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Abstract: This paper is devoted to the mathematical analysis of stability of a scalarLiénardtype equation with variable delay. We use
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1 Introduction

For decades, the Lyapunovs second (or direct) method has
been very effective in establishing stability, instability,
boundedness, global existence, etc. results for a wide
variety of ordinary, functional differential and integral
equations. However, there is a large set of problems for
which it has been ineffective (see, Burton [6]). Probably,
the reason leads this fact is that constructing or defining
suitable Lyapunov functions or functionals that yield
meaningful results for the mentioned qualitative
behaviors of ordinary and functional differential
equations and integral equations remains as an open
problem in the literature by this time. On the same time,
in a series of papers and books, many authors have
examined particular problems which have offered great
difficulties for the mentioned topics and have discussed
the qualitative behaviors of solutions by means of various
fixed point theorems. Further, while the Lyapunov s direct
method usually requires pointwise conditions, fixed point
theory needs average conditions. In addition, fixed point
theory can be applied directly to study an equation when
solutions are being considered on a finite interval. For
comprehensive works done on the qualitative behaviors of
the equations mentioned, the readers can referee to the
books or the papers of Ahmad Rama and Mohana Rao
[1], Antosiewicz [2],Becker and Burton [3], Burton [4,5,
6,7,8,9,10], Burton and Furumochi [11], Burton and
Hering [12], Burton and Townsend [13], Caldeira-Saraiva

[14], Constantin [15], Chen et al. [16], Cherkas and
Malysheva [17], Čžan [18], Gao and Zhao [19], Graef
[20], Hale [21], Heidel [22], Hou and Wu [23], Huang
and Yu [24], Jin [25], Jitsuro and Yusuke [26], Kato [27],
Liu and Huang [28], Liu [ 29], Luk [30], Malyseva [31],
Nápoles Vald́es [32], Omari and Zanolin [33], Pi [34],
O̧ian ([35],[36]), Sugie and Amano [37], Tunc [38,39,40,
41,42,43,44,45,46], Tunc and Tunc [47], Yoshizawa
([48], [?]), Zhang ([50], [51]), Zhou and Jiang [52], Zhou
and Xiang [53] and the references cited in these sources.
It should be noted that, in mathematics,a fixed-point
theorem is a result saying that a functionF will have at
least one fixed point (a pointx for which F(x) = x), for
which for which under some conditions onF that can be
stated in general terms. Results of this kind are amongst
the most generally useful in mathematics, in many
scientific fields and applications; stability, instability,
boundedness, periodicity, global existence etc. are
fundamental concepts that can be described in terms of
fixed points. For example, in economics, Nash
equilibrium of a game is a fixed point of the games best
response correspondence. However, in physics, more
precisely in the theory of Phase Transitions, linearization
near an unstable fixed point has led to Wilsons Nobel
prize-winning work inventing the renormalization group,
and to the mathematical explanation of the term critical
phenomenon. In compilers, fixed point computations are
used for whole program analysis, which are often
required to do code optimization, and the concept of fixed
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464 C. Tunç et. al. : On the Stability to a Functional Lienard Type...

point can be used to define the convergence of a function,
(see, Becker and Burton [3], Burton [6,7,8,9,10], Burton
and Furumochi [11], Pi [34], Zhang [50] and references
cited therein).It should be noted that in 2005, Burton [8]
considered the scalarLiénardtype equation with constant
delay,L(> 0) :

x′′+ f (t,x,x′)x′+b(t)g(x(t−L)) = 0. (1)

Burton [8] obtained conditions for each solutionx(t) to
satisfy(x(t),x′(t))→ (0,0) ast → ∞ by using contraction
mappings.
Later, in 2011, Pi [34] discussed the stability and
properties of solutions to a scalar functionalLiénard type
equation with variable delay,τ(t)(> 0) :

x′′+ f (t,x,x′)x′+b(t)g(x(t− τ(t)) = 0. (2)

