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Abstract: This paper shows a link between the dispersion and the nonlinearity degree of QPP (quadratic permutation polynomial)
interleavers. An upper bound for the dispersion of QPP interleavers is derived. This upper bound is computed very simple, only
depending on the coefficient af of the polynomial and of the length of interleaver. The comparison with the real dispersion of QPP
interleavers given by Takeshita in [1] leads to insignificant difference. Searching of QPP interleavers based on a metric including upper
bound of dispersion an®® parameter is equivalent with that basedf@metric.
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1. Introduction In order for the translation to lead to a point in the interleaver-

. . code, we have
QPP interleavers are characterized by [1]: completely al-

gebraic structure, efficient implementation (high speed and 7(i+ ko) = (i) + ki (3)
low memory requirements) and very good performances.

A QPP interleaver of lengtli is defined in [1], [2], [3],  Takeshita definethe degree of nonlinearity as the num-
[4] as: ber of distinct orbits. Thereby, the degree of nonlinearity
7(2) = (go+qra+qoa?) mod L,z = 0,1,...,L—1 (1) is the number of distinct solutions of Equation (3). It is

shown in [1] that the degree of nonlinearifyof a QPP
whereg; andg, are chosen so that the quadratic polyno- interleaver is given by
mial in 1 is a permutation polynomial ang only deter-
mines a shift of the permutation elements. ¢ = L/gcd(2go, L) (4)
The randomness analysis of these interleavers consid-
ering the nonlinearity degree was performed in [1] andwheregcd means the greatest common divisor.

associates each interleaver defined by permutation Usually, the dispersion is used as a measure of the in-
with a geometrical representation called interleaver-codeerleaver randomness. It is defined as the number of dis-
by the transformatio : «(i) — F(i), whereF(i) = tinct displacement vectofgd,,, A,) [5]:

{(i,n(3))li € I}, andI = {0,1,...,L — 1} is the set

of indices corresponding to the bits to be interleaved. The
pair (i, 7(¢)) is called point and a set of points in the in-
terleaver/code, which are equivalent under the action of
a isometry group, is called orbit. The isometries of inter-
est for turbo code distances are translations of a point in ] . o )
the interleaver-code, i.e. the transformation that circularly The normalized dispersion is the value/ohormalized to
shifts a point withk, units to the right along dimensian ~ its maximum value, i.e.:

and withk; units up along dimension: or

A(k(],kl) . (Z,’]T(Z)) — (i+k(),ﬂ(i)+k1),k07k1 S I (2) v= L(L — 1) (6)

r=|{(4..4)) € 2214, = j—i, 4, = 7(j) — (i),

0§z’<j§L—1}’ (5)
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The dispersion of an interleaver influences the multiplici-  SinceA, is given by both (7) and (8), it means that an
ties of the low weight code words, therefore a high disper-upper bound for the number of distinct values4j for
sion is desirable [5]. However, QPP interleavers have smaltonstantA, is equal tomin(2L/gcd(A,,,L),L — A;)
dispersion and still lead to good performances, if they areand an upper bound on the dispersion is:
properly chosen.

In this paper we show that a very close upper bound L-1
of a QPP interleaver exists. As the nonlinearity degree, it UB(I") = Z min(2L/gcd(A,,, L), L — A;) (13)
only depends on the coefficiept and on the interleaver A—1
length (formulas (13)-(14)). The paper aims to perform a
theoretical analysis of QPP interleaver randomization, esThe upper bound on the normalized dispersion{4JBis
tablishing a relationship between the two quantities knowncalculated using Equation (6):
and used for this: dispersion (more exactly, a very tight up- )
per bound of it) and the degree of nonlinearity. _ )

