Inf. Sci. Lett.4, No. 2, 51-59 (2015) F =D\ =1

Information Sciences Letters
An International Journal

http://dx.doi.org/10.12785/is1/040201

Characterizations of Hemi-Rings by their Bipolar-Valued
Fuzzy h-ldeals

Tahir Mahmood and Khizar Hayat

Department of Mathematics and Statistics, Internatioslahhic University, H-10, Islamabad, Pakistan

Received: 18 Aug. 2014, Revised: 18 Dec. 2014, Accepted:e€k P014
Published online: 1 May 2015

Abstract: In this paper, we employed bipolar fuzzy set theory to hamgs and we popularized notation of bipolar valued fuzzy
interiorh-ideal, bipolar-valued fuzzy primeideal, bipolar-valued fuzzy semiprinmeideal, bipolar-valued fuzzly-bi-ideal and bipolar-
valued fuzzyh-quasi-ideal. We also introduced some basic propertieslafidition of bipolar-valued fuzzig-ideals of hemi-ring. Then
we introduced results of biplar-valued fuzizyideal ofh-hemi-regular an¢h-hemi-simple hemi-rings.
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1 Introduction hemi-rings do not correspond with the ideals in rings.
Subsequently, Henriksen 4][] defined k-ideals of
hemi-rings. lizuka ], presented another more restricted

Aft ds, Zadeh12], larized f t, there h X i X ,
erwards, Zadeh2), popularized fuzzy set, there have jdeals of hemi-rings called h-ideals. According to new

been several generalizations of this essential concep i ;

Fuzzy sets are extremely useful to deal many problems iffOncept of ideals, La Torreg], analyzed exhaustively

applied mathematics, control engineering, information -ideals and k-ideals of hemi-rings. In 2014 M. zhou et.

sciences, expert systems and theory of automata et@- [8l, contemplated the applications of bipolar fuzzy

Although there are many generalizations of fuzzy sets but)he(.)ry to hgm!-rlngs. In this paper, we introduced some

non of these deal with the problems related to theP@sic —definition, —theorem —and examples about

contrary characteristics of the members havingPiPolar-valued fuzzyh-ideals and we Characterized

membership degree 0. Le@]{ handled this problem by Properties ofi-hemi-regular anti-hemi-simple hemi-ring

introducing the concept of Bipolar-valued fuzzy (BVF) PY Using bipolar-valued fuzzjr-ideals, bipolar-valued

sets . The BVF sets aggregate a proper informatiorPi-ideals and bipolar-valuetquasi-ideals.

conception structure to solving daily life problems. The

sweet taste of foodstuffs is a bipolar valued fuzzy set.

Assuming that sweet taste of foodstuff as a positive § i i

membership value then bitter taste of foodstuffs as a2 Preliminaries

negative membership value. The remaining foodstuffs of

taste like acidic, saline, chilly etc. are extraneous to theln this section, for basic definitions of hemi-ring and

sweet and bitter foodstuffs. Thus these foodstuffs arebasic concepts of BVF sets, we reffer t8],[and [7],

accepted as zero membership values. There are two typaespectively.

of appearance in bipolar valued fuzzy sets so called LetRbe auniverse. Expresses ={A*|AT:R—

approved display and diminished display. [0,1]},and0” ={A~ |A~ :R—[-1,0]}. We symbolize
With the broad concern, semirings presented byB={z (A" (2),A (2))} a BVF setinR, whereA " (z) €

Vandiver B], have been explored by many researchérs [ U" denotes the satisfaction degreezof R about some

2,3]. ldeals of hemi-rings, as a class of particular property, generally it is known as a positive membership

hemi-ring, play an essential role in the algebraic striectur degree and ~ (z) € U~ denotes the satisfaction degree of

theories anyhow many properties of hemi-rings areze Rabout some implicit counter-property, generally it is

described by ideals. On the other hand, generally ideals itknown as a negative membership degree. For the sake of
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simplicity, we shall use the symbBI= (A* A ™) for BVF
setB={z,(A" (2),A~ ()}

2.1 Definition
Let R be a universe anil C R. Then BVF characteristic
function is given byCy = (Cy;.Cy,) , where
Gi@={o  faim
si@={o"  fiim-
2.2 Definition

LetRbe a universe ande (0,1]. ThenaBVF seB= (AT,
A7) in Rof the form

ttif z=x
’\+(Z)—{o it z£x
t~ if z=x
A (9= 0if z#x>
is called BVF point with valug’ = (t*,t7) € (0,1] x
[~1,0) and suppork. It is express agy = (X% ,X). A
BVF pointxy is said to belong to BVF subsBt written as
X € Bif B(x)>t'i.e, AT (x) >tTandA~ (x) <t~.
Moreover, throught this pap&is hem-ring unless else
particularized.

