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Abstract: The aim of this paper is to use the concept of idealI to study ideal bitopological ordered spaces(X ,τ1,τ2,R,I ). Clearly, if
I = {φ}, then every ideal bitopological ordered spaces are bitopological ordered spaces. In addition, ifI = {φ} andR is the equality
relation ”∆ ”, then every ideal bitopological ordered spaces are bitopological spaces. Therefore, these spaces are generalization of the
bitopological ordered spaces and bitopological spaces. Inthis and a subsequent paper, we use the notion ofI -increasing (decreasing)
sets which based on the idealI , to introduce separation axioms in ideal bitopological ordered spaces. Whereas this paper is devoted
to the axiomsI PTi,(i = 0,1,2) in part II the axiomsI PTi,(i = 3,4,5) andI PR j-ordered spaces,j = 0,1,2,3,4 are introduced and
studied. Some important results related these separationshave obtained and the relationship between these axioms andthe previous one
has been given.
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1 Introduction

Topological spaces have been generalized by many ways.
A topological ordered space(X ,τ,R) is a setX endowed
with both a topologyτ and a partially order relationR on
X . The study of order relations in topological spaces was
initiated by Nachbin [10] in 1965.

In 1963 Kelly [7] was introduced a bitopological space
(X ,τ1,τ2) as a richer structure than topological space. In
1971 Singal and Singal [12] were studied the
bitopological ordered space(X ,τ1,τ2,R) which is a
generalization of the study of general topological space,
bitopological space and topological ordered space. Every
bitopological ordered space(X ,τ1,τ2,R) can be regarded
as a bitopological space(X ,τ1,τ2) if R is the equality
relation ”∆ ” and every bitopological space(X ,τ1,τ2) can
be regarded as a topological space(X ,τ) if τ1 = τ2 = τ.
Also, every bitopological ordered space(X ,τ1,τ2,R) can
be regarded as a topological ordered space(X ,τ,R) if
τ1 = τ2 = τ .

The object of the present paper is to use the ideal
properties to study ideal bitopological ordered space
(X ,τ1,τ2,R, ,I ) which is a generalization of the study of
bitopological ordered spaces (X ,τ1,τ2,R) and
bitopological space(X ,τ1,τ2). Every ideal bitopological
ordered space(X ,τ1,τ2,R,I ) can be regarded as a
bitopological ordered space(X ,τ1,τ2,R) if I = {φ} and
can be regarded as bitopological space(X ,τ1,τ2) if
I = {φ},R is the equality relation ”∆ ”. Separation
axioms I PTi, i = 0,1,2 are studied on the space
(X ,τ1,τ2,R,I ) which based on the notion of
I -increasing (decreasing) sets [2]. In addition, the
relationship between these axioms and the axioms in [6,
12] have been obtained. Moreover, we show that the
properties of beingI PTi-ordered spaces,i = 0,1,2 are
preserved under a bijective, P-open and order (reverse)
embedding mappings (see Theorems 3.2, 3.6).
Furthermore, it is proved that the property of being
I PTi-ordered spaces,i = 0,1,2 is hereditary property
(see Theorems 3.4, 3.7).
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2 Preliminaries

In this section, we collect the relevant definitions and
results from bitopological ordered spaces, lower
separation axioms and mappings.
Definition 2.1.[10] Let (X ,R) be a poset. A setA ⊆ X is

said to be

1.Increasing if for everya ∈ A andx ∈ X such thataRx,
thenx ∈ A.

2.Decreasing if for everya ∈ A andx ∈ X such thatxRa,
thenx ∈ A.

Definition 2.2.A mapping f : (X ,R)→ (Y,R∗) is called

1.Increasing (decreasing) if∀x1,x2 ∈ X such that
x1Rx2 ⇒ f (x1)R∗ f (x2)( f (x2)R∗ f (x1)) [10].

2.Order embedding if∀x1,x2 ∈ X ,x1Rx2 ⇔
f (x1)R∗ f (x2) [13].

3.Order reverse embedding if∀x1,x2 ∈ X ,x1Rx2 ⇔
f (x2)R∗ f (x1) [1].

Definition 2.3. [4] Let X be a non-empty set. A classτ of
subsets ofX is called a topology onX iff τ satisfies the
following axioms.

