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Abstract: In this article, we consider the time evolution of the quamtisher information in the context of the interaction betwe
two-level atom and two-modes electromagnetic field. Weudische correlation between the quantum Fisher informait®fiow and
guantum entanglement for the system under consideratioalyAc results under certain parametric conditions ataiabd, by means
of which we analyze the influence of different parameterdienvon Neumann entropy and quantum Fisher information. Wstigate
different forms of the two-mode field states such as uncatedltwo-mode coherent states and two-mode squeezed vatatas. We
explore an interesting monotonic relation between the munarkisher information and nonlocal correlation behavioihe atom-two
modes field interaction under the estimator parameter alutkyige effect during the time evolution
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1 Introduction quantum technologies field which is called quantum
] . ] ~metrology. In this regard, quantum metrology is discussed
Entanglement is the main part of quantum informationfor entangled coherent states, and gives an improved for
and computation. In this way entanglement is a propertithe phase estimation and smallest variance in the phase
of COI‘I‘e|atI0nS betWeen two or more quantum Systemﬁgarameter in Comparison to NOON, BAT and Opt|ma|
[1]. These correlations defy classical description andstates. This work has modified to discuss the quantum
associated W|th intrinsica”y quantum phenomena. ThiSmetr0|ogy resources for two modes entangled
nonlocal nature of entanglement has also been identifiedpin-coherent state4 3.
as an essential resource for many novel tasks such as
quantum computation, quantum teleportatior?], [ Parameter estimation is a significant pillar of different
quantum cryptography3] and more recently, one-way branches of science and technology, and developed new
quantum computation4] and quantum metrology5]. techniques in measurement for parameter sensitivity have
These quantum information tasks cannot be carried out bpften led to scientific breakthroughs and technological
classical resources and they rely on entangled states. Thadvancement. There is a great deal of work on phase
recognition led to an intensive search for mathematicalestimation addressing the practical problems of state
tools that would enable a proper quantification of this generation, loss, and decoherendd, 15,16,17,18,19].
resource §]. In particular, it is of primary importance to Fisher information lies at the heart of a parameter
test whether a given quantum state is separable oestimation theory that was originally introduced by Fisher
entangled. For this quantification, several entanglemenf2Q]. It provides in particular a bound to distinguish the
measures have been proposed such as concurrgi@e [ members of a family of probability distributions. When
entanglement of formatior®[10], negativity [11,12], etc. = quantum systems are involved, especially for problems in
1). The current and new applications of the quantumwhich the quantity of interest is not directly accessible,
Fisher information QFI) in the new and important of the optimal measurement may be found using tools from
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guantum estimation theory. The quantum version of thepair coherent states34,35,36] or two-mode squeeze
Cramér-Rao inequality has been established and the loweracuum state 37,38] of light lies in their close
bound is imposed by QFPR[]. An abstract quantity that connection to two-photon nonlinear optical processes.
measures the maximum information about a paramgter Such correlated states play an important role in quantum
that can be extracted from a given measuremenmechanics and quantum information processing. For
procedure. Since the mathematical treatment of the lower

bound in physical problems has been clarifi@®, P3],
the best resource for the phase esti_mat_ion has bee&ate TMSVS) in the single-mode amplitude damping
phscus;ed 44,29). Q.uant'um communication theory channel has been investigat&9], where it is found that
mclughng quantum estimation and quantum d_etect|on MaY%he outcome state is no more a pure state, but an
predict a possibility to beat such a lim2§). It is shown

that isinaly. for stat ith hiah t f entangled mixed state. Also, the quantum dense coding
at, surprisingly, for states with high temperature, ﬂ'?as via a two-mode squeezed-vacuum state is studief [t
estimation is better for states with only classical

: . . is shown that the decoding at a receiver side is performed
gg{gggﬁns £7,28] than with entangled GHZ diagonal " gimyitaneous measurement of two quadrature

; . components of the two-mode state. where the information
Itis well known that, the correlation between quantum cap he transmitted without error in the strong-squeezing
entanglement and Fisher informatigRl), as we know

