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Abstract: Lie group classification is performed on the generalizedéteg-de Vries-Burgers equation+ duyxy + g(U)Uyx — VUxy +
yu= f(x), which occurs in many applications of physical phenomeraskéw that the equation admits a four-dimensional equicale
Lie algebra. It is also shown that the principal Lie algetwagists of a single translation symmetry. Several possiiensions of the
principal Lie algebra are computed and their associatedrstny reductions and exact solutions are obtained. Alse;dimensional
optimal system of subalgebras is obtained for the case wteeprincipal Lie algebra is extended by two symmetries.
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1 Introduction which contains two arbitrary functiomgu) and f (x). We

, ) ) o ) perform Lie group classification ofl)] and then find
Many differential equations of physical interest involve symmetry reductions and exact solutions. This equation
parameters, arbitrary elements or functions, which neegyises from many physical scenarios such as the
to be determined. Usually, these arbitrary parameters argropagation of undular bores in shallow water, the flow of
determined experimently. However, the Lie symmetry|iquids containing gas bubbles, weakly nonlinear plasma
approach through the method of group classification hagyaves with certain dissipative effect, theory of ferro
proven to be a versatile tool in specifying the forms of g|ectricity, nonlinear circuit, and the propagation of wav

these parameters systematical'l)@[, 3,4,6, 5]. in an elastic tube filled with a viscous flui][
The first group classification problem was

investigated by Sophus Lie7] in 1881 for linear

second-order partial differential equations (PDEs) witho Equivalence transformations

two independent variables. The main idea of group

classification of a differential equation involving an An equiva|encetransformation (seeforexamnlag@f(l)
arbitrary element(s), say, for examplgu) and f(x), s an invertible transformation involving the variabtes
consists of finding the Lie point symmetries of the andu that map {) into itself. The operator

differential equation with arbitrary functiong(u) and Y - 1(t ¢ a ¢ a

f(x), and then computing systematically all possible =T(t,X,U)d + & (t,X,u) 9+ N (t, X, u)dy

forms of g(u) and f(x) for which the principal Lie  +u*(t,x,u, f,9)ds + u(t,x,u, f,g)dy, 2)
algebra can be extended. is the generator of the equivalence group fHrggrovided

In this paper we study one such differential equation,jt js admitted by the extended system
namely, the generalized Korteweg-de Vries-Burgers

equation §] Ut + QU + g(U)Ux — VU + Yu = f(x),  (3a)
Ut + OUyx + g(U)Ux — VUxc + Yu = f(X), 1) fi=0, fu,=0 g=0, gc=0. (3b)
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The prolonged operator for the extended syst8rhésthe  and their composition gives

form _
Y = YE 4 wloy, + wior, + wids, + wPdy + widg, t=a+t,
4 25 ) X = az+X,
5% 0= (ag+u)e
whereY ¥l is the third-prolongation of2) given by f— (ya3+ f)
B = 10+ £+ ndu+ 1105 + 1?0+ {10y + {20y, 9=
+{220u, + (2220050 -
The variableg’s andw’s are defined by the prolongation
formulae 3 Principal Lie algebra
= Dt(n) — wDt (1) —w D (&),
Zz = Dx(n) — uxDx(T) — wDx(¢), The symmetry group of equatiof)(will be generated by
{22 = Dx({2) — UuxDx(T) — U Dx(&), the vector field of the form
{222 = Dx({22) — UnoxDx(T) — Ut Dx(€) 0 9 0
r :T(t,X,U)E-I-E(t,x,u)%-’-r](t,x,u)%. (5)

_ _ _ _ Applying the third prolongation of” to (1) yields the
wi = Dy (uY) — £Dy(1) — D (&) — fuby(n), following overdetermined system of linear PDESs:
By _ _ _

Ww=0,1%=0,{u=0,nu=0,

1_ 1 _ _
o}; B IBU(IJZ) ft?lj 0 fX~DU(E) fuPu( ) 2vE— VT + 301Nx — 35Ex,x =0,3é—1 =0,
wlz B E)t(uz) - gtlzt(r) - ng~t(f) - QUDi(n)’ N9u— & — 9éx+ 9Tt — 2VNxu+ Véx + 30Mou — 0&0x = 0,
©2 = Du(k") = @D«(1) = G:DOx(&) = QuDx(n). Y — & et N+ Tl — Uynu+ g — £+ Uym — v
§ = Dy(p?) — &tDu(T) — g:Du(&) — guDu(n), +8M00 = 0. (6)
tively, h , , ,
ngpjgtliﬁ{du_F <o, Dy=0+Udu+ ] are thgvto?zgle Solving the above system for arbitrafyandg we find