1.X ,φ ∈ τ.
2.An arbitrary union of the members ofτ is in τ.
3.The intersection of any two sets inτ is in τ.

The members ofτ are then calledτ-open sets, or simply
open sets. The pair(X ,τ) is called a topological space. A
subsetA of a topological space(X ,τ) is called a closed set
if its complementA

′
is an open set.

Definition 2.4.[7] A bitopological space (bts, for short) is

a triple(X ,τ1,τ2), whereτ1 andτ2 are arbitrary topologies
for a setX .

Definition 2.5.[8,11] A function f : (X1,τ1,τ2)→

(X2,η1,η2) is called

1.p.continuous (respectively p.open, p.closed) if
f : (X1,τi) → (X2,ηi), i = 1,2 are continuous
(respectively open, closed ).

2.p.homeomorphism iff : (X1,τi)→ (X2,ηi), i = 1,2 are
homeomorphism.

Definition 2.6.[12] A bitopological ordered space
(bto-space, for short) has the form(X ,τ1,τ2,R), where
(X ,R) is a poset and(X ,τ1,τ2) is a bts.
Definition 2.7.[12]A bto-space(X ,τ1,τ2,R) is said to be

1.Lower pairwiseT1(LPT1, for short)-ordered space if
for every a,b ∈ X such thataRb, there exists an
increasingτi-nbdU of a such thatb 6∈U, i = 1 or 2.

2.Upper pairwiseT1(UPT1, for short)-ordered space if
for every a,b ∈ X such that aRb, there exists a
decreasingτi-nbdV of b such thata 6∈V, i = 1 or 2.

Definition 2.8.[12] A bto-space(X ,τ1,τ2,R) is said to be
PT0-ordered space if it isLPT1 or UPT1 ordered space.
Definition 2.9.[12] A bto-space(X ,τ1,τ2,R) is said to be

pairwise T1(PT1, for short), if it is LPT1 and
UPT1-ordered space.
Definition 2.10.[12] A bto-space(X ,τ1,τ2,R) is said to

be pairwiseT2(PT2, for short), if for everya,b ∈ X such
that aRb, there exist an increasingτi-nbd U of a and a
decreasingτ j-nbdV of b such thatU ∩V = φ .
Definition 2.11.[5] A non-empty collectionI of subsets

of a set X is called an ideal onX , if it satisfies the
following conditions

1.A ∈ I andB ∈ I ⇒ A∪B ∈ I .

2.A ∈ I andB ⊆ A ⇒ B ∈ I .

Definition 2.12.[2] Let (X ,R) be a poset andI ⊆ P(X)
be an ideal onX . Then, a setA ⊆ X is called:

1.I -increasing set iffaR∩A
′
∈ I ∀a ∈ A, whereaR =

{b : (a,b) ∈ R}.
2.I -decreasing set iffRa∩A

′
∈ I ∀a ∈ A, whereRa =

{b : (b,a) ∈ R}.

Theorem 2.1.[2] Let f : (X ,R,I ) → (Y,R∗
, f (I )) be a

bijective function and order embedding. Then for every
I -increasing (decreasing) subsetA of X , f (A) is
f (I )-increasing (decreasing) subset ofY .
Corollary 2.1.[2] Let f : (X ,R,I ) → (Y,R∗

, f (I )) be a

bijective function and order embedding. IfB ⊆ Y is
f (I )-increasing (decreasing), then f−1(B) is
I -increasing (decreasing) subset ofX .
Theorem 2.2.[2] Let f : (X ,R,I ) → (Y,R∗

, f (I )) be a

bijective function and reverse embedding. Then for every
I -increasing (decreasing) subsetA of X , f (A) is
f (I )-decreasing (increasing) subset ofY .
Corollary 2.2.[2] Let f : (X ,R,I ) → (Y,R∗

, f (I )) be a

bijective function and order reverse embedding. IfB ⊆ Y
is f (I )-increasing (decreasing), thenf−1(B) is
I -decreasing (increasing) subset ofX .

