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Abstract: In this article, we proved the estimation formula for thenrprobability for risk model with sequences of independert a
continuously distributed random variables. We generdlihe Picard-Lefvre formula (seé]] for the ruin probability for risk models as
well as the results of Claude Lefvre and Stephane Loisel[@gdn their studies, the authors gave only the formula of puiobability
for classical risk model while in our study, we establishieel formula for continuously distributed random variabl@sherwise, we
extended the results for the model with sequences whichegmerdient of Markov type.
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1 Introduction

In recent years, the finance services in general and inseliadastry in particular have played a crucial role in ecopom
helping to adjust and promote all other economic activitidgs area has also become a platform for launching various
ideas and intellectual applications. Over the past few diesaquestions in insurance and finance have been among the
focus of many mathematicians in the area of probability thend statistics.

Financial investmentis an integral part of any businesssantbr that wants to make a profit. However, investmentsyeslwa
carry risk elements in itself, which might even result inda@s bankruptcy. While the nature of insurance is to shaks ris
the underlying part of an insurance company is also an imest, and therefore carries risk itself. Assessment of risk
level and likelihood of occurrence is apparently a much eda@search to mitigate risk and minimize possible loss. The
risk theory has been widely studied recently, particularlinsurance and financial risks. One of the key issues tleat th
theory deals with is the Ruin Probability in the risk modelsiodiscrete or continuous-time horizon.

This paper aims to provide an estimation formula for the primbability for risk models with sequences of independent
and continuously distributed random variables. Picard legfgre [7] recently derived an explicit formula (hereinafter
referred to P-L formula) for the finite non-ruin probabilitya compound Poisson model where the claim amounts are
integer-valued. Such a case is important because disatietizof claim amounts is often required for numerical
calculations in practice. Many (see De Vyld&},[[4] and Ignatov P,?, 5] [6]) have pointed out the importance of the
P-L formula as well as its wide applications. Claude Lefvnel &tephane Loisel (se@]] has recently extended P-L
formula for the compound binomial and compound Poissonmisklels. Moreover, the ruin probability formula is also
given explicitly. The key idea in the two authors proof is tise of ballot theorem. Bui Khoi Dam and Phung Duy Quang
[1] recently derived an explicit formula for the finite time RuProbabilities In a Generalized Risk Processes under
Interest Force.

Now we consider the risk models with sequences of Markov éget random variables.
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2 The exact formula for theruin probability for the model with sequences are dependent
Markov

Let us consider an insurance company that evaluates itauege expenses and costs, losses, profits at periodic times
fixed in advance (for example month, quarter or year).

Assume that the insurance company’s initial capital is 0. At the end of each periddt = 1,2, 3... we denote:
X; are claim size in the" period
Y; are premiums in thé" period.

The reserveb); of the company at timeare given by

U=u+t zvi - in 1)

At the end of each periadt = 1,2, 3,... the ruin would occur ifJ; < 0.
The ruin probability within finite timé¥ (u,t) is defined by:

WY(u,t)=PU; <0 forsomet=123,... T;1<T < 4o).
Ty stands for the first time of ruiffy, > 1 necessarily and far> 1,
Tu>t+1 meansS <u+i for 1<i<t.
We have
Yut)=1-P(Ty>t+1),

whereP(T, >t + 1) denotes the probability of non-ruin within finite time.

We give the formula for calculating the probability of nomisr within finite timeP(T, >t + 1) for the model with(X;)i>1
and(Y;)i>1 sequences are dependent Markov as follows.

Theorem 2.1. Assume that the initial capital of a companyus N*, the insurer’s capital at the end of periad =
1,2,3,...is arandom variablg; defined by
t t
Ut =u+ ZiY| - ZLK
i= i=

WhereX;,Y; are the claim size and premiums in title period, respectively.
Also we can assume that:

There exists a positive integlt < « such thaP(Y; < M) =1 andP(X; < M) =1 (because the total premiums and claim
size are finite).

Claim size proces&X;)i>1 and premiums procces¥ );>1 are the non-negative integer-valued homogeneous distinete
Markov chain with the initial distribution and the transiti probability matrix are:

M
PXa=Kk) =pc, Y pc=1, [pij] matrix, pij = P(Xos1 = j[Xn =1)
o

M
P(Y1 =Kk) = qx, z Ok =1, [gij] matrix,qij = P(Ynr1 = j[Ya =), respectively.
K=0

Then we have the exact formula for the probability of nommithin finite time:

P(Tu>t+1)= z Olicy Oky ko —kq -+ Ok 1 —ke o ke —ke_1 z Piy Piq,ip---Pic_q,it
Og(ki_ki—l)SM O§i1<k1+u
1<i<t O0<ip+ia<ky+u
ko=0

0<ii+..+it<k+u
)

(@© 2014 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. Lettl, No. 3, 87-93 (2014) www.naturalspublishing.com/Journals.asp

N SS ¥

89
Proof. For convenience, we denote the formuliq a particular way

U=u+\%-§
where

\Y ZiY are total premiums (at the end of thle period)

S = ZX. are total claim size (at the end of thé period),
Ty stands for the first time of ruin.