. . limit because the two-mode squeezed-vacuum state is

about a certain parameter in a quantum state, has not be‘?ﬂlrtially entangled.
studied widely. However, there are some studies to
guantify the pure state entanglement by using Fl. In this
regard, the entanglement evaluation with atomic classical
Fisher information has been investigat&d][ It has been 2.1 Two mode squeezed vacuum states
shown that entanglement of a two-level atom can be
quantified by atomic FI and their marginal distribution. ) ; :
Furthermore, the correlation between the FI and quanturr-1rhe two-mode squeezed state is definecidp [
entanglement during the time evolution for a trapped ion A A A A &
in Iasgr field. It is fgund that Fl is an importantptF())oI to |¥)sq = D(81, 01)D(82, a2) (1. #)[0) (1)
study single qubit dynamics as an indicator of . ) .
entanglement under certain conditior@l]] Also, the ~ WhereD(&;, ai) is the common displacement operator
time evolution of the QFI of a system whose the dynamics
is described by the phase—damped model has st'uﬂ@d [ ﬁ(é‘-,ai) — exp(ai:ﬂ — ai*éi) , i=12 2)
It observed that there is an interesting monotonic relation
between the QFI and nonlocal correlation behavior A . .
measured by the negativity depending on choosing th&nNdS(r; @) is the two-mode squeezing operator
estimator parameter during the time evolution. _ _

In this present article, our main interest is to é(r,d)) = exp{r(—éléze*"f’ +é{é§e‘¢)} . 3)
investigate and discuss in detail the time evolution of the
QFI, QFI flow and the entanglement between two-level

atom alnd éhe mpu(tj field initially in correlated and .,mpjicated; however, we would like to consider the
uncorrelated two-mode states. simplest form of the two-mode squeezed stat& 472,

The article will be outlined in the following order. The namely the two-mode squeezed vacuum i.e., without any
main concepts of the two-mode coherent states (TMCSHisplacementotl —ap = 0): '

and two-mode squeezed vacuum states (TMSVS) will be
presented in Sec. Il. In section I, we introduce the model
of the interaction between a two-level atom and two-mode

example, the dissipation of a two-mode squeezed vacuum

The expansion of equatiod)(into number states is quite

TMSVS=§(r,$)|0) = (cosir) ™y (¢ tanhr)" |n,n),

n

electromagnetic field in the presence of nonlinear terms 4)
such as Kerr like medium and detuning parameter. In Sec.

IV we evaluate and discuss the main results. Finally, we \ei¢tanhr|"1+"2

conclude our work in Sec. VI. Pan, (0) = W‘Snl,nz- %)

In the case of the two-mode squeezed vacuum, the double

2 Correated and Uncorreated two-mode summation becomes ovardue to correlation of the two
modes which keeps the equahumbers in every mode,

states then equations) is written as

The quantum behavior of a two-level atom interacting % tanhy |

with correlated two modes has been investigatgd. [ Py (0) = € tankr | . ©)
The importance of correlated states such as two-mode cosifr
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2.2 Two mode coherent states with

Ho—ar (ala+8) + e (8l +8), (12
We use uncorrelated two-mode coherent staldd ¢S)
as an example of the uncorrelated field states. Thavhich describes the free Hamiltonian. While the

uncorrelated coherent state is given by

(7)

00
|aq, a2) = Z Gnyny N1, N2)
n1,n>=0

where the amplitudey, n,(assumed to be real) in equation
(7) can be written as
m=lai?, i=12.

In the next section, we shall use the TMSVS and
TMCS given by Egs.4), (7) as an initial state of the input
field in the interaction with two-level atom.

()™ (n2)™
ny!ny! ’

ny -+ ny
2

Crynp = exp{— ( (8)
3 Model and its dynamics

We consider a system of a two-level atom interacting with
two-modes of the electromagnetic field. L&) and

interaction Hamiltonian part can be written as

at252 at242

Hin=AS + x181°82 + x185°85+ A [AS, + S AT], (13)

where the detuning = wa — w; — wp. For the two basely

,n1,np) and|{,n1 +1,nz+ 1) the interaction Hamiltonian
(13) can be transformed into the following form

%+ Elxjnj (nj—1) Afy/(n+1)(na+1)
i=
MV D0 ~5+ 3 m(m+ 1)
J:

in

(14)
The corresponding eigenvalues of the interaction
Hamiltonian are given by
P2 =A{A+x1ni+ XoN5+ Qnny b, (15)
where
Quyy = \/ @y + 20+ D)2 +1),  (16)
Onynp =4 — X1 — X2 17)

1) denote the excited state and ground state of the atomp, this case, the time evolution operator can be written as

respectivelyws is the transition frequency between state
[1) and|l), while «n andw, denote the frequencies of the

two electromagnetic modes. The total Hamiltonian for
this system in the rotating wave approximation (RWA)
can be written as

ala; + x,-éJTZaJZ) +P [AS, +S AT,

(9)

where we takdé = 1, é}L anddj are the photon creation
and annihilation operators of thg! mode. A is the