3 I P-Separation axioms

The aim of this section is to introduce new separation
axioms I PTi-ordered spaces,i = 0,1,2 on the space
(X ,τ1,τ2,R,I ) which based on the notion of
I -increasing (decreasing) sets [2]. In addition, the
relationship between these axioms and the axioms in [12]
are obtained. Moreover, it is proved that the property of
beingI PTi-ordered spaces,i = 0,1,2 is invariant under a
bijective, P-open and order embedding mapping (order
reverse embedding mapping). Furthermore, it is proved
that the property of beingI PTi-ordered spaces,i = 0,1,2
is hereditary property.
Definition 3.1. A space(X ,τ1,τ2,R,I ) is called an ideal

bitopological ordered space if(X ,τ1,τ2,R) is a
bitopological ordered space andI ⊆ P(X) is an ideal on
X .
Remark 3.1. Every ideal bitopological ordered space
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(X ,τ1,τ2,R,I ) can be regarded as a bitopological
ordered space(X ,τ1,τ2,R) if I = {φ} and can be
regarded as bitopological space(X ,τ1,τ2) if I = {φ},R
is the equality relation ”∆ ”.
Definition 3.2. An ideal bitopological ordered space

(X ,τ1,τ2,R,I ) is said to be

1.I lower PT1(I LPT1, for short)-ordered space if for
every a,b ∈ X such that aRb, there exists an
I -increasingτi-open setU such thata ∈ U and
b 6∈U, i = 1 or 2.

2.I upperPT1(IUPT1, for short)-ordered space if for
every a,b ∈ X such that aRb, there exists an
I -decreasingτi-open setV such thatb ∈ V and
a 6∈V, i = 1 or 2.

Definition 3.3. (X ,τ1,τ2,R,I ) is said to be
I PT0-ordered space if it isI LPT1 or IUPT1 ordered
space.
Example 3.1.Let X = {1,2,3,4},R = ∆ ∪{(1,4),(1,3),

(2,3),(4,3)},I = {φ ,{1},{3},{1,3}},τ1 = {X ,φ ,
{1},{1,2},{1,4},{1,2,4}},τ2= {X ,φ ,{2,3},{1,2,3},
{2,3,4}}. Then, (X ,τ1,τ2,R,I ) is IUPT0-ordered
space and consequently it isI PT0-ordered space.
Example 3.2.In Example3, let I = {φ ,{3},{4},

{3,4}},τ1 = {X ,φ ,{3},{1,2},{1,2,3},{1,2,4}},τ2=
{X ,φ ,{3,4},{1,3,4},{2,3,4}}. Then,(X ,τ1,τ2,R,I )
is I LPT0-ordered space and consequently it is
I PT0-ordered space.

The following proposition gives the relationship
between Definition 3.3 and Definition 2.8 [12].
Proposition 3.1. Let (X ,τ1,τ2,R,I ) be an ideal

bitopological ordered space. Then,
PT0-ordered spaces⇒ I PT0-ordered spaces.
Proof. The proof follows directly from the definitions of
PT0-ordered spaces andI PT0-ordered spaces.

Example 3.1 shows that (X ,τ1,τ2,R,I ) is
I PT0-ordered space, but notPT0-ordered space since, it
is notUT1-ordered space and notLT1-ordered space (as,
1R2, all decreasingτi-open sets which contain 2 also
containing 1. Also, 3R2, all increasingτi-open sets which
contain 3 also containing 2).
Definition 3.4. An ideal bitopological ordered space

(X ,τ1,τ2,R,I ) is said to beI PT1-ordered space iff it is
I LPT1 andIUPT1 ordered space.
Example 3.3.Let τ1 = {X ,φ ,{3},{2,3},{3,4},{2,3,

4}},τ2 = {X ,φ ,{1},{1,2},{1,3},{1,4},{1,2,3},
{1,2,4},{1,3,4}} in Example 3.1. Then,(X ,τ1,τ2,R,I )
is I PT1-ordered space.

The following theorem studies the relationship between
the current Definitions 3.3, 3.4 and the previous

Definition 2.9.
Theorem 3.1. Let (X ,τ1,τ2,R,I ) be an ideal

bitopological ordered space. Then,
PT1-ordered spaces ⇒ I PT1-ordered spaces
⇒ I PT0-ordered space.
Proof. The proof follows directly from the definitions of
PT1-ordered spaces, I PT0-ordered space and
I PT1-ordered spaces.