The goal is to calculate the non ruin probabilRyT, >t + 1): That is, until the end of periog the company is not at risk
Obviously, the first we have

{u>t+1}={U; >0,i=1,2,....,t}.
We have
(Mu>t+1)=(Ui >0,1<i<t)=(S<Vi+ul<i<t)
t im

~NU G <k+u(=K 3)

i=1k=1
since

O<Yi<M)=1=PO<Vi=Yi+Yo+ .. +Y <iM)=1Vi:1<i<t
From 3) we get the formula
PTu>t+1) =P{[(Si<u)(Vi=0)U(Si < 1+u)(Vy =
NS <u) (Vo=

HUu...U(S<M+u) (Vi =M)N
OU(S<1+u)(\Vo=1)U...U(S<2M+u)(V2=2M)|N...
NS <w(M=0U(S <1+u)4

=1)U...U(§ <tM+u) (i =tM)] }
(SE<uN(S <un..n(§<un(Vy
>

=1)N(Ve=2)NnM=t)]U
P{ [(S1<ki+Uu)N(S < kp+u)

<k—k-1<

1<i<t

ko=0

N (S <k +u)] (Vi =k1)(V2= ko) (M
We have 4) due to the following properties &f, noting that ally; are non-negative integers
If i < jandk; > kj then

=k)}. (4)
P{(Vi=k)(Vj =kj)] =

= P[(Y1+Y2+...+YiZki)(Y1+Y2+...+Y+ +Y;
=P[M=

Y =k))]
=k) (Y1 +...+Y; =kj — k)]
=0.
We have
P(My>t+1)
= > [(S1 < ko +U) (S < ko +U)...(S < ke +U)]P[(Ya = ki) (Yo = ko — ka).. (% = ke —ke_1)].
0< (ki—ki—1) <M
1<i<t
k=0

According to the multiplication principle in probabilitye have

Pl(Y1=k1)(Ya =k —kp)...(y = k — k1)
=PV =k)P(Ya=ko—ki|[Y1 =ki)P(Ys=ks —kz[Y1 =Ky, Y2 =k — ky)
PM =k —k-1Ya=ki, Y2 =k — kg,

Yr=ko1—ko2).
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By the Markov property, we have
P[(Yo1=k1)(Ya =k —kp)...(Yy = k — ki—1)]
=P(Y1 =ki)P(Ya =k — ki |Y1 = k1)P(Ys = ks —ka|Y2 = ko — Ky )....
P =k —ko1|Yimr=ko1—k2)
= Oy Oy ko kg Ok g~k -+ O~k ok k1 ©)
Continuing to calculate the right side d&)(we have
P[(Si<ki+U)(S < kap+U)..(§ <k +U)]
=P(S <ki+uP(S <k +ulS <ki+u P(S<ks+ulS <ki+uS<ky+u)...
LPE<k4ulS<kitu,S<ktu,...S-1<k_1+U)
Similarly, by the Markov property, we have
P[(Si<ki+Uu)(S<ke+U)..(S <k +U)]

=P(S <ki+uP(S<k+ulS <k +UuP(S<kstulS<ky+u)..
LPE <k+4u|lSo1<k-1+4u)

= Pix Piviz Pigiig--Pie_aic- (6)
Combining the results4, (5) and @) we have the formula?).
The proof of Theorem 2.1 is thus complete. O

Remark 2.1 In considering the risk modell] with interest appearencce, Bui Khoi Dam and Phung Duy QuUahg
introduced a formula calculating exactly the ruin probipifor the mode when the premiums and the claim size are
sequences of non-negative random variables (not nedgdsée integer values in a finite set). In the case of no istere
we obtain the result as in the following theorem.

Theorem 2.2. Assume that the initial capital of a companyis N*the insurer’s capital at the end of the pertotd=
1,2,3,...is arandom variabley defined by
t t
U=u+dYY—Y X
22

X; are claim size in théh period
Y; are premiums in thih period

Y = {Y;}|_, is a sequence of independent and identically distributedamn variablesy; take values in a finite set of
positive number&y = {y1, Y2, ..., YN}, (0<y1 < Y2 < ... <yn) With gk = P(Y1 =yk) (Y € Ey), 0 < g < 1, kglqk =1,
X = {X}'_, is a sequence of independent and identically distributedamn variables); take values in a finite set of
positive numbers, withpg = P(X; = X¢) (X € Ex), 0< px < 1, kgl P« = 1. The sequences = {X;}_, andY = {¥i}!_;

are assumed to be independent.
Then we have the exact formula for the probability of nommithin finite time:

N
PMuzt+1)= % qnlqnz---qm< > > Y pmlpmz---pm> ()
ni.ng,...,ne=1 1<m<gp 1<nmp<gy 1<m<gt
with
g1 = max{my : Xm, < min{u-+yn,,Xv}},
1
0= max{mz S Xmy, < min{u-+ z (Yn, —Xm) + Yny, xM}}
k=1
t-1
G = maxq M2 Xm < Min{u+ 5 (Yo, —Xm) + Yy, X }
k=1
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In the classical risk modé), = u+ct — §, the authors Claude Lefvre and Stephane LoiZetdnsidered the models in
which the premiums are linear time while the claim size agpisaces of binomial distributed random variables. However
in fact, the are many cases when the claim size have contidistibution. Therefore how to estimate the ruin proligbil
for such cases is a significant problem (until now there isxazeformula). In the followings, we will resolve this preih
with arbitrarily small error.

