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Abstract: In this paper, we suggest an estimator of the population roé#re variable of interestin the presence of non-response
in two situations. We obtain expressions for the bias andnnse@are error. This study is supported by the theoretichleampirical
results to show the performance of the proposed estimatsrusual unbiased estimator and other existing estimators.
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1 Introduction

In surveys concerning human populations, information irsheases is not obtained from all the units in the survey even
after some call-backs. The failure to measure or to get inédion from some of the units in the selected sample is
referred to as non-response. Non-respondents differfeigntly from the respondents. An extensive descriptiorhef t
different types of non-response and their effects on swreeyld be found ing] and many other sampling literatures.
[3] considered the problem of non response while estimatiegptipulation mean by taking a subsample from the non
respondent group with the help of some extra efforts and #ima®r was proposed by combining the information
available from response and non-response groups. In éstgngopulation parameters like the mean, total or ratio,
sample survey experts sometimes use auxiliary informatiomprove precision of the estimates. When the population
meanX of the auxiliary variablex is known and in presence of non-response, the problem ahastin of population
meanY of the study variablg has been discussed bg][[7], [6] and [9]. In [3], questionnaires are mailed to all the
respondents included in a sample and a list of non-resptsiteprepared after the deadline is over. Then a sub sample
is drawn from the set of non respondents and a direct interiseconducted with the selected respondents and the
necessary information is collected.

Assume the population is divided into two groups, those whbnet respond called non-response class. Netand
N, be the number of units in the population that belong to theamrse class and the non response class respectively
(N1 + N2 = N). Letn; be the number of units responding in a simple random sam@zei drawn from the population
and letn, the number of units not responding in the sample. We may detha& sample of; respondents as a simple
random sample from the response class and the sampjeasfa simple random sample from the non-response class. Let
k denote the size of the subsample fragmon-respondents to be interviewed ahe ”—kz; f > 1. Lety; andyy denote
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the sample means gfcharacter based an andk units respectively. Further we define:

N N . . .
Wy = Wl W, = WZ as their corresponding weights
_ 1 N _ 1 No _ 1 N _ 1 No
N 2 Yi, Y2 N 2 Yis N 2 Xi, Xo N, i;xh
1 X 2 1 X 2 1 X 2
ﬁ_ N_1|= (yI_Y) ) %y_ Nz_li;(yl_YZ) y —mlz (X|—X)
1 N — 1 N _
g)(_ N2_1I: (XI XZ) ) S(y_mlz (M—Y)(X.—X),
1 N -
=N, 1.2 WY (i =Xe)
&

[3] defined an unbiased estimator for estimating the popuiatieary in the presence of non response as

Y = Wiy1 + WaYok

wherew; = & andw, = 2
The variance of* is given by

V() =AS+A'Sh (1)

whereA =1 -1 )" = V‘M

Furthermore, in estimating the population parameters aachean, total or ratio; it is well known that sample surveys
experts sometimes use auxiliary information to improvegrezision of the estimates. The auxiliary information can b
used at the estimation stage to compensate for units froraaimpling frame. In a household survey, for example, the
household size can be used as an auxiliary variable for tiat®n of, say, family expenditure. Information can be
obtained completely on the family size during a househdaliny while there may be non response on the household
expenditure. B

[2] applied B] technique to formulate a ratio estimator of the populatim@anY when information is missing on both
y andx. His proposed estimator with its bias and mean square evf8E] is given as

#=Lx
BK) = 3 (RS~ S0 + o (RSh— Sy
MSE (V&) = ASi+'S5 @)

wherex” =wiX; +WoXok, R=%, = —2RSx+ RS,

S%d = %Zy — 2RSyx+ RZS%X

_Similarly [7] suggested a ratio estimator based on the full responsesauttiliary variable, whose population mean
X is known. His proposed estimator with its bias and mean sogi@or (MSE) is given as

=X
B(%) = % (RS~ S
MSE (Vg) = A +1'Sh, ©)

Using the transformatior? = (NX —nx;) / (N —n), i = (1,2,3,...,N), [11] obtained dual to ratio estimator as

_ _/X°
YdRZY(Y>
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wherex? = (NX —nx) / (N—n)
We study [L1] in presence of non-response in two cases. When the nonmespacurs in the study variabjethe
MSE is found to be

MSE (Vir) = A+ 'S+ g?ARPS, — 2gARS (4)
When the non response occurs in bptmdx, the MSE is found to be
MSE (Vi) = A (S — 20RSx+ I°RPS}) + A4 (S5, — 20RSp+ IPRCS3,) (5)

[1] introduced an exponential ratio-type and exponentiatipod-type estimators for population mean as
T X—
YerR = YEXP XX
X—X
X+ X

Yep = yeXp [

[10] have studied ] estimators in presence of non response, when non-respeoses on the study variable alone
and on both the study and auxiliary variables as well. The MBRQ] are respectively given as

23
MSE(TeR):A<§+S’(——R§M>+A Sy (6)
RS
MSE (Vig) = ($+ st) +A (% ik RSgyx> @)
[8] suggested a ratio cum dual to ratio estimator in simple oandampling as
~ [ X X°
Yoa =y |a=+(1-a)5 (8)