Pi [34] obtained some interesting sufficient conditions
ensuring that the zero solution of Eq. (2) is stable and
asymptotically stable by using fixed point theory under an
exponentially weighted metric. On the other hand, to the
best of our knowledge from the literature, the qualitative
behaviors of theLiénardtype equations of the form

x′′+
{

f (x)+g(x)x′
}

x′+h(x) = e(t) (3)

and its modified types have been studied by many
researches since 1945 by now, due to the fact that these
type equations have played very important roles in many
scientific areas such as mechanics, engineering, economy,
control theory, physics, chemistry, biology, medicine,
atomic energy, information theory, etc. (see, for example,
Ahmad and Rama Mohana Rao [1], Antosiewicz [2],
Burton ( [4], [5], [10]), Burton and Townsend [13],
Caldeira-Saraiva [14], Constantin [15], Chen et al. [16],
Cherkas and Malysheva [17], Čžan [18], Gao and Zhao
[19], Graef [20], Hale [21], Heidel [22], Hou and Wu
[23], Huang and Yu [24], Jin [25], Jitsuro andYusuke
[26], Kato [27], Liu and Huang [28], Liu [ 29], Luk [30],
Malyseva [31], Nápoles Vald́es [32], Omari and Zanolin
[33], Pi [34], O̧ian ( [35], [36]), Sugie andd Amano [37],
Tunc ( [38], [46]), Tunc and Tunc [47], Yoshizawa ( [48],
[?]), Zhang ( [50], [51]), Zhou and Jiang [52], Zhou and
Xiang [53] and the references cited in these works.
In this paper, instea of the mentioned last equation, we
consider the scalar modifiedLiénard type equation with
variable delay,τ(t)(> 0) :

x′′+
{

f1(t,x,x
′)x′+ f2(x)

}

x′+b(t)h(x)

+b(t)g(x(t− τ(t))) = 0,

wheret ∈ R
+,R+ = [0,∞),b : R+ → R

+ is a bounded
and continuous function,f1 : R+×R×R, f2 : R−→R

+

, h : R→R,h(0) = 0,g : R→R,g(0) = 0, andτ : R+ →
R

+ are all continuous functions
We can write Eq. (3) in the system form,

x′ = y

y′ = − f1(t,x,y)y
2− f2(x)y−b(t)h(x)

− b(t)g(x(t − τ(t))). (4)

Throughout this paper, we assume that for eacht0 ≥ 0,
m(t0) = in f{s− τ(s) : s≥ t0} andC(t0) =C([m(t0), t0],R)
with the continuous function norm||.||, where
||ψ || = sup{|ψ(s)| : m(t0)≤ s≤ t0} It will cause no
confusion even if we use||φ || as the supremum on
[m(t0),∞). It can be seen from Hale [21] that for a given
continuous functionφ and a numbery0, there exists a
solution of the system (4) on an interval[t0,T), if the
solution remains bounded, thenT = ∞, Let (x(t),y(t))
denote the solution(x(t,φ ,y0),y(t,φ ,y0)).
Definiton.The zero solution of the system (4) is stable if
for eachε > 0 there existsδ = δ (ε, t0) > 0 such that
[φ ∈ C(t0),y0 ∈ R, ||φ || + |y0| < δ ] implies that
|x(t,φ ,y0)|+ |y(t,φ ,y0)|< ε for t ≥ t0.
We also suppose throught this paper thatt − τ(t) is
strictly increasing andlimn→∞(t − τ(t)) = ∞. The inverse
of t − τ(t) exists, denoted byp(t) and 0≤ b(t) ≤ M,
whereM is a positive constant.
In the next section, we give some sufficient conditions on
the stability of the zero solution of Eq. (3) by the fixed
point theory. To achieve our goal, we make use of the
contraction mapping principle. Once the correct mapping
is constructed, then, the analysis in this paper is similar to
the one of Burton [8] and Pi [34]. However, our equation,
Eq. (3), is different from those in Burton [8] and Pi [34]
and the literature.

2 Main Result

Before stating the main result of this paper, we give the
expression of the solution of Eq. (3) by the following
lemma.
Lemma1. Let ψ : [m(t0), t0] → R be a given continuous
function. If (x(t), y(t)) is the solution of the system (4) on
[t0,T1) satisfying x(t) = ψ(t), t ∈ [m(t0), t0], and
y(t0) = x′(t0), then x(t) is the solution of the integral
equation

x(t) = ψ(t0)e
−
∫ t
t0

D̂(s)ds

+
∫ t

t0
e−

∫ t
u D̂(s)dsB(u)du

−

∫ t

t0
e−

∫ t
u D̂(s)dsD(u)h(x(u))du

+

∫ t

t0
E(t,s)h(x(s))ds

−
∫ t

t0
e−

∫ t
u D̂(s)ds

[

∫ u

t0
E(u,s)h(x(s))ds

]

D̂(u)du

+
∫ t

t0
e−

∫ t
u D̂(s)dsD̂(u)[x(u)−g(x(u))]du
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+