3 Main Results

(4) x €B= (yX)y €B (resp.(5) (xy)y € B), VX,
yeR&t' = (t7,t7) € (0,1] x [-1,0).

B is called a BVFh-ideal if it is both left and right BVF
h-ideal of R.

3.3 Definition

ABVF setB= (A" A7) is called BVF interioth-ideal of
Rifit holds (1), (2), (3) and

(6) Yy €B= (xy2, €B,Vxy,ze R&t' =(t",t7) €
(0,1] x [-1,0).

3.4 Definition

A BVF setB = (A*",A7) is called BVFh-bi-ideal of R if
it holds(1), (2), (3) and

(7) X €B,yy eB= (XZWmmw,r/) €EB, VX Y, ZeER&
t'.r' € (0,1 x [-1,0).

3.5 Definition

Let B= (A",A7) be a BVF set of a commutative
hemi-ring R with unity. ThenB is called BVF prime
h-ideal ofRif it holds (1), (3) , (4), (5) and

In this section, we introduced some basic definitions of

BVF h-ideals and some theorem regarding Bheleals.

3.1 Definition

ABVF setB= (A",A7)is called BVFh-subhemi-ring of
Rif it holds

(1) x €B,yr € B= (X+Y)minwr) €B,
(2) % €B, Yy € B= (XY)minr) € B,

(3) x+ar1+z=ax+z
(a)y € B, (@) € B = (Xmine,) € B, V
Xy,Zzag,a2 € R & v = (tTt),
r'=(rt,r ) e (0,1 x [-1,0).

3.2 Definition

A BVF setB= (A" ,A7) is called BVF left (resp. right)
h-ideal ofRif it holds (1), (3) and

8 (xXyY)yeB= (X)y €B,oryy €B, VX, yeR&
t'=(t",t7) € (0,1] x [-1,0).

3.6 Definition

Let B= (A",A7) be a BVF subset of a commutative
hemi-ringR with unity. ThenB is called BVF semi-prime
h-ideal ofRif it holds (1),(3),(4),(5) and

(9) (X®)y €B=x €B,¥xc R&t' € (0,1] x [-1,0).

3.7 Remark

In rest of the paper, we denote set of BVF lefideals of
R, BVF right h-ideals of R, BVF h-ideals of R, BVF
interior h-ideals ofR, BVF h-bi-ideals of R, BVF prime
h-ideals of R and BVF semi-primeh-ideals of R by
BVFLhI(R), BVFRhI(R), BVFhI(R), BVFIhI(R),
BVFhbI(R), BVFPhI(R) andBV F Shi(R) respectively.
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3.8 Theorem We define BVF seB as follows
The conditions(1) to (9) are equivelent tq1)’ to (9)’ 0 1 p p*
respectivelyyxq, X2, Y, r1,r> where: p- 052 [052 [032 |032

[~ | —0.73| —0.73 | —0.23 | —0.23

(1Y AT (xg+x2) > m|n{/\+(x1) AT (%)},
A” (X tx2) <max{A™ (x1),A~ (x2)},

(2Y AT (xax2) >min{A Tt (x1),AT (x2)},
A7 (xax2) <max{A~ (x1),A " (x2)},
() xi+ri+y=ra+y
= AT (x0) >min{A" (r)),A" (r2) },
A7 (x1) <max{A~(r1),A"(r2)},

(4Y AT (xax2) > A7 (%),
A7 (XaX2) <A7(X2),

>-'

(B) AT (x1x)
AT (Xaxp) <

x1),

Z +
AT (xa),

(6 AT (xayx) > A JE

y),
A7 (ayxe) <A (y),

(
y
(7Y AT (xaz%) > min{A* (x1),A" (x2)},

A~ (x120) <max{A~ (x1),A~ (x2)},

(8Y AT (xax2) >max{A™ (x1),A" (x)},
AT (X1X2) < min{)\ - (Xl) AT (Xz)} ,

O AT (%) =A™ (xa),
A7 (X8) <A (%)

Proof. Straightforward.

