsets oiX is called a topology oiX iff T satisfies the
following axioms.

1X,perT.
2.An arbitrary union of the members ofis in 7.
3.The intersection of any two setsiris in 7.

The members of are then called-open sets, or simply

open sets. The paijiX, 1) is called a topological space. A
subsefA of a topological spacgX, 1) is called a closed set

if its complemenA/ is an open set.

Definition 2.4[7] A bitopological space (bts, for short) is

atriple(X, 11, 12), wherer; andt, are arbitrary topologies
for a setX.
Definition 2.5[8,11] A function f : (X1, T1,T2) —

(X2,n1,12) is called

1.p.continuous (respectively p.open, p.closed)
f o (X, 1) = (Xg,ni),i = 1,2 are continuous
(respectively open, closed ).

2.p.homeomorphismif : (Xq,Ti) — (X2, ni),i = 1,2 are
homeomorphism.

Definition 2.6[12] A bitopological
(bto-space, for short) has the for(iX, 11, 72,R), where
(X,R) is a poset andX, 11, 72) is a bts.

Definition 2.7 [12A bto-spaceX, 11, T2, R) is said to be

1.Lower pairwiseT;(LPT;, for short)-ordered space if

for every a,b € X such thataRb, there exists an
increasingri-nbdU of asuchthab ¢U,i =1 or 2.

2.Upper pairwisel (UPT;, for short)-ordered space if

for every a,b € X such thataRb, there exists a
decreasingi-nbdV of b such that ¢ V,i = 1 or 2.

Definition 2.8.[12] A bto-space(X, 11, T2, R) is said to be
PTp-ordered space if it i$PT; or UPT; ordered space.
Definition 2.9[12] A bto-space(X, 11, T2, R) is said to be

ordered space

lower e pairwiseT,(PT, for short), if for everya,b € X such

that aRb, there exist an increasing-nbd U of a and a
decreasing;j-nbdV of b such that NV = ¢.
Definition 2.11]5] A non-empty collections of subsets

of a setX is called an ideal ornX, if it satisfies the
following conditions

1Ac . andBe .¥ = AUBc .#.
2Ac FandBCA=Bc .7.

Definition 2.12[2] Let (X,R) be a poset and” C P(X)
be anideal orX. Then, a seA C X is called:

1.7-increasing set ifaRNA € .7 Va € A, whereaR =
{b: (a,b) e R}.

2.7 -decreasing set ifRaNA € .7 Va € A, whereRa =
{b: (b,a) € R}.

Theorem 2.1[2] Let f: (X,R,.¥) — (Y,R",f(.#)) be a
bijective function and order embedding. Then for every
Z-increasing (decreasing) subsét of X, f(A) is
f(#)-increasing (decreasing) subsetyof

Corollary 2.1.[2] Let f : (X,R,.#) — (Y,R",f(.#)) be a
bijective function and order embedding. B C Y is
f(.#)-increasing  (decreasing), thenf~1(B) is
Z-increasing (decreasing) subsetaf

Theorem 2.2[2] Let f: (X,R,.¥) — (Y,R",f(.#)) be a
bijective function and reverse embedding. Then for every
Z-increasing (decreasing) subsét of X, f(A) is
f(.#)-decreasing (increasing) subsetyof

Corollary 2.2.[2] Let f : (X,R,.#) — (Y,R",f(.#)) be a
bijective function and order reverse embeddingB i£ Y

is f(#)-increasing (decreasing), thenf~%(B) is
#-decreasing (increasing) subsebof

3 ZP-Separation axioms

The aim of this section is to introduce new separation
axioms .#PT;-ordered spaces, = 0,1,2 on the space
(X,11,72,R .#) which based on the notion of
Z-increasing (decreasing) set®].[ In addition, the
relationship between these axioms and the axiom&2h [
are obtained. Moreover, it is proved that the property of
being.#PTi-ordered spaces= 0,1,2 is invariant under a
bijective, P-open and order embedding mapping (order
reverse embedding mapping). Furthermore, it is proved
that the property of beingZ PT;i-ordered spaces=0,1,2
is hereditary property.

Definition 3.1. A space(X, 11, T2, R,.¥) is called an ideal
bitopological ordered space if(X,11,72,R) is a
bitopological ordered space and C P(X) is an ideal on
X.

Remark 3.1. Every ideal bitopological ordered space
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(X,11,12,R .#) can be regarded as a bitopological Definition 2.9.

ordered spacgX,11,172,R) if # = {@} and can be
regarded as bitopological spat€, 11, 12) if & = {¢@},R

is the equality relationA”.