2
H=AS+ Wi
le( J

coupling parameter between the atom and two-mode

field, while wj(j = 1,2) is the frequency of th¢!™" mode
of the radiation fieldA = 4,8, ® f(&l4;,a}4,) [43. We
denote by xj (j = 1,2), the dispersive part of the
third-order nonlinearity of the Kerr-like medium gtb
mode, and f(é{él,éZéz) represents an arbitrary
intensity-dependent coupling. Als@. and S, are the
atomic spin operators defined by

N N ~ 1
Sy =1l S =l)(tland &= S (I {1 = [1)(H)-
(10)
The above Hamiltonian can be written as

U (g, nz,t) = exp(—Hint) = [M Uiz(ng, n2,t)

Uz2(ng, n2,t) Uzz(ng, o, t)

|

(18)
where
Una(ny, np,t) = % { (Q+58/2)e Mt 1 (Q—5/2)e ke ¢,
(19)
Uzz(ny, 2, t) = % { (Q—35/2)e M+ (Q+5/2)e W L
(20)
Usa(ng,n,t) = % (N +1)(np+1) (e M1t — e 'H2t),

wheref = f(ny+1,n2+1), Q = Qn, n, andd = &y .

The initial state is given by |@(0))
= |Ya(0)) @ |grmr (0)), where|a(0)) is the initial state
of the two-level atom anfiirme (0)) is the initial state of
the input two-mode field which will be TMCS (i.e.
|Wrme (0)) = |ag, a2) given by Eq. {) andTMSVS given
by Eq. @). The combined atom-field system staté¢ at0,
can be written as

1

W) =

(IM+[1))@[grme(0)),  (21)

S
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Once the matrix representationldft) is obtained, the o7 a) . b)
density operator of the system at any titne O as 06 o
~ A~ 0.5
p(t) =U(®)|w(0)) (w(0)|U'(1). (22) 5,00 0
0.3
Furthermore, we introduce the reduced atomic density o. .
operatop”(t) and the reduced field density operghbit) 01 02
by taking the trace gb(t) over the field states and overthe o —F———57., — e
atomic states, respectively, At At
)
PA) = Tre [p(1)], (23) '
0.
Then the matrix elements of the reduced atomic density )
operator are given by e o
P =5 (knump®)ln,ng),  (24) o
ny,Np=0 -1

0 3.14 G.}%B 9.45 12.56

It is well known that the entanglement of the
atom-field state can be measured in terms of the von
Neumann entropy44,45,46], which is generally defined Fig. 1. The time evolution of the: (a) von Neumann entrdRy
for the reduced atomic density mat@®\(t) as (for ¢ = 11/2), (b) the QFligr (solid line) and (c) the QFI flow

Iwg for single qubit interacting with field initially in TMCS for
S/ =-Tr(p*Inp*) = —prIn pg — oI iz, (25) Mm =M =10, A/A = x1/A = x2/A =0 and the intensity
dependent functiorfi(ng, ny) = 1.
wherepu; andy; are the eigenvalues of the atomic density
matrix p”.

Now, we turn the attention to the QFI which plays an
essential role in quantum information processing and o2 ? 1 )
guantum metrology, where the highest precision of
estimating an unknown parameter we may achieve is
related to inverse of the QFI and is defined as SV loros

lor =Tr[p(9)L?], (26) oo oss

wherep (@) is the density matrix of the systerp,is the % 31 g o4 125 o s e e 18
parameter to be measured, ands the quantum score
(symmetric logarithmic derivative) which is defined by 02 ©

dp(qo) 1 01
ag 2 PO PO, (27) o
The Fisher information is related to the uncertainty of the
measurement via the Gramer-Rao bouig,> 1/, /Fq.
Here, the QFI-based parameter is assumed to be induce 02p e
by a single-atom phase gate At
U(p) =1 {| +exp(ig) |1)(1], acting on the two-level
atom. TC? estimate th(,:" unk_nown paramepesis precisely Fig. 22 The same as Fig.1 and the intensity dependent function
as possible, the optimal input state may be chosen as _1 i i
|@(0)), which maximizes the QFI of the output state (M1, nz) = /V (M+2)(nz+1).
U()|w(0)). After the phase gate operation and before
the measurement performed, the qubit is coupled to a
environment consisting of phase noise laser described by
the master equation given above. QFI flow for a single qubit. By using the QFI, we
investigate the problem of the parameter estimation in a
two-level system interacting with the two-mod field
4 Numerical results and discussions initially in the TMCS and TMSVS. Furthermore, we
introduce the QFI flow to characterize the progression of
In this section, we present the link between the directionthe quantum entanglement. The QFI flow, which is
of each QFI, quantum entanglement and the sign of thelefined as the change raigy = dlgr /0t, of the QFI.