∫ t

t0
E(t,s)g(x(s− τ(s)))ds

+

∫ t

t−τ(t)
D̂(s)g(x(s))ds−e−

∫ t
t0

D̂(s)ds

×

∫ t0

t0−τ(t0)
D̂(s)g(x(s))ds

−
∫ t

t0

[

∫ u

u−τ(u)
D̂(s)g(x(s))ds

]

e−
∫ t
u D̂(s)dsD̂(u)du

−

∫ t

t0

[

∫ u

u−τ(u)
D̂(s)g(x(s))ds

]

e−
∫ t
u D̂(s)dsD̂(u)du

×g(x(s− τ(s)))ds]D̂(u)du. (5)

Conversely, if the continuous functionx(t) = ψ(t),
t ∈ [m(t0), t0] , is the solution of integeral equation (5) on
[t0,T2], thenx(t),y(t)) is the solution of the system (4) on
[t0,T2]
Proof. Let

f1(t,x(t),y(t))y(t)+ f2(x(t)) = A(t).

Then, Eq. (3) can be stated in the form of

x′ = y,

y′ = −A(t)y−b(t)h(x)−b(t)g(x(t− τ(t)))

so that

y′+A(t)y+b(t)h(x)+b(t)g(x(t− τ(t))) = 0. (6)

Multiplying both sides of (6) bye
∫ t
t0

A(s)ds and then
integrating the obtained estimate fromt0 to t, it follows
that

y(t) =y(t0)e
−
∫ t
t0

A(s)ds
−

∫ t

t0
e−

∫ t
u A(s)dsb(u)h(x(u))du

−

∫ t

t0
e−

∫ t
u A(s)dsb(u)g(x(u− τ(u)))du

so that

x′(t) = y(t) = x′(t0)e−
∫ t
u A(s)ds−

∫ t
t0

e−
∫ t
u A(s)dsb(u)h(x(u))du

−
∫ t
t0

e−
∫ t
u A(s)dsb(u)g(x(u− τ(u)))du. (7)

If we choosex′(t0)e−
∫ t
u A(s)ds = B(t) ,them from (7) we

have

x′(t) = B(t)−
∫ t
t0

e−
∫ t
u A(s)dsb(u)h(x(u))du

−
∫ t
t0

e−
∫ t
u A(s)dsb(u)g(x(u− τ(u)))du. (8)

Let
e−

∫ t
u A(s)dsb(u) =C(t,u),

∫ ∞

t0
C(u+ t− t0, t)du= D(t)≥ 0,

D(t)
1− τ ′(t)

= D̃(t),

D̃(p(t)) = D̂(t),

sup
t≥0

D(t)≤ sup
t≥0

D̂(t)

and
∫ ∞

t0+t−s
C(u+ t− t0, t)du= E(t,s)≥ 0.

Hence, it follows from Eq.(8)

x′(t) =B(t)−h(x(t))
∫ ∞

t0
C(u+ t− t0, t)du

+
d
dt

∫ t

t0
E(t,s)h(x(s))ds

−g(x(t− τ(t)))
∫ ∞

t0
C(u+ t− t0, t)du

+
d
dt

∫ t

t0
E(t,s)g(x(s− τ(s)))ds

so that

x′(t) = B(t)−h(x(t))D(t)+
d
dt

∫ t

t0
E(t,s)h(x(s))ds

−g(x(t− τ(t)))D(t)+
d
dt

∫ t

t0
E(t,s)g(x(s− τ(s)))ds

= B(t)−h(x(t))D(t)+
d
dt

∫ t

t0
E(t,s)h(x(s))ds

− D̃(p(t))g(x(t))

+
d
dt

∫ t

t−τ(t)
D̃(p(t))g(x(t))

+
d
dt

∫ t

t0
E(t,s)g(x(s− τ(s)))ds.

Then

x′(t)+ D̂(t)x(t) = B(t)−h(x(t))D(t)

+
d
dt

∫ t

t0
E(t,s)h(x(s))ds

+ D̂(t)[x(t)−g(x(t))]

+
d
dt

∫ t

t−τ(t)
D̂(s)g(x(s))ds

+
d
dt

∫ t

t0
E(t,s)g(x(s− τ(s)))ds. (9)
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Multiply both sides of (9) bye
∫ t
t0

D̂(s)ds and then
integrate for allt ∈ [t0,T1], we have

x(t) = ψ(t0)e
−
∫ t
t0

D̂(s)ds

+

∫ t

t0
e−

∫ t
u D̂(s)dsB(u)du

−

∫ t

t0
e−

∫ t
u D̂(s)dsD(u)h(x(u))du

+

∫ t

t0
e−

∫ t
u D̂(s)ds

[

d
du

∫ u

t0
E(u,s)h(x(s))ds

]

du

+

∫ t

t0
e−

∫ t
u D̂(s)dsD̂(u) [x(u)−g(x(u))]du

+

∫ t

t0
e−

∫ t
u D̂(s)ds

[

d
du

∫ u

u−τ(u)
D̂(u)g(x(s))ds

]

du

+

∫ t

t0
e−

∫ t
u D̂(s)ds

[

d
du

∫ u

t0
E(u,s)g(x(s− τ(s)))ds

]

du.