3.9 Theorem
A BVF set (AT,A7) € BVFLhI(R)(resp.
BVFRhI(R), BVFhI(R), BVFIhI(R), BVFhbI(R),
BVFPhI(R), BVFShI( R)) iff it holds followmg sets of
conditions {(1)',(3)’, (4)}(resp. {(1)".(3 ) (5)’},
{(1),(3), (),(5)}, {(,1%(2)
{(1),(2) (3) /, gl (3), (4), } and
{(1).(3). (@), ( (9}
3.10 Example
ConsidelR={0,1, p, p*} defined by
+ (0 |1 |p |p" . O|l1|p|p"
0 |01 |[p|p|[O[OflO[O[O
11 |1 [p|p [T [0[1]1]1
PlpP (PP PP |OJ1T]1]1
PPl PP P pr{0]1]1]1

Clearly,B € BVFhI(R).

3.11 Example

Consider hemi-ringNgp with respect to the usual "+” and
", Let tf, t5 € [0,1) be such that; <t i.e, (t,—t1) <
(tz,—t2). Define BVF seB= (A",A7) by

AT () = {tl if xe (3)

to if x¢ (3)
and . @)
_ —t1 If xXe
. (X):{—tzl if x¢ (3)

Vx € No. Where(3) is set of generators of 3. Thé&h=
(AT,A7) € BVFhbI(Np).

3.12 Remark

If B = (At,A7) € BVFLhI(R) (BVFRhI(R),
BVFhI(R), BVFIhI(R), BVFhbI(R), BVFPhI(R),
BVFShI(R)) thenA+(0) > A+ (x) andA~ (0) <A~ (X),
Vxe R

3.13 Theorem
Let0+#1 C R ThenC, € BVFLhI(R) (resp.BVFRhI(R),

BVFhI(R), BVFIhI(R), BVFhbI(R)) iff | is a lefth-ideal
(resp. righth-ideal h-ideal, interiorh-ideal, h-bi-ideal) of
R

Proof. Straightforward.

3.14 Theorem
Let 0# | C R whereR is a commutative hemi-ring with
unity. Then C = (G',C;) € BVFPhI(R)(resp.

BVFShI(R)) iff | is a prime h-ideal(resp. semi-prime
h-ideals) ofR respectively.

Proof. Straightforward.

3.15 Theorem

Every BVFh-ideal is a BVF interioh-ideal ofR.

3.16 Remark

Generally, converse of Theoredrl5, is not true.
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3.17 Example

Consider R = {0,p,q,r} defined by the following
operations

+|10|plq|r .10l plalr
O|0|p|qg]|r 0/0|0|0]|0
P pP|O|rja} [P[O0]qg|0]q
qglq|r |0f|p g(0|0]O0O]|O
rir{q|p|loO riojq|(0jq
DefineB as follows
0 p q r

ut 1041 0.42 0.11 0.10

g~ | —0.72| —0.71 | —0.31| —0.33

ThenB= (u™,u~) € BVFIhI(R) butB= (u*,u~) ¢
BVFhI(R).

As  B(pgr) = B(0) = (04,-0.7) and
B(g) = (0.1,—0.3), this showsu™ (pgr) > u*(q) and
p(pagr) < p (q. On the other hand
B(pp) = (01 —-0.3) andB( p) = (0.4,—-0.7), this shows
B (pp) £ 1 (p) andp~ (pp) £ 1 (p)

3.18 Theorem

If B = (uhHu) € then

B=(u",u") e BVFShIR).

BVFPhI(R)

Proof. SupposeB = (A*,A7) € BVFPhI(R). Then by

definiton  Af(xy) < max{A*(x),A*(y)} and
A= (xy) > min{A=(X),A~(y)}. For y = x
AT(X) > AT(x®)  and A~ (X) < A~(x3). Hence

B € BVFShI(R). This complete the proof.

3.19 Remark

Generally, converse of Theoredrl8, is not true.