3 Estimating the ruin probability for risk models with sequences of continuously distributed
random variables

Now we consider the risk model: .
U =u+ct—S with s:zxk (8)
K=1

whereXz, Xo, ..., % are sequences of non-negative, independent, identiaadlcantinuously random variables with the

t
distribution functionF. Then the sung has the distributiors = ® F (thet-times convolution of the distribution function
F). SinceF is continuouskFs is also continuous.

For every arbitrarily small positive numbeythere exists a positive integt = M(¢) such that
P(S>M)<e. 9)

For continuous= on[0,M] , Fsis regularly continuous of®, M]. For all giveng, there exists a positive numb&r= d(¢)
and for all partition of 0, M] satisfying

O=ap<ay<..<@g<..<ap=M with max (a.1—a) <9,
0<i<n-1
we have
[Fs(an+1) —Fs(@n)] < & (10)

Now we estimate the ruin probability for the previous riskdats with arbitrarily small error. This is shown in the
following theorem.

Theorem 3.1. Assume that the initial capital of a companyus N*, the insurer’'s capital at the end of period =
1,2,3,...,is arandom variablg; defined by

t
U=u+ct—§ with § =3 X
K=1

Let us mention that if the premium per time unit is equal to sifdge constant # 1, X, is the claim size in th&th period.

Also we suppose that the numberd! = M(¢g),d = d(¢) satisfy the conditions9), (10) for all partitions 0= ag < a1 <
<@g <....<ap=M.

Denote by

B={w:S(w)>M}
An={w:a <S(w) < a1}, nis a given fixed number

and consider the random variables
i M-1 2) M-2
$Y(w) = > aila, +Mls, 87 (w) = 3 aala,tMs
i= s

where
0 when w¢ A 0 when w¢ B

Tain(@) = { 1 when we A, and T(w) = { 1 when w € B.

Then we have the estimation formula for the ruin probabdityfinite-time

t
YD (u,t) <W(ut), withwDut)=pP <U UM () < o) (11)
j=1
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and we have

lim (qJ(u,t) - w<l>(u,t)) ~0. (12)
e—0
n— oo

1) ] 2) M—1

Proof. We haveS(, (w) < §(w) with Vo € Q andS(w) < S< (w)Vwe 3 Ap.
i=0

On the other hand, we observe:

Ut(l) <0& u+ct—5}<1) <0
Ut(z) <0& u+ct—$<2> <0
U<0su+ad-5<0

this leads to
{ué” < o} c{U <0} = P{ut“) < o} <P{U; <0}

Hence we obtain
YO (ut) < W(ut)
with

J

WO t) = P(

t Ut(u) < o) :

1
So (11) is proved.
To prove (L2), we see that:

W(ut)—wOut) =Pu+c<S)—Pu+c<S)=PEY <u+tct<S)

M-1 q
-5 Au(8Y <u+at<§)+P[BEY <ut+at<s)

M-1 1 ,
< 3 Pla(s? sura<s)|+P@

M1 ) i
< %P Ani(SY <utct<S)|+e
VAR ]

< B_AZ_:P :An,i(éb <utct< ézﬂ Te (13)

Since forw € Anj, (§Y <u+ct <) c (§Y <u+ct < g?).
If u+ct < M, there exists uniquely indexsuch that

aj <u+4ct<ajpr.
From @3) we have

wut)—¥Out) <P [An,j(s(l) <u+tca< S@)} +€

<P(Anj)+e=P(aj<S<aji1)+¢
=P(& <ajy1) P& <aj)+e
=Fs(aj1) —Rs(aj) + &,

(By the properties of regular continuity 8fon [0,M], Fs(aj+1) — Fs(aj) < €), hence

0<W(ut)—¥O(ut) < e4e=2e,
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which yields
lim (W(u,t) e (u,t)) —0.

£—0
n—sco

If u+ct > M, then in a similar way we have

0< Y(ut) - ¥ (ut) <P [Am(é” <uta< é%} +e=P0)+e=¢

therefore
i ) —
lim (W(u,t) W (u,t))_o.
n—oo
So (12) is proved. O

Remark 3.1 From (11), we can estimate the probabilitf(u,t) with arbitrarily small error. We can evaluaté(u,t)
exactly due to formulan), becaus@fl)(w) only takes finite values sind%($<1> = ai) =Fs(a11) — Fs(&).
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