By integrating the fourth, sixth and seventh terms on the
right hand side of the last estimate, it follows that

x(t) =ψ(t0)e
−
∫ t
t0

D̂(s)ds
+

∫ t

t0
e−

∫ t
u D̂(s)dsB(u)du

−
∫ t

t0
e−

∫ t
u D̂(s)dsD(u)h(x(u))du+

∫ t

t0
E(t,s)h(x(s))ds

−
∫ t

t0
e−

∫ t
u D̂(s)ds

[

∫ u

t0
E(u,s)h(x(s))ds

]

D̂(u)du

+

∫ t

t0
e−

∫ t
u D̂(s)dsD̂(u)[x(u)−g(x(u))]du

+
∫ t

t0
E(t,s)g(x(s− τ(s)))ds

+
∫ t

t−τ(t)
D̂(s)g(x(s))ds−e−

∫ t
t0

D̂(s)ds

×

∫ t0

t0−τ(t0)
D̂(s)g(x(s))ds

−

∫ t

t0

[

∫ u

u−τ(u)
D̂(s)g(x(s))ds

]

e−
∫ t
u D̂(s)dsD̂(u)du

−

∫ t

t0
e−

∫ t
u D̂(s)ds

[

∫ u

t0
E(u,s)g(x(s− τ(s)))ds

]

D̂(u)du.

This estimate completes the proof of the first part of
Lemma 1.
Conversely, we assume that the existence of a continuous
functionx(t) = ψ(t) for t ∈ [m(t0), t0] such that it satisfies
the integral equation ont ∈ [t0,T2] Then, it is
differentiable on [t0,T2] Hence, it is only needed to
differentiate the integral equation. When we differentiate
the above integral equation, we can easily conclude the
desired result.
Let (C, ||.||) be the Banach space of bounded continuous
functions on [m(t0),∞) with the supremum norm
||φ ||= sup{|φ(t)| : t ∈ [m(t0),∞)} for φ ∈C. Let p denote

the supremum metric,p(φ1,φ2) = ||φ1 − φ2||, where
φ1,φ2 ∈ C Next, let ψ : [m(t0), t0] → R be a given
continuous initial function.
Define the setS⊂C by

S= {φ : [m(t0),∞)→R|φ ∈C,φ(t)=ψ(t), t ∈ [m(t0), t0]},

and its subset

Sl = {φ : [m(t0),∞)→ R|φ ∈C, φ(t) = ψ(t), t ∈ [m(t0), t0]

and|φ(t)| ≤ l , t ≥ m(t0)},

whereψ : [m(t0), t0]→ [−l , l ] is a given intial function,l is
positive constant. Define a mappingP : Sl → Sl by

(Pφ)(t) = ψ(t), i f t ∈ [m(t0), t0]

and if t > t0, then

(Pφ)(t) =ψ(t0)e
−
∫ t

t0
D̂(s)ds

+
∫ t

t0
e−

∫ t
u D̂(s)dsB(u)du

−
∫ t

t0
e−

∫ t
u D̂(s)dsD(u)h(φ(u))du

+
∫ t

t0
E(t,s)h(φ(s))ds

−
∫ t

t0
e−

∫ t
u D̂(s)ds

[

∫ u

t0
E(u,s)h(φ(s))ds

]

D̂(u)du

+

∫ t

t0
e−

∫ t
u D̂(s)dsD̂(u)[φ(u)−g(φ(u))]du

+

∫ t

t0
E(t,s)g(φ(s− τ(s)))ds

+

∫ t

t−τ(t)
D̂(s)g(φ(s))ds

−e−
∫ t

t0
D̂(s)ds

×

∫ t0

t0−τ(t0)
D̂(s)g(φ(s))ds

−

∫ t

t0

[

∫ u

u−τ(u)
D̂(s)g(φ(s))ds

]

e−
∫ t

u D̂(s)dsD̂(u)du

−

∫ t

t0
e−

∫ t
u D̂(s)ds[

∫ u

t0
E(u,s)

×g(φ(s− τ(s)))ds]D̂(u)du.