Definition 3.2. An ideal bitopological ordered space

(X,11,12,R .¥) is said to be

1.7 lower PT1(#LPTy, for short)-ordered space if for
every a,b € X such that aRb, there exists an
#-increasingti-open setU such thata € U and
bgU,i=1or2.

2.7 upperPTi(#UPTy, for short)-ordered space if for
every a,b € X such thataRb, there exists an
#-decreasingrij-open setV such thatb € V and
agV,i=1or2.

Definiton 3.3. (X,11,12,R.) is said to be
#PTp-ordered space if it is#LPT; or .#UPT; ordered
space.

Example 3.1.LetX = {1,2,3,4},R=AU{(1,4),(1,3),

(2,3),(4.3)}, 7 ={0 {1},{3},{1,3}}, n = {X, 0,
{1}.{1,2},{1,4},{1,2,4}}, .= {X,9,{2,3},{1,2,3},
{2,3,4}}. Then, (X,11,12,R,.#) is #UPTy-ordered
space and consequently it is#PTy-ordered space.
Example 3.2.In Example3, let .# = {¢,{3},{4},
{3,4}},T1={X,QD,{\?’},{1,2},{1,2,3},{1,2,4}},T2=
{X,0,{3,4},{1,3,4},{2,3,4}}. Then,(X, 11, T2, R, .¥)

is ZLPTp-ordered space and consequently it is

#PTp-ordered space.

The following proposition gives the relationship
between Definition 3.3 and Definition 2.87].
Proposition 3.1. Let (X,11,12,R,.¥) be an ideal

bitopological ordered space. Then,

PTo-ordered spaces- .# PTy-ordered spaces.

Proof. The proof follows directly from the definitions of
PTo-ordered spaces andPTg-ordered spaces.

Example 3.1 shows that(X,11,72,R %) is
#PTp-ordered space, but n&XTp-ordered space since, it
is notUT;-ordered space and nbff;-ordered space (as,
1R2, all decreasingri-open sets which contain 2 also
containing 1. Also, B2, all increasing-open sets which
contain 3 also containing 2).

Definition 3.4. An ideal bitopological ordered space
(X,11,12,R .¥) is said to be#PT;-ordered space iff it is
#LPT; and.#UPT; ordered space.

Example 3.3.Let 1y = {X, 9,{3},{2,3},{3,4},{2,3,

4}}7 T2 = {X7 o, {1}7 {17 2}7 {17 3}7 {174}7 {17 27 3}7
{1,2,4},{1,3,4}} in Example 3.1. ThenX, 11, 12,R, .¥)

is /PT;-ordered space.

Theorem 3.1. Let (X,11,72,R.#) be an ideal

bitopological ordered space. Then,

PT:-ordered spaces = ZPT;-ordered spaces
= ./ PTp-ordered space.

Proof. The proof follows directly from the definitions of
PTi-ordered spaces, .#PTp-ordered space and
#PTy-ordered spaces.

Example 3.3 shows that(X,11,72,R,.%) is
#PTy-ordered space, but n®XT;-ordered space, since it
is not UT;-ordered space (asR2 and all decreasing
Tj-open sets which contain 2 also containing 1

Example 3.1 (Example 3.2) shows ttixt 11, 72, R, .%)
is #PTp-ordered space, but not PT;-ordered space.

The following theorem shows that the property of being
#PTi-ordered spacd,= 0,1 is preserved by a bijective,
P-open and order (reverse) embedding mapping.
Theorem 3.2.If (X,11,12,R,.¥) is #PTi-ordered space,
f: (X, 1,R7)— (Y,n1,n2,R, f(.¥)) is a bijective,
P-open and order embedding mapping (order reverse
embedding mapping). Then(Y,ni,n2, R, f(.7)) is
f(.#)PTi-ordered space= 0, 1.

Proof.

We prove the theorem in case= 0, order embedding
mapping and the other case is similar. Dét11, 75, R, .¥)
and (Y,n1,n2,R*, f(#)) be two ideal bitopological
ordered spaces such thatX,11,72,R.¥) is a
JPTp-ordered space and: (X, 11,72,R, %) —
(Y,n1,n2,R*, f(.#)) be a bijective,P-open and order
embedding mapping. Ley;,y> € Y such thaty;R¥ys,.
Then, there exist Xx;,x» € X such that
f(Xl) =V, f(Xz) =Y andxlﬁxz. As (X, 11,12, R, f) isa
#PTp-ordered space, then there exists.dnincreasing
Ti-open setOy, such thatxy ¢ Oy, or an.#-decreasing
Ti-open seDy, such thai; ¢ Oy,. Sincef is P-open and
by Theorem 2.1f(Oy,) is f(.#)-increasingn;-open set
containsyy,y» & f(Oy,) or f(Oy,) is f(.#)-decreasing
ni-open set contains y»,y1 ¢ f(Oy,). Hence,
(Y,n1,n2, R, f(#)) is af(#)PTy-ordered space.