that the principal Lie algebra consists of one translation

derivative operators and
symmetry, namely

Dx = Ox+ fx0t + GG+,
Di =& + fids + gy + -+, /'1:%.
Du=0d,+ fuds +9udg+ -

are the total derivative operators for the extended system.
The application of the prolongatiod)(and the invariance 4 Lie group classification
conditions of system3) leads to following equivalent

generators
0 Solving the systent), we obtain the following classifying
Y1 = e relations:
17}
Yo = —, 20 Zatv2 vay 1.
%X 5 3 9 +(Bru( gy 55 )) %~ &~ A =0
o XV
Ya= ETRRZTE +uyat—fat+f(k+§)— V(k+ﬁ)
7] 0 XVay uvag
Y4_uﬁ_+f(9f +V(B+U(k+§))+8[+g(§+8x)
Thus the four-parameter equivalence group is given by (q+ —) fx+u (kt + Xg?t ) — VByx + 0By = 0.

Yy it=ai+t,x=x, u=u, f=f, g=g,

Yo t=t, X—aptx U=u, f=f g=g, Using the equivalence transformations obtained in

Section 2, these classifying relations lead to the follayvin

Ys ! t_= t, X=X, U=ag+ U,_f =yas+f,g=g, four cases for the functiorgsand f and for each case we
Yy:it=t,X=x, u=€e%u, f =ef, g=g also provide the associated extended symmetries.
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Case (A): f(x) arbitrary,g(u) = go, Wherefp,go are
nonzero constants.

= 95ti — (9oytu+ govtu — vux) i

ot du
— (2v?t — 659t — 35X) j—x,
ngu%,
/_420?—)(7
I'5:F(t,x)%,

whereF (t,x) is any solution of
95(68got — 2v2t + 35x) ' (X) 4+ 93(9yt + vgot — vx
+93) f (X)Cp — 9C43 f/(X) + 9C35 f (X) — v OF
+962Fyox + 9900Fx + 9ySF + 98F = 0.

Case (B): f(x) = fo, g(u) = go — g1lnu, where
fo, 00,01 are nonzero constants.

0

MH=——.
27 9x

Case (C):f(x) = fo, g(u) = U2+ gou+ 01, Wherego #
0 is an arbitrary constant.

0

I_zza—x.

Case (D): f(x) = fo+ f1x, g(u) = go + G1u, where
fo, f1,90,§1 are nonzero constants.

r= e<fl/z>tR1Rl% _ 2g,el V2R % ’

= e(*l/z)tRsz% _ 2g,el~Y2R: % ’

where

Ri=y—V4f101+y?#0, Ro=y+ /41 G1+y?#0

are arbitrary constants.

5 Symmetry reductions and exact solutions

5.1 Case (B).

The linear combination af; + cl, gives rise to the group-
invariant solution
u=F(2) (7)

wherec is a non-zero constart,= X — ct is an invariant
of the symmetry + ¢l andF (z) satisfies the third-order
nonlinear ODE

OF" (2 —VvF"(2) — cF' (2) + 9oF ' (2) — 91F' (2) In (F (2))
+yF(2) —fo=0.

5.2 Case (C).

The symmetryl; + cl, gives rise to the group-invariant
solution
u=F(2 (8)

where z=x—ct is an invariant of/; + cl> and F(2)
satisfies

"

OF (2) — VF"(2) — cF'(2) + (90F (2) + F (22 + 01) F'(2)
+VF(Z) — fo =0.

5.3 Case (D).One-dimensional optimal system
of subalgebras

In this case we have three symmetries for the
corresponding equationl) and so we first obtain the
optimal system of one-dimensional subalgebras and then
present the optimal system of group-invariant solutions.
We use the method given inl1(Q]. The adjoint
transformations are given by

Ad(eXp(e))I =1} — £l Tj] + 3 220 [, ) -

where[[;, ;] denotes the commutator Gfandr; defined
as

1) = = T3

In Table 1 and Table 2, we give, respectively, the
commutator table of the Lie point symmetries of the
system 1) and the adjoint representations of the
symmetry group of 1). These tables are then used to
construct the optimal system of one-dimensional
subalgebras for systent)(