3.20 Example

Let No = {0}UN and pl, P2, P3, - be the distinct prime
numbers inNp. If K% =N andK = p1p2p3 .piNo,
where | = 1, 2, 3,.... then K® 5 K! 5 K2 5> ...
KMo KMl As every non-zero elememt dfy has
unique prime factorization, fot = 2, 3, ... K' is a
semi-prime h-ideal but not a primeh-ideal. Then by

3.21 Theorem

Let By = {(A",A) :i € Q} is a family BVF subsets of

RandB; € BVFLhI(R) (resp.BVFRhI(R), BVFhI(R),

andBVFIhI(R)). Then B= _/\Q Bi € BVFLhI(R) (resp.
e

BVFRhI(R), BVFIhI(R), andBVFIhI(R)), whereB =
(AT A7) with A+ = A AfandA- = v A~ (At <

ieQ
AT AT > A7 ,VleQ).

3.22 Definition

Let B, = (AT,A7) and B, = (ut,u~) be two BVF
subset oR. Theh-intrinsic product oB; = (A",A ) and

B, = (ut,u”) is denoted and described as
(B1 ©n B2)(X) = (AT ©n ") () (A~ On u7) (X)),
vx € R , if x can be signified as
x+ 20 aibi +2z= 2] ;cjdj +2 so that

(AT o) (X) =

i= i—1

A
x+ZMaib+z=50 cdj+2 (Q,\ (c))) Vv (Vu (dj)).
j=1 i—
And (B1 ®p Byg) (x) = (0, O) Vx € R, if x cannot be
signified asx+ 2T ajbj +z= 2! jcjdj +z

3.23 Theorem

Let M1, M, beh-ideals ofR. Then we have

(Mg € M, iff Cm, < Cw,» Cvy > Cuy»

(”)C'\le ACKArz - C'\leﬂMz’ C|\7/|1 vcf\i/lz - %1UM2’

L P 1 _

(i )CMl ®thz - Cm’ CMl ®thz - Cm
Proof. (i), (i) Straightforwad.

(i) Let Gy = Cm,ch_M) Supposex € R

IVAVA +

andx € M{M, SOCW CW —1. Now, letx—+
Z0pigi+z= Zjnzlerj +zfor somep, r € A; andq, s€

M. Then,
(Cy, ©nCyy,) (¥) =

\
x+Z b +z=ZP:

(314, Cu = (Ci.Gq) € BVFSh(R), but (.Q%CMl(pi))A(iQ% i ()
Ca = (Gj1:C ) #BVFPhI(R). | AMAGR DA (G, (5)
(@© 2015 NSP
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=1
(Cu, ©nCar,) (X) =

=-1
Hence(iii ) is proved.

3.24 Theorem

A BVF subsetB = (AT,A7) € BVFLhI(R) (resp.
BVFRhI(R)) iff it holds (1), (3) and
(CROnAT)(¥) <A™ (X), (CrOnA7) (x) > ( ) (resp.,

(AT OnCR) () AT (%), (A~ OnCr) (X) = A~ (X)).

3.25 Lemma

LetBys = (A",A7) € BVFRhI(R) andB; = (u™ )
BVFLhI(R). ThenA T opu™ <At ApTandA~ ®hu
ATV,

3.26 Definition
A BVF setB= (A*,A7) is a called BVFh-quasi-ideal of
Riffit holds fort,r,l,ri,r, € R

(1) A*(t+r)=min{A* (t),A*(
A= (t+r)<max{A~(t),A (r

N}
)}

B t4ri+l=ra+l
= AT () > min{A* (ry),A"(r2)},
AT (1) <max{A~(r1),A" (r2)}.

(10) (A" OnCr)N(CE GRAT) < AT, (A7 GnCr) U
(Cr ©nA) = A~

3.27 Remark

In rest of paper, set of BVR-quasi-ideal oR is denoted

by BVFhql(R).

3.28 Example

In Example3.11, B= (A*,A~) € BVFhql(Np).

3.29 Theorem

ABVFsetB=(A*,A7) € BVFhql(R) iff all level subsets
U (B,t’) # 0 areh-quasi-ideal oR.

3.30 Theorem

Let 0# 1 C R ThenC € BVFhqI(R) iff | is ah-quasi-
ideal ofR.

3.31 Lemma

Let B =
B = (uru) ¢
BNB € BVFhqI(R).
Proof. Straightforward.

and
Then

(At,A7) € BVFRhI(R)
BVFLhI(R).

3.32 Lemma

If B = (AHA7) €

B=(A",A7) € BVFhbI(R).