Let Y € X and R be a relation onX. Then,
Ry := RN (Y xY) is a relation onY and is called the
relation induced byR on Y. If a relation has any
properties of reflexivity, transitivity, symmetry and
anti-symmetry, then the properties are inherited by
induced relationsg].

The following theorem studies the relationship between If (X,71,.#) is an ideal topological space amdis a
the current Definitions 3.3, 3.4 and the previoussubset ofX, then (A 1a,-#a), Where 15 is the relative
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topology onA and 45 = {ANJ:J e .}, is an ideal Theorem 3.5. Let (X,11,72,R,.#) be an ideal

topological subspacé]. bitopological ordered space. Then,

Theorem 3.3.Let (X,R,.#) be an ideal ordered space. If pT,-ordered  spaces = ./PT,-ordered spaces
A C X,(A/Ra,#a) is an ideal ordered subspace of = .#PT;-ordered space.

(X,R,.#) andB is an.#-increasing (decreasing) set, then  Proof. The proof follows directly from the definitions
BN Ais an.Za-increasing (decreasing) set. of PT,-ordered spaces¢ PT;-ordered space andPT,-
Proof. ordered spaces.

The proof for both parts are similar. So, we only present
the proof for the part not in the parentheses. We want to

. . . - Example 3.4 shows that(X,11,72,R %) is
roveBN A s an.Za-increasing set (i.e if the complement )11 12,1 _
gf BN A with rgspect tog\ is (A\ (BN A), pthen 7 PTy-ordered space, but n&T,-ordered space asR2,

A\ (BNA BNA). and all increasing-open sets which contain 1 are the
XRaN[A\ (BAA] € Savx e BNA). So, setsX, {1, 3,4}, intersect the only decreasirrg-open set

XRaN[A\ (BNA)] =xRaN[(X\B)NA] X which contains 2.
= (XRNA)N[B' NA]

/ Example 3.3 shows that(X,11,12,R %) is
=XRNB NA JPT;-ordered space, but no¥PT,-ordered space as,

. . r . / 1R2 and all.#-increasingr,-open sets which contains 1
SinceB is an .“-increasing set, sBRNB € .# Vx € B. and not contain 2 are the sefd,4},{1,3,4} and all

ConsequentiyRNB NA € Ja Yx € BNA, whichfollows 7 yecreasingr-open set which contains 2 are the sets
thatBN Ais an.#a-increasing set. X.{2,3.4}, while {14} n {234} = {4} ¢
7,{1,3,4t n {2,34} = {34} ¢ 7 {14 NnX =

The following theorem shows that the property of being {14 ¢ 7 {134 nX = {134} ¢ 7.

#PTi,-ordered spacei = 0,1 is a hereditary property.
Theorem 3.4. Let (X,11,72,R .¥) be .#PT-ordered On account of Proposition 3.1, Theorems 3.1, 3.5 and

_ : 6,12], we have the following corollary.
space. Then every subspace .gfPT;-ordered space is [ ; . :
also.7xPT-ordered spacéi — 0, 1). Corollary 3.1. For an ideal bitopological ordered space

(X,11,72,R .#), we have the following implications:

Proof.

We give a pI’OOf in caséi =0 and the caseé =1 is 7PT, — ordered space = .# PT; — ordered space = .# PT, — ordered space
similar). Let (X,11,72,R .¥) be .#PTy-ordered space, 1 1 1

(A, T1A, T2A, RA, f/.\) be any subspace c(b(, T1, T2, R, f) PT, — ordered space = PT; — ordered space = PT, — ordered space
anda,b € A such thataRab, it follows that aRb. Since 1 L v

(X,Tl,Tz,R, f) is #PTg-ordered, then there exists an P*T, — ordered space = P*T; — ordered space = P*Ty — ordered space
Z-increasingr-open set such thaae U andb ¢ U or

there exists ans-decreasingri-open setV such that i ,
beV anda¢ V,i =1 or 2. By Theorem 3.3 there exists | he following theorem shows that the property of being
(Za-increasingria-open setG such thata € G = ANU JPTp-ordered space is preserved by a bijectReypen
and b ¢ G = AnU) or there exists .¢a-decreasing ~2and order (reverse) embedding mapping.