In Section Il an upper bound for the dispersion of QPP UB(y) = L(L-1) UB(I") (14)
interleavers is established and it is compared with the real
dispersion for QPP interleavers from [1]. Section Ill con- For 4, = 1, we have

cludes the paper.
2q2, When2qgs < L,

Ay1 = (2q2)%L = 2qo — L,When2q2 > L, (15)
2. An Upper Bound for a QPP Interleaver L,when2g; = L.
Dispersion Thus, in this case,
In order to establish an upper bound for the dispersion of a A(A. L) = aed(2a5. L 16
QPP interleaver we have to compute the number of distinct ged(Ay, L) = ged(2q2, L) (16)

valuesA, = 7(z + A;) — 7(x) for each valued. = ¢ foliows that the connection between the upper bound of

L...,L—1andz = 0,...,L — 1 — A,. Fora QPP gispersion (13) and the nonlinearity degree in (4) is given
interleaver, it follows: by

v = (¢ 42 g244) mo Q) UB(I") =min(2-¢, L —1)+

For negative values), is computed as L1
+ Y min(2L/ged(A,,, L), L — Ay)  (17)

Ay = (1 Ay + A2 + 22 Ayz) mod L— L (8) A,=2

Since . . .
The upper bound on normalized dispersion for the QPP
— 2
Ay, = (@14s + ¢245) mod L (®) interleaver given in Equation (14) for large lengths is cal-
is constant for a fixed\,,, we should only find the num- culated much easier than the normalized dispersion value,

ber of distinct values in the s€t(2¢g,A,2) mod L|z =  andis very close to it.
0,...,L—1—A,} . We denote To highlight this aspect, Table 1 gives the real disper-
sion and its upper bound for interleavers with the largest
Ay, = (2q2A,)%L (10) spread (Largest Spread QPP) [1].
Table 2 also gives the real dispersion and its upper
where bound for QPP interleavers with the largest value of met-
ric £/ (£2’-QPP) [1]. Only constant free polynomials were
pHL = {p mod é’xﬂgzp f Zé’ (12) kept. Among polynomials repeated in both tables, only
’ p = those in the second table were held.
So, the number of different values of (7) or (8) depends on _From Tables 1 and 2 we notice the efficient approxi-
the number of solutions of the congruence mation of the dispersion of a QPP interleaver with the pro-
posed upper bound.
Ay, -z = mod L,with 8 constant (12) From Table 2 we notice that the dispersiondfQPP

interleavers is very small, but higher than that of the largest
The solutions of this congruence are presented in theoremgpread interleavers. This happens because the nfetric
2.8 given in [4]. The equation has= gcd(4,,, L) solu-  takes into account the nonlinearity degree, which is also a

tions, ifd | 3 (i.e.d divides/3). measure of randomness.