Proof.LetB= (A",A7) € BVFhqI(R). Itis sufficient to

proveA ™ (xy2) > min{A ™ (x), AT (2)},

A~ (xy2 < max{A~ (X).A~ (2)}

and

At (xy) = min{A" (x), A" (y)},

A~ (xy) <max{A~ (x),A~ (y)} VX, Y, ze R. Now, we have
AT (xy2) > (A ©nCE) N (CE ©nA ™)) (xy2)
=min{(A* ©nCg) (xy2),(Cg ©nA™) (xy2)}

m
v (A M) @)A
xyz+_§1abi+z=_z cidj+z &

(A0}
v Ranen

m
xyz+_z a;bi+z:_z dej+21

(RO}
(03, minfA* (0),1* )}

> m|n{m|n{)\+( ), A

=min{A™ (x),A" (2)}.

Analogously, we have
~(xy2 < (A7 ©nCg)N(Cr ©nA 7)) (xy2
=max{(A~ ®nCgr) (xy2,(Cgr ®nA ") (xy2}

A (VA7) @)V

xy2+§1ai bi+z:lzlc1 di+z v
() (cm},
A {(-V (A7) (b))V

BVFhql(R) then

H >5 7

=min

= max

(@© 2015 NSP
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<max{max{A~(0),A~ (X)},max{A~ (0),A~ (2)}}
=max{A~ (X),A~ (2)}.

Similarly, we can prove
AT (xy) > min{A™ (x),A " (y)},
A=(xy) < maq{A (x),A"(V)} Therefore

B e BVFhbI(R).

4 Characterization of hemi-rings by their
bipolar-valued fuzzy h-ideals

In this section, we applied concepts of Y. Q. Yin et )|
11] on BVF h-ideals ofR.

4.1 Theorem

LetB;=(AT,A7),By=(u™,u") be two BVF subsets of
R Thenwe sap\ ™ ~ u*, u= ~ A~ iff AT[e|u™, u[e
A andut[e]AT, AT [g]u.

4.2 Lemma

The relation "~ " is called equivalance relation on BVF
subsets oR.

4.3 Lemma

Hemi-ringR is h-hemi-regular iffMRM = M for everyh-
guasi-ideaM of R.

4.4 Theorem

LetB; = (AT,A7), B = (u*,u”) € BVFhI(R). Then
Atlelpt, p[e]Amiff AT <pf,u <A, vxeR

4.5 Theorem
If Bi = (At,A7) € BVFRhIR) and
B, = (ut,u") € BVFLhI(R). Then

(AT Onp™) ~ (AT ApF), (A~ Opp™) ~ (A~ Vo) iff R
is h-hemi-regular

Proof. Supposer is h-hemi-regular. LeB; € BV FRhI(R)
andB; € BVFLhI(R), thenVs € R by the Lemma3.25,
AT on pH < AT A E(S),
(A=®nu7)(s) = (A~ Vu7)(s) and so by the Theorem
4.4, A on u)EEAt A p)(s),
A= Vv u)(s)€](A~ ®p u)(s). Now, since R is
h-hemi-regular, sovs € R, 3 p, g, z € R such that
S+ sps+z = sgs+ z Thus (AT op ut)(s) =

S+Zin1piqi+\2/zjmlrjtj+2|: ii\l)\Jr (pi)) A
(RA e Rurt )

> minfA” (5p) A" (s, (5]} = (A" AW) (9
Aok} (9) 2 (A0 2B (9

and
(A~ Onp7)(s) =

no_ no_,
S+Zin1piQi+/Z\ijnlrjtj+z|:i;/1/\ (P)V (VH™ @)V

(e @ )]
v ©
< max(A~ (sp), A~ (s0) .~ (5))
— (V) (9
(A on ™) (8) < (A Vi) (9).
Hence(A T Onp™) ~ (AT APT), (A" Onp™) ~ (A7 V

Ho).
Conversely, leP be a right andQ be a lefth-ideal of
R Then Cp = (C},G5) € BVFRhI(R) and
Co= (cg,ca) € BVFLhI(R). Now, by the Theorem
3.23 Cl;LQ:C,;* onCS, Cf:%: Cs @h%r ~_Cg /\Cér and
Cl;LZC,;* @hcg ~Cd /\CS zcng = PQ=PNQ.
HenceR is h-hemi-regular.