Tia-open setH such thatb € H = AnV and Theorem 3.6.If (X,11,12,R.7) is a .#PT-ordered
ad H = AnNV). Hence, (AT, Toa,Ra,7a) IS space,f : (X,11,12,R ) — (Y,n1,n2, R, f(.¥)) is a
IaPTy-ordered. bijective,P-open and order (reverse) embedding mapping.
Definition 3.5An ideal bitopological ordered space Then,(Y,ni,nz,R*, f(.7)) is f(.#)PT;-ordered space.
(X,71,72,R .#) is said to be#PT,-ordered space iff for Proof._ We give a proof in the case of order embeddmg
all a,b € X such thataRb, there exists an/-increasing MapPping and the case of order reverse embedding
1-open seD, and an.#-decreasing;-open seD, such ~ Mapping s similar.

thatO, N0y € 7.

Example 3.4.In Example 3.1 take” = {¢,{1},{2}, Let y1,y2 € Y be such that;R*y,. Then, there exist
{4}7{172}7{174}7{274}7{17274}}(°ﬁ:P(X))ﬂTl: X1,X2 € va(xl) - ylaf(XZ) =Y and XlﬁXZ- As
{X,0,{3},{4},{2,4},{3,4},{1,3,4},{2,3,4} }, o = (X,11,72,R .¥) is a.# PT,-ordered space, then there exist
{X,0,{1},{1,2},{1,3},{1,4},{1,2,3},{1,2,4}, an .Z-increasing ti-open setU contains x; and an
{1,3,4}}. It is clear that (X,11,12,R.¥) is #-decreasingtj-open setV contains x such that
#PT,-ordered space. UnV e .#. Sincef is P-open and by Theorem 2.1(U)

is f(.#)-increasingni-open set containg; = f(x;) and

f(V) is f(#)-decreasing)j-open set containg = f(x)

The following theorem studies the relationship betweensuch that f(U) n f(V) = f(UNV) € f(#). Hence,
Definitions 3.4, 3.5 and Definition 2.1Q72]. (Y,n1,n2, R, f(#)) is f(.#)PTr-ordered space.
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The following theorem shows that the property of being [8] D. N. Misra and K. K. Dube, PairwisBy-space, Ann. Soc.

JPTy-ordered space is a hereditary property.
Theorem 3.7. Let (X,11,72,R .#) be #PTy-ordered

space. Then, every subspace .6PT,-ordered space is

[91G. M. Murdeshwar,

Sci. Bruxelles 87 1976-315.
General Topology, New Age
International (P) Ltd., Publishers 1990.

_ [10] L. Nachbin, Topology and order, Van
also.7xPT,-ordered space. NostrandMathematical studies, Princeton, New Jersey
Proof. 1965

Let (X,n1,2,R.¥) be a PT,-ordered space,
(A, T1a, T2a, Ra, #a) be any subspace diX, 11, 12,R, %)
and a,b € A such thataRab. Since (X,11,12,R .#) is
#PT,-ordered, then there exists af-increasingr-open
set O and an.7-decreasingrj-open setOp such that

[11] M.K. Singal and A.R. Singal, Some more separation asiom

in bitopological spaces. Ann. Soc. Sci. Bruelles 84 1970
207-230.

[12] M. K. Singal and A.R. Singal, Bitopological ordered spas,

Math. student XXXIX 1971 440447.

0aNOp € #. By Theorem 3.3 there exists an [13]X. Q. Xu and Y. M. Liu, Regular relations and strictly

Za-increasingria-open setG such thatae G = AN Oy

and an #x-decreasing Tja-open set H such that
beH=AN0O, GNH =AN(04N0p) € a. Hence,
(A, T1a, T2a, Ra, #a) is ZaPTr-ordered.

4 Conclusion

In this paper, we use the notion of-increasing (dec)
sets P], which based on the notion of ideaV, to
generate new separation axiomdt;,i = 0,1,2 on ideal
bitopological ordered spad&, 11,72,R, .#). These types
of separation axioms are a generalization of the previous
one [6,12]. Some properties of these separation have been
obtained. In the future, we study the separation axioms

JPh,i = 3,45 and PRj-ordered spaces,
j=0,1,23 4.
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