Table 1. Commutator table of the Lie algebra of systehh (

N 2 I3
_1 _1
In order to obtain symmetry reductions and exact Il:l (iRI‘ 02R1r2 02R2r3
solutions, one has to solve the associated Lagrange ,_2 —R1I'2 0 0
equations s 2723
Table 2. Adjoint table of the Lie algebra of syster)(
dd dx  du
T(t,x,u,)  &(t,xu) nt,xu)’ Ad N 2 I3
( ) E( ) r’( ) mn n el 2)R1£,—2 el 2)Rz£,—3
For symmetry reductions purposes we consider only those R h-irRen, 0 r3
cases in which the equatiof)(is nonlinear. I3 N-iRelz T3 3
(@© 2015 NSP
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Thus, from Tables 1 and 2 one can obtain an optimal

system of one-dimensional
{1,342, I3 — 2,3}

5.3.1 Symmetry reductions and exact solutions based on ~2F (21 €l

the one-dimensional optimal system of subalgebras

Case (D.3)The symmetryl3 — > gives rise to the

subalgebras given bygroup-invariant solution of the form

_ 1 (1/2)tP
u(t,x) = 20, (e~ (1/2)tPy _e(l/z)tpl){ F(2g:e” ;

Y2tP_ - (1/2)tPip, y o (1/2)tPry

P, /2Py 1/2tRy yx}7 (11)

Here we use the optimal system of one-dimensionalyherez=t is an invariant of3 — I; and the functior (2)
subalgebras calculated above to obtain symmetryatisfies

reductions that transforml) into ordinary differential

equations (ODEs). We then look for exact solutions of the

ODEs.

Case (D.1)The symmetryl; gives rise to the group-
invariant solution

u=F(2) (9)
wherez = x is an invariant of the symmetrfy andF(z)
satisfies the ODE

OF"(2) +goF'(2) + GiF (2 F(2) —vF"(2) + yF(2) — f1z— fo = 0.

Case (D.2) The symmetry [3 + I, gives us the
group-invariant solution

1
= 5, a(—1/2)tP
u(t,x) = Zgl(e(fl/Z)tPl + e(1/2)tpl) {ZF (2)G1€ !
2F (2)G1eY/DtPL _ =1/21Pipyy  o(=1/2)tPyy

L pel/2tPy e<1/2>tplyx}, (10)

whereP; = \/4f, §1 + V2 is a non-zero arbitrary constant,

z=1 is an invariant off3 + > and the functionF(z)
satisfies the ODE
~F(2)e” 2P gy + yF (2)e” M2 P1g,
+F (2P eY2Pig; 1 yF (20612 Prg,
—|—2(F’(Z)) ~ (/2P _ gge (1/2P1p)
—goe V2P _ e (12 P15 5,
+2(F'(2))e"/? ZP191+90P191/2)ZP1—goe(l/z)zply

whose solution is
= (Z) — { [ (_Plgo + 2f9g1 + ygo)e<1/2)(V*P1)z
Gi(y+Pr)
. (Pugo+2fods + yoo)et 2Pz,
91(V— P]_)

+C1}e—(1/2)Z(V+P1) (e—ZP]_ 4 1)—1

where P, # +y and C; is an arbitrary constant.

—F(ze"V2Pip g, + yF (e 1/PPig,
—F(2)PeY/2Pig; — yF (2)el /2P
+2(F'(2))e M2Prg, —
—goe” V2P _ pe= (/2P f g,
—2(F'(2))e/?%1g; — goPy et/ 271
+goe /21y 4 2e1/2P1 g, — 0

whose solution is
F(2) = { [ (goPL+2fod1 + ygo)el/2 V3R

go€~ (1/2)zP, P

G (y—Pu)
~ (—goPy+ 2081 + ygo)e/2V P2
G1(y+Pr)

+Bl}e—<1/2> 24P (@ _ 1)1

where P, # +y and B; is an arbitrary constant.
Consequently the group-invariant solution is completed
by (12).

Case (D.4)The symmetrys gives the group-invariant

solution
ut.x = F 29 glplx—xy

wherez =t is an invariant off3 and the functiorF (z)
satisfies
F(2yG—F(2Pi+2(F'(2)G1—9gPr—goy—2fod1 =0
whose solution is given by

(12)

F(2) = e (W20-Pc 4 goP1+2foG1+00y

G (y—P1)
and consequently the group-invariant solution is
completed by 12).

6 Conclusion

Lie group classification was performed on a generalized
Korteweg-de Vries-Burgers equatioh)( The functional
forms of () of the type linear, quadratic, exponential and
logarithmic were obtained. The Lie algebra obtained was

Consequently the required group invariant solution isof dimension two, three and infinite. For the case when

completed by 10).

the principal Lie algebra was extended by two
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symmetries, one-dimensional optimal system of

subalgebras was obtained and the corresponding
group-invariant solutions were derived. The functional

forms obtained in this paper, can be chosen to suit
physical phenomena modelled by the resulting equations.
The symmetry reductions and exact solutions found in
this work can be used to model practical problems of
physical interest and also serve as benchmarks agains
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