Example 3.3 shows that (X ,τ1,τ2,R,I ) is
I PT1-ordered space, but notPT1-ordered space, since it
is not UT1-ordered space (as 1R2 and all decreasing
τi-open sets which contain 2 also containing 1).

Example 3.1 (Example 3.2) shows that(X ,τ1,τ2,R,I )
is I PT0-ordered space, but notI PT1-ordered space.

The following theorem shows that the property of being
I PTi-ordered space,i = 0,1 is preserved by a bijective,
P-open and order (reverse) embedding mapping.
Theorem 3.2.If (X ,τ1,τ2,R,I ) is I PTi-ordered space,

f : (X ,τ1,τ2,R,I ) → (Y,η1,η2,R∗
, f (I )) is a bijective,

P-open and order embedding mapping (order reverse
embedding mapping). Then,(Y,η1,η2,R∗

, f (I )) is
f (I )PTi-ordered space,i = 0,1.
Proof.
We prove the theorem in casei = 0, order embedding
mapping and the other case is similar. Let(X ,τ1,τ2,R,I )
and (Y,η1,η2,R∗

, f (I )) be two ideal bitopological
ordered spaces such that(X ,τ1,τ2,R,I ) is a
I PT0-ordered space andf : (X ,τ1,τ2,R,I )→
(Y,η1,η2,R∗

, f (I )) be a bijective,P-open and order
embedding mapping. Lety1,y2 ∈ Y such thaty1R∗y2.
Then, there exist x1,x2 ∈ X such that
f (x1) = y1, f (x2) = y2 andx1Rx2. As (X ,τ1,τ2,R,I ) is a
I PT0-ordered space, then there exists anI -increasing
τi-open setOx1 such thatx2 6∈ Ox1 or an I -decreasing
τi-open setOx2 such thatx1 6∈ Ox2. Since f is P-open and
by Theorem 2.1,f (Ox1) is f (I )-increasingηi-open set
containsy1,y2 6∈ f (Ox1) or f (Ox2) is f (I )-decreasing
ηi-open set contains y2,y1 6∈ f (Ox2). Hence,
(Y,η1,η2,R∗

, f (I )) is a f (I )PT0-ordered space.

Let Y ⊆ X and R be a relation on X . Then,
RY := R ∩ (Y ×Y ) is a relation onY and is called the
relation induced byR on Y . If a relation has any
properties of reflexivity, transitivity, symmetry and
anti-symmetry, then the properties are inherited by
induced relations [9].

If (X ,τ,I ) is an ideal topological space andA is a
subset ofX , then (A,τA,IA), where τA is the relative
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topology onA and IA = {A ∩ J : J ∈ I }, is an ideal
topological subspace [3].
Theorem 3.3.Let (X ,R,I ) be an ideal ordered space. If

A ⊆ X ,(A,RA,IA) is an ideal ordered subspace of
(X ,R,I ) andB is anI -increasing (decreasing) set, then
B∩A is anIA-increasing (decreasing) set.
Proof.
The proof for both parts are similar. So, we only present
the proof for the part not in the parentheses. We want to
proveB∩A is anIA-increasing set (i.e if the complement
of B ∩ A with respect to A is A \ (B ∩ A), then
xRA ∩ [A\ (B∩A)]∈ IA ∀x ∈ B∩A). So,

xRA ∩ [A\ (B∩A)] = xRA ∩ [(X \B)∩A]

= (xR∩A)∩ [B
′
∩A]

= xR∩B
′
∩A.

SinceB is anI -increasing set, soxR∩B
′
∈ I ∀x ∈ B.

ConsequentlyxR∩B
′
∩A ∈ IA ∀x ∈ B∩A, which follows

thatB∩A is anIA-increasing set.