Hence, forφ ,ϕ ∈ S, it can be written that

|(Pφ)(t)− (Pϕ)(t)| ≤
∫ t
t0

e−
∫ t
u D̂(s)dsD(u)|h(φ(u))−h(ϕ(u))|du

+
∫ t

t0
E(t,s)|h(φ(s))−h(ϕ(s))|ds

+

∫ t

t0
e−

∫ t
u D̂(s)ds

[

∫ u

t0
E(u,s)|h(φ(s))−h(ϕ(s))|ds

]

D̂(u)du

+
∫ t
t0

e−
∫ t
u D̂(s)dsD̂(u)|[φ(u)−g(φ(u))]− [ϕ(u)−g(ϕ(u))]|du

+

∫ t

t0
E(t,s)|g(φ(s− τ(s)))−g(ϕ(s− τ(s)))|ds
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+

∫ t

t−τ(t)
D̂(s)|g(φ(s))−g(ϕ(s))|ds

+
∫ t
t0

[

∫ u
u−τ(u)D̂(u)|g(φ(s))−g(ϕ(s))|ds

]

e−
∫ t
u D̂(s)dsD̂(u)du

+

∫ t

t0
e−

∫ t
u D̂(s)ds

×

[

∫ u

t0
E(u,s)|g(φ(s− τ(s)))−g(ϕ(s− τ(s)))|ds

]

×D̂(u)du.

Sinceg(x) andh(x) satisfy the Lipschitz condition letL
denote the common Lipschitz forg(x), x− g(x) andh(x)
Then, it follows that

|(Pφ)(t)− (Pϕ)(t)| ≤
∫ t

t0
e−

∫ t
u D̂(s)dsD̂(u)du

+

∫ t

t0
e−

∫ t
u D̂(s)ds

×

[

∫ u

t0
E(u,s)ds

]

D̂(u)du

+

∫ t

t0
e−

∫ t
u D̂(s)dsD̂(u)du

+2
∫ t

t0
E(t,s)ds

+

∫ t

t−τ(t)
D̂(s)ds

+

∫ t

t0

[

∫ u

u−τ(u)
D̂(u)ds

]

×e−
∫ t
u D̂(s)dsD̂(u)du

+
∫ t

t0
e−

∫ t
u D̂(s)ds

[

∫ u

t0
E(u,s)ds

]

× D̂(u)du×L||φ −ϕ ||.

It is also clear that

∫ t

t0
e−

∫ t
u D̂(s)dsD̂(u)du= e−

∫ t
u D̂(s)ds|tt0

= 1−e−
∫ t
u D̂(s)ds≈ 1,

for larget. But sinceg(x) andh(x) are non-linear, thenL
may not be small enough. Hence,P may not be a
contracting mapping. We can solve this problem by
giving an exponentially weight metric.
Lemma 2.Suppose that there exists a positive constantl
such thatg(x) andh(x) satisfy the Lipschitz condition on
[−l , l ]. Then there exists a metricd onSl such that
(i) the metric space(Sl ,d) is complete,
(ii) P is a contaction mapping on(Sl ,d) if P mapsSl into

itself.
Proof.(i) We change the supremum norm to an
exponentially weighted norm|φ |µ , which is defined onSl .
Let X be the space of all continuous functions
φ : [m(t0),∞)→ R such that

|φ |µ = sup{|φ(t)|e−µ(t) : t ∈ [m(t0),∞)} < ∞,

whereµ = kL
∫ t
t0
(D̂(s) +D(s))ds, k is a positive constat,

k> 8 andL is the common
Lipschitz constant forg(x), x − g(x) and h(x). Then
(X, |.|µ) is a Banach space. This fact can be verified by
using Cauchy’s criterion for uniform convergence. Thus
(X,d) is a complete metric spaces with
d(φ ,ϕ) = |φ − ϕ |µ , whereφ ,ϕ ∈ X. Under this metric
the spaceSl is a closed subset ofX. Thus the metric space
(Sl ,d) is complete.
(ii) Let P : Sl → Sl . It is clear thatD(t) ≥ 0, D̂(t) ≥ 0 and
E(t,s)≥ 0. Forφ ,ϕ ∈ Sl , then, we get

|(Pφ)(t)− (Pϕ)(t)|e−µ(t) ≤

∫ t

t0
e−

∫ t
u D̂(s)dsD̂(u)