4.6 Theorem
Let B € BVFhbI(R). ThenA™ < (AT ©rC§ GpA ™),
A~ > (A7 OnCr ®nA ") iff Ris h-hemi-regular

ProofSupposd € BV Fhbl(R).
(AT ORCE OnAT) (%)

n

vV (A

m n =

Xyzt 2134 bj+z= .ZICJ' dj+z
i= j=

>m‘”{<w®hca><xc> AT ()

I
-

smind {(R(Aﬂ(b.))
X+_Zlaibi+2=_210jdj+21 =1
A @)
()
>

min{min{A* (xax),A " (xcx) },min{A * (xax), A+ (xcx)},

AT ()}

(@© 2015 NSP
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Sincexa+ xaxa+ za= Xxcxa+ zaandxc-+ xaxct zc=
XCcXc+ zc we have that
(AT ORCRERAT) (x) > min{A™ (x), A" (x),A" (%)}
> AT (X).
Similarly,
(A7 ©nCr ®nAT) (X)

i=1
(jﬁl(A OrCR) (€)))
MRS V(T e v (T0) @)
(A~ onCr) (xa),
- max{ ((/\*cath;h)(xc) ,/\(x)}
(Y a) @)
A\ =3 7
x+_glaibi+z=glcjdj+z \/(j\z/l(/\_)(cj))
= Mmax (\IT/] ()\_) (bl))
A =1 |
e B a o= 3 oz | V(Y,A7) (@)
A

< max{max{A~ (xax), A~
AT (XeX)}, AT (X))

Sincexa-+ xaxa+ za= xcxa+ zaandxc+ xaxc+ zc=
XCXC+ zc, we have that

(A~ OnCr @A) (x) <max{A~ (x).A (x).A~ (x)}

=A"(x).

This provesA T < (AT ©pCg @nA ™), A~ > (A~ &p
Cr OnA 7).

Conversely, leM be anyh-bi-ideal of R. Then by the
Theorem 313 Cu € BVFhbI(R). Since,
CYi € Cf, ©n C& @n Gy, by the Theorem 3.23,
Cu € Cy ©nCg ©nCy = Cliny @ndM € MRM. On the
other hand, sinc# is h-bi-ideal of R so thatMRM C M.
This implies, MRM C M, andMRM C M = M, therefore

(xex) },max{A~ (xax),

NS F 57
(RO o) @)
(ng(HQh HY) ()
_ y L
Xyz+_glaibi+2=glcj dj+z A(, i\ (AT) (bi)A
(,5 (") (d)
i (AT ©np™)(xa)),
- mm{ ((/\+®hu£)(xc)),)\+(x)}
(RO @)
(AO)(@))
vV J?nl 7
xi Saniz= 3 ez | AGA (5 (B))A
(A1) ()
=min (igl At (a{))/\
(RO )
\Y Jr_nl 7
xi Saniz= 3 vz | AGA (D) (B))A
(A (H) @)
AT (X)

> min{min{A " (x),u™ (axa),u™ (cxa)},
min{A* (x),u" (axc),A " (cx0)},A T (X)}.

Sincexa+ xaxa+ za= Xcxa+ zaandxc-+ Xxaxc+ zc=
XCcXc+ zc we have that

MRM = M. HenceR is h-hemi-regular. (AT OnHT OnAT) (%)
> min{min{A* (), 1+ (0} min{A* (), 1" (9}

4.7 Theorem =min{A " (x),u" (X}
The following conditions foR are equivalent: Similarly,

(i) Rish-hemi-regular hemi-ring, A O~ OrA ) (X

() mnAt,ut) < AT on gt oon AT (A" Ot onAT) ()
max{A—,u"} > A~ on 4= Gn A~ for every m
B = (Af,A7) € BVFhbI(R) and for every (.;/%()‘ Ont) (@))V

= (U7, u7) e BVFhI(R), (VAT onu7)(c)

(i)  min{fAt,ut}y < AT op put o AT, = A =1
max(A-,u} > A~ Gn g Gn A~ for  every w Pamie Loaiz | V(O BV
B = (A*,A7) € BVFhgl(R) and for every = =t o
B' = (u",u") € BVFhI(R). (VA7) ()
Proof.(i) = (ii) Suppos€i) holds. (A~ OnuT) (xa)),