0.15 0.95

12.56
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Fig. 3: The time evolution of the: (a) von Neumann entrdpy ~ Fig. 4. The time evolution of the: (a) von Neumann entropy
("dashed line” forp = 11/2, "dashed-dotted line” fop = 11/4), S/ (dashed line), the QRlr (solid line) and (c) the QFI flow
(b) the QFllgr and (c) the QFI flowlwg for single qubit Iy for single qubit interacting with two-field initially in TM'®
interacting with two-field initially in TMVS fom=sint?r =10,  for i = sinkfr = 10, A/A = 10, x1/A = x2/A = 0 and the
A/A = x1/A = x2/ A =0and the intensity dependent function intensity dependent functiofi(ny,n2) = 1. Figs (b,d) are the
f(ng,np) = 1. same as Figs. (a,c) butfar/A =0, x1/A = x2/A =0.1.

We point out the this quantity is feasible for improving and there is a monotonic correlation between the quantum
and understanding the different branches of quantunentanglement and the sign of QFI flow at the half of the

metrology [L3]. periodic timeAt = m+% 1. Interestingly, we see that

In Fig.1, the quantum entanglement measured by thehe decreasing of quantum entanglement corresponding
von Neumann entrop$,, QFIl and QFI flow are plotted as the positive QFI flow and the negative QFI flow
a function of the scaled time (one unit of time is given by corresponding the growth of the quantum entanglement.
the inverse of the coupling constak). The input field is  From the above discussion the QFI flow can be used an
initially in TMCS and the effect of the detuning parameter indicator of the quantum entanglement between two-level
and Kerr like medium is ignored. Moreover, the effect of atom and two-mode coherent state field.
the intensity dependent function is neglected (f.@; +
1,n;+1) =1). It is observed that the maximum value of ~ Now, we are in a position to discuss an important and

practical situation of the interaction between the twcelev

the QFI is decrease as the scaled time goes on. Thereaom and two-mode field. In this considered case, we
monotonic correlation between the behavioBpand QFI  assume that the input field initially in the TMSVS which
during the time evolution. In the other hand, the QFI flow have different tasks and applications in quantum
exhibits an adverse behavior wifl) and QFI. information processing. As observed from Fig. 3(a) the

Now, we would like to consider the effect of the von Neumann entrop$, is affected by the changing of
intensity dependent functiorf(n; + 1,np + 1) on the  the phase shifp from /2 to /4 where the amplitude of
dynamical behavior of the quantiti&, Igr andlwe. In S, is decreased. This is the main advantage of the QFI and
this case the intensity dependent function its flow where they do not affected by any change of the
f(n1+1,n2+ 1) have taken to be/l\/(n1+ 1)(np+1) estimator phase shift parametgr The system does not
and the other parameters are the same as in Fig.1. It igeach to the separable state during the time evolution.
interesting to see th&, andlgr have an inverse behavior Also, there is a monotonic correlation between the
and they satisfy the equati@® + lor = 1. As seen from  dynamical behavior of QFIS, and the sign of the sign
Fig. 1 (a) the system returns back to the separable stat@F! flow.
(i.,e. S, = 0), and the QFI takes it maximum value (

lor = 1) at the periodic timéit = mm (m=0,1,2,.....). Finally, figure 4 presents the effect of the detuning
Instantaneously, the QFI flow drops to minimum value parameter and Kerr medium on the Q8J,and QFI flow.
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It can be seen that the QFI arg} has an monotonic  [7] W. K. Wootters,Quantum. Inform. Comput. 1, 27 (2001).
behavior. Interestingly, during the time evolution. The [8] K. Berrada, F. F. Fanchini and S. Abdel-Khalek, Phys..Rev
high amount of the quantum entanglement between the A 85, 052315 (2012).

two-mode field and two-level atom can be achived by the [9] C. H. Bennett, H. J. Bernstein, S. Popescu and B.
effect of the effect detuning parameter (see Fig 4(a)).  SchumacheiPhys. Rev. A53, 2046 (1996).