×|h(φ(u))−h(ϕ(u))|e−µ(t)du

+

∫ t

t0
E(t,s)|h(φ(s))−h(ϕ(s))|e−µ(t)ds

+
∫ t
t0

e−
∫ t
u D̂(s)ds

[

∫ u
t0

E(u,s)|h(φ(s))−h(ϕ(s))|ds
]

D̂(u)e−µ(t)du

+
∫ t
t0

e−
∫ t
u D̂(s)dsD̂(u)|[φ(u)−g(φ(u))]− [ϕ(u)−g(ϕ(u))]|e−µ(t)du

+

∫ t

t0
E(t,s)|g(φ(s))−g(ϕ(s))|e−µ(t)ds

+

∫ t

t−τ(t)
D̂(s)|g(φ(s)−g(ϕ(s))|e−µ(t)ds

+
∫ t
t0

[

∫ u
u−τ(u)D̂(u)|g(φ(s))−g(ϕ(s))|e−µ(t)ds

]

e−
∫ t
u D̂(s)dsD̂(u)du

+
∫ t
t0

e−
∫ t
u D̂(s)ds

[

∫ t
uE(u,s)|g(φ(s− τ(s)))−g(ϕ(s− τ(s)))|e−µ(t)ds

]

×D̂(u)du.

Foru≤ t, sinceD(t)≥ 0, D̂(t)≥ 0 then

µ(u)− µ(t) =−kL
∫ t

u

[

D̂(s)+D(s)
]

ds≤−kL
∫ t

u
D̂(s)ds

or

µ(u)− µ(t) =−kL
∫ t

u

[

D̂(s)+D(s)
]

ds≤−kL
∫ t

u
D(s)ds.
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468 C. Tunç et. al. : On the Stability to a Functional Lienard Type...

Further fors≤ t, it follows that

µ(s− τ(s))− µ(t) =

− kL
∫ t

s−τ(s)
[D̂(u)+D(u)]du

≤−kL
∫ t

s
D(u)du.

On the other hand, sinceE(t,s)≥ 0, it is clear that

E(t,s) =
∫ ∞

t−s−t0
C(u+ s− t0,s)du

≤

∫ ∞

t0
C(u+ s− t0,s)du= D(s).

Then, it can be seen that

|(Pφ)(t)− (Pϕ)(t)|e−µ(t) ≤ L|φ −ϕ |µ

×
∫ t

t0
e−

∫ t
u D̂(s)dsD̂(u)eµ(u)−µ(t)du

+

∫ t

t0
E(t,s)eµ(s)−µ(t)ds

+

∫ t

t0

[

∫ u

t0
E(u,s)eµ(s)−µ(t)ds

]

e−
∫ t
u D̂(s)dsD̂(u)du

+

∫ t

t0
e−

∫ t
u D̂(s)dsD̂(u)eµ(u)−µ(t)du

+

∫ t

t0
E(t,s)eµ(s)−µ(t)ds+

∫ t

t−τ(t)
D̂(s)eµ(s)−µ(t)ds

+
∫ t

t0

[

∫ u

u−τ(u)
D̂(s)eµ(s)−µ(t)ds

]

e−
∫ t
u D̂(s)dsD̂(u)du

+

∫ t

t0

[

∫ u

t0
E(u,s)eµ(s−τ(s))−µ(t))ds

]

e−
∫ t
u D̂(s)dsD̂(u)du.

By an esay calculation, we can obtain

|(Pφ)(t)− (Pϕ)(t)|e−µ(t) ≤ {
2

kL+1
+

3
kL

+
3
kL

×
∫ t

t0
e−

∫ t
u D̂(s)dsD̂(u)du}

×L|φ −ϕ |µ .

Thus, we have

|(Pφ)(t)− (Pϕ)(t)|e−µ(t) ≤ {
8
k

L|φ −ϕ |µ , t > t0.

For

t ∈ [m(t0), t0],(Pφ)(t) = (Pϕ)(t) = θ (t).

Hence,

d(Pφ ,Pϕ)≤ {
8
k

d(φ −ϕ),(k> 8).

Therefore,P is a contraction mapping on(Sl ,d).
Theorem. We assume that the following assumptions
hold:
(i) There exists a positive constantl such thatg and h
satisfy the Lipschitz condition on[−l , l ] andg andh are
odd and they are strictly increasing on[−l , l ], andx−g(x)
are non-decreasing on[−l , l ].