(At @npt EnA*) (X) Smax{(@ Onp) (xc >,A-<x>}
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(VA7) @)V
(VA (@)
A ) :
x+§1a;bi+z:§1c1dj+z V(i;/l(ll_)(bi))\/
(Y, (1) ()
— max (VA7) @)V
(VA (@)
A ) :
X-‘r‘glaibi-'rZ:‘gledj-‘rZ V(i;/l(u_)(bi))v
(Y, (1) ()
A (%)
<max{max{A~ (x),u (axa),u  (cxa)},
max{A~ (X),A~ (axg,u~ (cx9}, A~ (X)}
Since xa + xaxa + za = xcxa + za and

XC+ Xaxc+ zc= xcxc+ zc we have that

(A~ OnH~ GrAT) (%)

< max{max{A~(x), 1" (x)},maxiA~ (x), 1" (x)}}
=max{A~ (x), 1" (x)}.

This proveqii).

(i) = (iii). By
straightforward.

(i) = (i). Assume that(iii) holds. LetM be any
h-quasi-ideal of R. By the Theorem3.13 Cy €
BVFhql(R) . SinceCr € BVFhI(R). Now, from (iii)
Chi < Cii ©n Ck ©n Gy, by the Theorem 3.23
Cy € Cy ©nCg ©nCyy = Cierr andM C MRM. On the
other hand, sinc# is h-bi-ideal of R so thatMRM C M.
This implies,MRM C M andMRM C M = M, therefore
MRM = M. HenceR is h-hemi-regular hemi-ring.

the Lemma 3.32 it is

4.8 Theorem

Let R be ah-hemi-simple and8 = (A",A~) be a BVF
subset oR. ThenB € BVFhI(R) iff B BVFIhI(R).

Proof.By the Theoren3.15,if B=(A",A7) € BVFhI(R)
thenB= (A*,A~) e BVFIhI(R).

Conversely, assumB = (A*,A7) € BVFhI(R). Let
p, g€ R, I q, b, ¢, di, g, fj, gj, hj € Rsuch thatp+
M aipbicipd +z= 2 e;pf;gjph; +z Which implies
pg-+ZT,aphicipdg+zq= 2 ejpfigjphjq+zq

ThusA™ (pg) > min{A+ (Z™ aiphicipdq)
AT (Z?:lej pf;g; DhJQ) 70~5} > AT (p).
And A~ (po) < maX{A‘ (=M, aipbicipdaq)

AT (erl:lejpfjgj phjq) ,—0.5} <A (p).

ThusB € BVFRhI(R). Similarly, we can shovwB =
(A*,A7) € BVFLhI(R). Hence proved the theorem.

4.9 Theorem
If Bt = (AT,A7) € BVFIhI(R and
B, = (ut,u”) € BVFIhI(R). Then

ATOnUT) ~ATAUT), (AT OnpT) ~ (A7 vuT)iff R
is h-semi-simple

Proof. Suppose for any By = (AT,A7),
B, = (uT,u™) € BVFLhI(R). By the Lemma(3.25
AT OnpT) < AT AET), A~ Onp-) = (A~ Vo).
And by the Theorem4.4) (AT oput)[€] (AT A u™),
A=V U)[€](A~ Opu7). Since,Ris h-hemi-simple, so
Vse R, 3 ¢, d, &, fj, c’j, dj, €, f{ € R such that
s+ 2T cisdesfi+z= ij‘zlc'jsdge’jsfj +2z Thus
AT onut)(s) =
m m
v AAT (@) A (A U™ (b)) A
x+ 30 aibj+z=27_ abj+z (i=1 (&) (i=1u (bi))

B @) G ())
>min{A* (csd),A* (C'JSd,) STRECEIR

wt (esf))

> min{A™(s),u" (s)}

=ATAuT)(9

and

(A~ GnH)(9) =

VA~ (@) V(Y E (b)) v

X+Zi“;1a4bi+é\:zjf‘:1a’jb’j+z IZl i=1

n n
o (@) e (1))

<max{A~ (csd),A~ (c’lsoﬂ) Ut (esf),
wt (est))

< max{A~(s),u" ()}

=A"VvuT)(9

This provegAtT Oput) ~ ATAUT), (A7 OpU™) ~
(A-vpr).

Conversely, let be ah-ideal of R. By the Theorem
3.15, | is an interiorh-ideal of R. Now, by the Theorem
313 C = (G',G) € BVFIhI(R). We have that
G =C"AC, andC" =G on G ~ G AGH and by
the TheorenB.23, C; = C; = | =12. ThereforeR is
h-hemi-simple.
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