If 20 is a solution of equation 12, then + L/d, v + However, the performance ¢#-QPP interleavers for
2L/d,..., zo+ (d—1)L/d are also solutions of this equa- medium and large lengths is very good, as shown in [1]
tion. Thus, the elements in the fgRgo A, x) mod L|z = by simulations. This fact shows that the randomness of the
0,...,.L—1-— AI} repeat with period./d. interleaver is important.
®© 2012 NSP
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Table 1 QPP Interleavers with the largest spread. Table 2 QPP Interleavers with the be€X .
L] (x) [ v [UuB( | [ L ] =« [ v [UBH |
128 15z + 3227 0.04540| 0.04651 40 x + 1022 0.12308| 0.14615
160 19z + 4027 0.03640| 0.03726 80 9z + 2022 | 0.07152| 0.07405
400 17z + 10022 0.01474| 0.01496 128 Tz + 1622 0.07948| 0.08415
512 31z + 64> 0.02100| 0.02137 160 9z + 2022 0.06462| 0.06761
640 39z + 80> 0.01683] 0.01712 256 | 15z + 3222 | 0.04133| 0.04253
752 31z + 18822 0.00790| 0.00797 320 19z + 4027 0.03325| 0.03409
1024 | 123z + 25627 0.00583| 0.00586 400 Tz + 402> 0.04051| 0.04158
1504 | 183z + 37627 0.00397| 0.00399 408 | 25z + 10222 | 0.01450| 0.01467
1600 49z + 10022 0.01319| 0.01339 512 15z + 3227 0.04022| 0.04151
2048 63z + 12822 0.01033| 0.01047 640 19z + 4027 0.03243| 0.03328
2560 79z + 16022 0.00828| 0.00838 752 23z + 9422 0.01437| 0.01458
3200 | 79z +800z> | 0.00187| 0.00187 800 | 17z + 80z% | 0.02052| 0.02090
4096 | 173z + 102422 | 0.00146| 0.00147 1024 | 31z + 6422 0.02050| 0.02088
8192 | 127z + 25622 0.00515| 0.00521 1280 | 39z + 8022 0.01645| 0.01672
1504 | 23z + 9422 | 0.01401| 0.01424
1600 | 17z +80z2 | 0.01542| 0.01568
2048 | 31z + 642° | 0.02035| 0.02074
2560 | 39z + 802 0.01633| 0.01662
It should be noted that if we want to search QPP inter- 3200 | 17z + 8022 | 0.01412| 0.01437
leavers with good error-rate performance, we should max- 2096 | 31z + 6422 | 0.02029]| 0.02071
imize the UHF) . In(D) product, with the parameteiD 5472 | 77z + 11422 0.00896 | 0.00914
under the same conditions as in [1]. Considering relations 8192 | 31z + 6422 | 0.02028 0.02070

(17), (4) and (10), which indicate that UB) and ¢ de-

pend only on the length and the coefficients, maximiz-

ing this product for a certain length will lead to the same

interleavers as those with the b&3t= ¢ - In(D). There-

fore, relation (17) shows the equivalence from this point of References
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3. Conclusion

Lucian Trifina was born
in Falticeni, Romania in 1976.
He obtained his B.Sc. degree
in Electronics and Telecommu-
nications engineering from the
“Gheorghe Asachi” Technical
University of lasi, Romania, in
2002. He received his M.Sc.
degree in Modern Techniques
Acknowledgement for Signal Processing from the
“Gheorghe Asachi” Technical
The authors would like to thank the anonymous reviewersUniversity of lasi, Romania, in 2003. In October 2007 he
for their helpful comments and suggestions. received the Ph.D. degree, with the doctoral thesis “Turbo

© 2012 NSP
Natural Sciences Publishing Cor.



400 Lucian Trifina et al : On Dispersion and Nonlinearity Degree of QPP Interleavers

Valeriu Munteanu was born
in Romaniain 1941. He received
the M.Sc. degree in 1965 in Elec-
trical Engineering and the Ph.D.
degree in Electronics and Telecom-
munications in 1972 from the
“Gheorghe Asachi” Technical
in lasi, Romania in 1960. She University of lasi, Romania. In
received the M.Sc. degree in . 1965 he joined the Communi-
1983 in Electrical Engineering cations Department of the Fac-
and the Ph.D. degree in Elec- ulty of Electronics and Telecom-
tronics and Telecommunicationsmunications, “Gheorghe Asachi” Technical University of
in 1997 from the Technical Uni- lasi and received the title of Professor in 1990. His re-
versity “Gheorghe Asachi” of search interests currently is Information Theory.
lasi, Romania. In 1991 she joined
the Communications Department
of the Faculty of Electronics
and Telecommunications of lasi and received the title of
Professor in 2000. From 2005 she was vice-dean of the
Faculty and from 2008 she is the head of the Telecom-
munications Department. Her research interests currently
include digital signal processing and coding theory with
emphasis on turbo coding and wireless systems.

Codes - Theoretical and Practical Aspects”. Currently he
works at the Technical University Gh. Asachi of lasi, Fac-
ulty of Electronics, Telecommunications and Information
Technology, Telecommunications Department as a teach-
ing assistant.

Daniela Tarniceriu was born

(© 2012 NSP
Natural Sciences Publishing Cor.