The following theorem shows that the property of being
I PTi,-ordered space, i = 0,1 is a hereditary property.
Theorem 3.4. Let (X ,τ1,τ2,R,I ) be I PTi-ordered

space. Then every subspace ofI PTi-ordered space is
alsoIAPTi-ordered space,(i = 0,1).
Proof.
We give a proof in case(i = 0 and the casei = 1 is
similar). Let (X ,τ1,τ2,R,I ) be I PT0-ordered space,
(A,τ1A,τ2A,RA,IA) be any subspace of(X ,τ1,τ2,R,I )
and a,b ∈ A such thataRAb, it follows that aRb. Since
(X ,τ1,τ2,R,I ) is I PT0-ordered, then there exists an
I -increasingτi-open setU such thata ∈ U andb 6∈ U or
there exists anI -decreasingτi-open setV such that
b ∈ V anda 6∈ V, i = 1 or 2. By Theorem 3.3 there exists
(IA-increasingτiA-open setG such thata ∈ G = A∩U
and b 6∈ G = A ∩ U) or there exists (IA-decreasing
τiA-open set H such that b ∈ H = A ∩ V and
a 6∈ H = A ∩ V ). Hence, (A,τ1A,τ2A,RA,IA) is
IAPT0-ordered.
Definition 3.5.An ideal bitopological ordered space

(X ,τ1,τ2,R,I ) is said to beI PT2-ordered space iff for
all a,b ∈ X such thataRb, there exists anI -increasing
τi-open setOa and anI -decreasingτ j-open setOb such
thatOa ∩Ob ∈ I .
Example 3.4.In Example 3.1 takeI = {φ ,{1},{2},

{4},{1,2},{1,4},{2,4},{1,2,4}}(I = P(X)),τ1 =
{X ,φ ,{3},{4},{2,4},{3,4},{1,3,4},{2,3,4}},τ2=
{X ,φ ,{1},{1,2},{1,3},{1,4},{1,2,3},{1,2,4},
{1,3,4}}. It is clear that (X ,τ1,τ2,R,I ) is
I PT2-ordered space.

The following theorem studies the relationship between
Definitions 3.4, 3.5 and Definition 2.10 [12].

Theorem 3.5. Let (X ,τ1,τ2,R,I ) be an ideal
bitopological ordered space. Then,
PT2-ordered spaces ⇒ I PT2-ordered spaces
⇒ I PT1-ordered space.

Proof. The proof follows directly from the definitions
of PT2-ordered spaces,I PT1-ordered space andI PT2-
ordered spaces.

Example 3.4 shows that (X ,τ1,τ2,R,I ) is
I PT2-ordered space, but notPT2-ordered space as, 1R2,
and all increasingτ2-open sets which contain 1 are the
setsX ,{1,3,4}, intersect the only decreasingτ1-open set
X which contains 2.

Example 3.3 shows that (X ,τ1,τ2,R,I ) is
I PT1-ordered space, but notI PT2-ordered space as,
1R2 and allI -increasingτ2-open sets which contains 1
and not contain 2 are the sets{1,4},{1,3,4} and all
I -decreasingτ1-open set which contains 2 are the sets
X ,{2,3,4}, while {1,4} ∩ {2,3,4} = {4} 6∈
I ,{1,3,4} ∩ {2,3,4} = {3,4} 6∈ I ,{1,4} ∩ X =
{1,4} 6∈ I ,{1,3,4}∩X = {1,3,4} 6∈ I .

On account of Proposition 3.1, Theorems 3.1, 3.5 and
[6,12], we have the following corollary.
Corollary 3.1. For an ideal bitopological ordered space
(X ,τ1,τ2,R,I ), we have the following implications:

I PT2−ordered space ⇒ I PT1−ordered space ⇒ I PT0−ordered space

⇑ ⇑ ⇑

PT2−ordered space ⇒ PT1−ordered space ⇒ PT0−ordered space

⇓ ⇓ ⇓

P∗T2−ordered space ⇒ P∗T1−ordered space ⇒ P∗T0−ordered space

The following theorem shows that the property of being
I PT2-ordered space is preserved by a bijective,P-open
and order (reverse) embedding mapping.
Theorem 3.6. If (X ,τ1,τ2,R,I ) is a I PT2-ordered
space, f : (X ,τ1,τ2,R,I ) → (Y,η1,η2,R∗

, f (I )) is a
bijective,P-open and order (reverse) embedding mapping.
Then,(Y,η1,η2,R∗

, f (I )) is f (I )PT2-ordered space.
Proof. We give a proof in the case of order embedding
mapping and the case of order reverse embedding
mapping is similar.