(ii) There exists anα ∈ (0,1) and a continuous
functiona(t) : [0,∞)→ [0,∞) such that

a(t) : [0,∞)→ [0,∞) such that

f1(t,x,y)y+ f2(x)≥ a(t)

for t ≥ 0, x∈ R, y∈ R, and

g(l){2sup
t≥0

∫ p(t)

t

∫ ∞

0
e−

∫w+s
s a(v)dvb(s)dwds

+2sup
t≥0

∫ t

0

∫ ∞

t−s
e−

∫ w+s
s a(v)dvb(s)dwds}

+2h(l)sup
t≥0

∫ t

0

∫ ∞

t−s
e−

∫w+s
s a(v)dvb(s)dwds

≤ αg(l)+ (1−α)h(l).

(iii) There exist constanta0 > 0 andQ > 0 such that for
eacht > 0 , if J > Q, then

∫ t+J

t
a(v)dv> a0J.

Then there existsδ ∈ (0, l) such that for each initial
function ψ : [m(t0), t0] → R and x′(t0) satisfying
|x′(t0)| + ‖ψ‖ ≤ δ , and there is a unique continuous
function x : [m(t0),∞) → R satisfying x(t) = ψ(t),
t ∈ [m(t0), t0], which is a solution of Eq. (3) on[t0,∞).
Moreover, the zero solution of Eq. (3) is stable.
Proof.Choosingψ : [m(t0), t0]→R andx′(t0) such that
(

Q+
e−a0Q

a0

)

|x′(t0) |+ δ

+ 2h(l)+g(δ )
∫ t0

t0−τ(t0)
D̂(s)ds

≤ (1−α)g(l)

+ αh(l).

By noting the assumptiong(0) = 0 of the theorem, it is
clear thatg(l)≤ l . Sinceg(x) satisfies Lipschitz condition
on [−l , l ], andg(x) is continuous function on[−l , l ],there
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exists a constantδ such thatδ < l .
Thus, from the expression for(Pφ)(t), it follows that

|(Pφ)(t)| ≤ δ +
∫ t

t0
e−

∫ t
t0

D̂(s)ds
|x′(t0)|e

−
∫ u
t0

A(s)dsdu

+
∫ t

t0
e−

∫ t
u D̂(s)dsD̂(u)h(l)du+

∫ t

t0
E(t,s)h(l)ds

+

∫ t

t0
e−

∫ t
u D̂(s)ds

[

∫ u

t0
E(u,s)h(l)ds

]

D̂(u)du

+
∫ t

t0
e−

∫ t
u D̂(s)dsD̂(u)(l −g(l))du

+
∫ t

t0
E(t,s)g(l)ds

+

∫ t

t−τ(t)
D̂(s)g(l)ds+

∫ t0

t0−τ(t0)
D̂(s)g(δ )ds

+
∫ t

t0

[

∫ u

u−τ(u)
D̂(u)g(l)ds

]

e−
∫ t
u D̂(s)dsD̂(u)du

+

∫ t

t0
e−

∫ t
u D̂(s)ds

[

∫ u

t0
E(u,s)g(l)ds

]

D̂(u)du.

Further, subject to the assumptions of the theorem, it
follows that

∫ t

t0
E(t,s)ds=

∫ t

t0

∫ ∞

t0+t−s
e−

∫ u+s−t0
s A(v)dvb(s)duds

=

∫ t

0

∫ ∞

t−s
e−

∫ u+s
s A(v)dvb(s)duds

≤ sup
t>0

∫ t

0

∫ ∞

t−s
e−

∫ u+s
s A(v)dvb(s)duds,

∫ t

t−τ(t)
D̂(s)ds=

∫ t

t−τ(t)
D̂(p(s))ds

=

∫ t

t−τ(t)

D̂(p(s))
1− τ ′(t)

ds

=

∫ p(t)

t
D(s)ds=

∫ p(t)

t

∫ ∞

0
e−

∫ w+s
s A(v)dv

×b(s)dwds

≤ sup
t>0

∫ p(t)

t

∫ ∞

0
e−

∫w+s
s A(v)dvb(s)dwds,

h(l)
∫ t

t0
E(t,s)ds+

∫ t

t0
e−

∫ t
u D̂(s)ds

×

[

∫ u

t0
E(u,s)h(l)ds

]

D̂(u)du

+g(l)
∫ t

t0
E(t,s)ds+

∫ t

t0

[

∫ u

u−τ(u)
D̂(s)g(l)ds

]