Moreover the Kerr medium leads to maximize ®eand [10] S. Popescu and D. RohrlicRhys. Rev. A 56, R3319 (1997).
minimize the QFI after initial time. On the other hand the [11] A- PeresPhys. Rev. Let. 77, 1413 (1996).

sign of the QFI flow is negative according to the sudden[12 K. Zyczkowski, P. Horodecki, A. Sanpera and M.

; ; i : LewensteinPhys. Rev. A 58, 883 (1998).
increasing ofS, and sudden drop for QFI within certain _

. : : [13] K. Berrada, S. Abdel Khalek, and C. H. Raymond Ooi, Pyhs.
small interval of the time and then it goes to zero value Rev. A86, 033823 (2012)

(see Fig 4(d)). [14] V. Giovannetti, S. Lloyd, and L. Maccone, Scien@86,
1330 (2004)
. [15] J. Dowling, Contemp. Phyd9, 125 (2008)
5 Conclusion [16] J. A. Jones, S. D. Karlen, J. Fitzsimons, A. Ardavan, S. C

. . . ) Benjamin, G. A. D. Briggs, and J. J. L. Morton, Science.
In summary, in the point of view the quantum Fisher 324, 1166 (2009)

information, we have investigated in detail the problem of (17] 5 simmons, J. A. Jones, S. D. Karlen, A. Ardavan, and J. J
parameter estimation of a two-level atom interacting with - | Morton, Phys. Rev. /82, 022330 (2010)

input two-mode field. The model was considered when[1g8] B. L. Higgins, D. W. Berry, S. D. Bartlett, H. M. Wiseman,
the two-level atom is initially in the optimal state while and G. J. Pryde, Naturé50, 393 (2007)

the field is initially in two-mode coherent states and [19] U. Dorner, B. J. Smith, J. S. Lundeen, W. Wasilewski, K.
squeezed vacuum states. By numerical calculation, we Banaszek, and I. A. Walmsley, Phys. Rev.88, 013825
considered the maximal QFI by choosing the optimal (2009)

input state. We have shown that the QFI flow is useful to[20] R. A. Fisher, Proc. Cambridge Phil. Soc. 22, 700 (1929)
characterize the progression of quantum entanglement reprinted in Collected Papers of R. A. Fisher, edited by J.
and dynamics of atom-field correlations under different ~ H. Bennett (Univ. of Adelaide Press, South Australia, 1972)
cases of the intensity dependent function. The _Pp.15-40] . o
relationship between QFI, QFI flow and nonlocal [21] H. _Cranjer, Mathem_atlcal Methods of Statistics (Prtnce
correlation was demonstrated. Our results show that th?zz] B”B’ﬁﬁg eptersb i;gc?{tg\?ll\;]t'o 129‘53)0403 (2008)
interaction between the two-level atom and with e - ' : ’

two-mode field under the effect of the intensity dependent®! gé%%igrlletgbgé Lloyd, and L. Maccone, Phys. Rev.tLet
function, detuning parameter and Kerr like medium ' ( )

. . 4] J. Joo, William J. Munro, and T. P. Spiller, Phys. RewttLe
provides much substantial structure than the absence Jf" 107, 083601 (2011)

the deuning parameter, Kerr like medium and intensity[25] U. Domner et al., Phys. Rev. Let02, 040403 (2009)

dependent function. In. this way, it is found that, the [26] Kavan Modi, Mark Williamson, Hugo Cable, and Vlatko
variation of the atom-field entanglement and quantum' " \edral1, arXiv:1003.1174v3

Fisher is determined by the sign of the quantum Fisher27] L. Henderson and V. Vedral, J. Phys34, 6899 (2001)
flow during the time evolution. Also, we have found that [2g8] H. Ollivier and W. H. Zurek, Phys. Rev. Lei88, 017901
the deuning parameter and Kerr like medium create a  (2001)
high amount of the atom-field entanglement and[29]K. Nagata, Int. J. Theor. Phy48, 3358 (2009)
minimizing the QFI. More and deep future investigation [30] A.-S.F. Obada and S. Abdel-Khalek, Physica389, 891
is planned regarding the effect decoherence of the (2010).
dynamics of the nonlocal correlation, QFI and QFI flow [31] S. Abdel-Khalek, K. Berrada and A. S. F. Obada, Eur. Phys
considering the cavity damping. J. D.66, 69 (2012).
[32] K. Berrada, S. Abdel-Khalek and A. S. F. Obada, Physics
Letters A376, 1412 (2012).
[33] S-C. Gou, Phys. Rev. A0, 5116(1989).
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