Let y1,y2 ∈ Y be such thaty1R∗y2. Then, there exist
x1,x2 ∈ X , f (x1) = y1, f (x2) = y2 and x1Rx2. As
(X ,τ1,τ2,R,I ) is aI PT2-ordered space, then there exist
an I -increasing τi-open setU contains x1 and an
I -decreasingτ j-open set V contains x2 such that
U ∩V ∈ I . Since f is P-open and by Theorem 2.1,f (U)
is f (I )-increasingηi-open set containsy1 = f (x1) and
f (V ) is f (I )-decreasingη j-open set containsy2 = f (x2)
such that f (U) ∩ f (V ) = f (U ∩ V ) ∈ f (I ). Hence,
(Y,η1,η2,R∗

, f (I )) is f (I )PT2-ordered space.
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The following theorem shows that the property of being
I PT2-ordered space is a hereditary property.
Theorem 3.7. Let (X ,τ1,τ2,R,I ) be I PT2-ordered

space. Then, every subspace ofI PT2-ordered space is
alsoIAPT2-ordered space.
Proof.
Let (X ,τ1,τ2,R,I ) be a I PT2-ordered space,
(A,τ1A,τ2A,RA,IA) be any subspace of(X ,τ1,τ2,R,I )
and a,b ∈ A such thataRAb. Since (X ,τ1,τ2,R,I ) is
I PT2-ordered, then there exists anI -increasingτi-open
set Oa and anI -decreasingτ j-open setOb such that
Oa ∩ Ob ∈ I . By Theorem 3.3 there exists an
IA-increasingτiA-open setG such thata ∈ G = A∩ Oa
and an IA-decreasing τ jA-open set H such that
b ∈ H = A ∩ Ob, G ∩ H = A ∩ (Oa ∩ Ob) ∈ IA. Hence,
(A,τ1A,τ2A,RA,IA) is IAPT2-ordered.

4 Conclusion

In this paper, we use the notion ofI -increasing (dec)
sets [2], which based on the notion of idealI , to
generate new separation axiomsI Pτi, i = 0,1,2 on ideal
bitopological ordered space(X ,τ1,τ2,R,I ). These types
of separation axioms are a generalization of the previous
one [6,12]. Some properties of these separation have been
obtained. In the future, we study the separation axioms
I Pτi, i = 3,4,5 and I PR j-ordered spaces,
j = 0,1,2,3,4.

Acknowledgement

The authors are grateful to the anonymous referee for a
careful checking of the details and for helpful comments
that improved this paper.

References

[1] M. A. Abo Elhamayel Abo Elwafa, On bitopological
Ordered Spaces, Master Thesis, Mansoura University,
Faculty of Science, Mansoura, Egypt 2009.

[2] S. A. El-Sheikh and M. Hosny,I -increasing (decreasing)
sets andI P∗-separation axioms in bitopological ordered
spaces, Pensee Journal 76 (3) 2014 429−443.

[3] E. Ekici, T. Noiri, connectedness in ideal topological spaces,
Novi Sad J. Math. 38(2) 2008 65−70.

[4] R. Engelking, General Topology, Warszwawa 1977.
[5] D. Jankovic, T.R. Hamlet, New topologies from old via

ideals, The American Mathematical Monthly 97 1990
295−310.

[6] A. Kandil, O. Tantawy, S. A. El-Sheikh and M. Hosny, New
approach to bitopological ordered spaces, J ¨okull Journal 63
(6) 2013 10−25.

[7] J. C. Kelly, Bitopological spaces, Proc. London Math. Soc.
13 1963 71−89.

[8] D. N. Misra and K. K. Dube, PairwiseR0-space, Ann. Soc.
Sci. Bruxelles 87 1976 3−15.

[9] G. M. Murdeshwar, General Topology, New Age
International (P) Ltd., Publishers 1990.

[10] L. Nachbin, Topology and order, Van
NostrandMathematical studies, Princeton, New Jersey
1965.

[11] M.K. Singal and A.R. Singal, Some more separation axioms
in bitopological spaces. Ann. Soc. Sci. Bruelles 84 1970
207−230.

[12] M. K. Singal and A.R. Singal, Bitopological ordered spaces,
Math. student XXXIX 1971 440−447.

[13] X. Q. Xu and Y. M. Liu, Regular relations and strictly
completly regular ordered spaces, Topology and its
applications 135 2004 1−12.

c© 2015 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp

	Introduction
	Preliminaries
	IP-Separation axioms
	Conclusion