×e−
∫ t
u D̂(s)dsD̂(u)du

+

∫ t

t−τ(t)
D̂(s)g(l)ds+

∫ t

t0

[

∫ u

t0
E(u,s)g(l)ds

]

×e−
∫ t
u D̂(s)dsD̂(u)du

≤ g(l){2sup
t>0

∫ p(t)

t

∫ ∞

0
e−

∫w+s
s A(v)dvb(s)dwds

+2sup
t>0

∫ t

0

∫ ∞

t−s
e−

∫w+s
s A(v)dvb(s)dwds}

+2h(l)sup
t>0

∫ t

0

∫ ∞

t−s
e−

∫w+s
s A(v)dvb(s)dwds

≤ αg(l)+ (1−α)h(l).

Therefore, we have

|(Pφ)(t)| ≤ δ +g(δ )
∫ t0

t0−τ(t0)
D̂(s)ds+(l −g(l))

+ αg(l)+ (1−α)h(l)

+ h(l)+
∫ t

t0
e−

∫ t
t0

D̂(s)ds
|x′(t0)|e

−
∫ u
t0

A(s)dsdu

≤ δ +g(δ )
∫ t0

t0−τ(t0)
D̂(s)ds+(l −g(l))+h(l)

+ αg(l)+ (1−α)h(l)

+
∫ t

t0
|x′(t0)|e

−
∫ u
t0

A(s)dsdu.

Using condition (iii) of the theorem, we get

∫ t

t0
e−

∫ u
t0

A(s)dsdu=

∫ t0+Q

t0
e−

∫ u
t0

A(s)dsdu

+

∫ t

t0+Q
e−

∫ u
t0

A(s)dsdu

≤
∫ t0+Q

t0
du+

∫ t

t0+Q
e−a0(u−t0)du≤ Q

+
e−a0Q

a0
.
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Hence,

|(Pφ)(t)| ≤ δ +g(δ )
∫ t0

t0−τ(t0)
D̂(s)

+ (l −g(l))+h(l)+αg(l)+ (1−α)h(l)

+ Q|x′(t0)|+
e−a0Q

a0
|x′(t0)|.

Since
(

Q+
e−a0Q

a0

)

|x′(t0)| + δ +2h(l)

+ g(δ )
∫ t0

t0−τ(t0)
D̂(s)ds≤ (1−α)g(l)

+ αh(l),

then it follows that

|(Pφ)(t)| ≤ (α −1)g(l)+ l +(1−α)g(l)+αh(l)−αh(l)

so that
|(Pφ)(t)| ≤ l .

Thus, it is clear that ift ∈ [m(t0), t0], then it can be seen
that (P2φ)(t) = ψ(t), |(P2φ)(t)| ≤ l , t ∈ [m(t0),∞).
Therefore,Pφ : Sl → Sl . SinceP is contraction mappingP
has unique fixed pointx(l) such that|x(t)| ≤ l .
From Eq. (7),

y(t) = x
′
(t0)e

−
∫ t
t0

A(s)ds
−

∫ t

t0
e−

∫ t
u A(s)dsb(u)h(x(u))du

−

∫ t

t0
e−

∫ t
u A(s)dsb(u)g(x(u− τ(u)))du,

it can be obtained that

|y(t)| ≤ |x
′
(t0)|+M

∫ t

t0
e−

∫ t
u A(s)ds|h(x(u))|du

+M
∫ t

t0
e−

∫ t
u A(s)ds|g(x(u− τ(u)))|du

≤ δ +M
∫ t

t0
e−

∫ t
u A(s)ds|h(x(u))|du

+M
∫ t

t0
e−

∫ t
u A(s)ds|g(x(u− τ(u)))|du

≤ δ +M
∫ t

t0
e−

∫ t
u A(s)ds|(x(u))|du

+M
∫ t

t0
e−

∫ t
u A(s)ds|x(u− τ(u))|du

≤ l + lM
∫ t

t0
e−

∫ t
u A(s)dsdu

+ lM
∫ t

t0
e−

∫ t
u A(s)dsdu

≤ l

[

+2M

(

Q+
e−a0Q

a0

)]

.

We can conclude that

|x(t)|+ |y(t)|< 2l

[

1+M(Q+
e−a0Q

a0
)

]

This completes the proof of the theorem.

3 Conclusion

A functionalLiénard type equation with variable delay is
considered. The stability of the zero solution of the
equation is discussed. In proving our main result, we use
the fixed points theory by defining an exponentially
weight metric. Our result extends and improves some
recent results in the literature.
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