Motivated by B] and [1], we have suggested an exponential ratio cum exponenttduatio estimator in SRSWOR
in presence of non response. Numerical illustration wilbabe carried out to judge the merits of the suggested estimat

2 The Suggested Estimator

In this section, utilizing information on the auxiliary vablex with known population meaX, we suggest the following
estimator for the population medhin two different situations, which are as follows:

2.1 Casel: Non-response only on'y

We define the following estimator fof in the presence of non response as

X —X X0 —X
GleXp(m) +(1—al)@<p<m)] )
wherex? = (NX —nx) /(N — n) anday is suitably chosen constant whose value will minimize theBM$T; .
To obtain the bias and MSE d§, we define:
Y =Y(1+e€), x=X(1+ey) suchthat E(ef)=E(e;)=0

For simple random sampling without replacement, the falhgyexpectations can be obtained either directly or by the
method discussed id] as

Ti=y

Ee)= Y0 =0 (A0S, B =%,

_ Cov(y",x)  ASk
B( )= YX T YX
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Now expressingq) in terms of e’s, we have

Ti=Y(1+¢€) alexp{ 261(1+621) 1}+(1—al)exp{%(l—%)l}} (10)

whereg = ¢

Assuming| 3| < 1, %] < 1 so that(1+ %) ~ and (1— %)_1 are expandable in terms of e’s. By expanding the
right hand side of10), multiplying out and neglecting terms involving power & greater than two, we have

o ool e 9. & g-1_ g-1. 3+¢
T1—Y—Y[eo 5 %8 892+01< > et &et —g & (11)
Taking expectations on both sides aflf, we get the bias of; to the first degree of approximation as
—[A Ag?C? Alg—1 A(3+g?)C?
B(Ty) — 7 |A9O0 A (AQ-DpnGOc | AB+ I 12)
2 8 2 8
Squaring both sides ol () and neglecting terms of e’s involving power greater tham, twe have
_ _ 2 —1)2 -1
(=97 =72 (2 + - + 02 O (- gl - 80 et (19

Taking expectations on both sides @8], we get the MSE of; to the first order of approximation as

, 2 _1)2
T)=A§+A S§y+AgZR2§—gASyXR+af(g 41) AR

Fay(g—1)A Rs,x—alw)\ RS (14)

The minimum ofTy in (14) is obtained for
(say) (15)

whereKyy = pyxg—‘x’

Substituting the value ofl) in (9) yields asymptotically optimum estimator fgras

. X —X . X —X
ve| xax) T aER e

Putting L5) in (14), we get the MSE 0Ty oy as

Tiop) =Y

MSE(Tyop)) =AS +A' S5, — ARPKZS?
=2 (1-p2) +1'S, (16)

which is the same as the variance of the linear regressionasty;, = y* + b (X — X}, whereb is the sample regression
coefficient ofy onx.

Remarks:
1. Whena; = 1, the proposed estimator reduces to exponential ratimatiryZ;. The bias and MSE of; is obtained
by puttinga; = 1 in (12) and (L4) as follows

B () =V (50— 255

MSE (Vig) = (s§+ §—st)+A/s§y (17)
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2. Whena = 0, the proposed estimator reduces to exponential dualitoestimatory,z. The bias and MSE of} is
obtained by puttingry = 0 in (12) and (4) as follows

B ) = A7 (L5 + 855)

MSE (Vigr) = A+ %MRZQ S~ gARS (18)

2.2 Case Il: Non-response on both y and x
We define the estimator for the population m&aassuming that there is non-responsg/@mdx as

azap<i_?)+(l—az)ap()za_i)] (19)

T =
2=y X+ X* X9 + X

To obtain the bias of,, we havex” = X (1+ €}) such thaE (€}) = 0 and
<2 V P ] COV Wa !
E(e) = >(<2 = (As§+/\ %), Eleer) = # = ASx+A'So
Following the procedure as in case |, we find the bias and MSE: aé
— ’ 2 /
B(Ty) = - YE [—g (22CyCx+ A p2CayCo) +% (rcE+a'c3)

-1 ’ 3+ 2 /
tan { gT (/\ PGy Cx + A pMczyczx) n Tg (/\c§+/\ ch) H (20)

[(/\$+)\ séy) /\§+/\§X) OR (ASx+A'Spy)

+a§w (A§+A’§x) +a2(9-1) (ASp+A'S)

Y (A§+A’§X)] (21)

The minimum ofT, in (21) is obtained for

g 2 (Asx+A'sy)

ay = - - =a* (sa
Tg-1 (9-DR A$+1'g o)
Substituting the value af; in (21), we have the minimum MSE &% as
MSE T = A §+)\ g M (22)
2(om)) AR+,

Remarks:
1. Whena = 1, the proposed estimator reduces to exponential ratimagiryz;. The bias and MSE of is obtained
by puttinga, = 1 in (20) and 1) as follows

8 2

MSE (Vi) = (s§+ SE—RQ,X)—F)\/(gy—FRZZS%X—RSzyx) (23)
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2. Whena = 0, the proposed estimator reduces to exponential dualitogstimatolyg;z. The bias and MSE of is is
obtained by puttingro = 0 in (20) and 1) as follows

B(Year) =

3 Efficiency Comparisons

-y [g (AonCCx+ 2" pMczyc:ZX) +

MSE (Vi) = (A +A'S5, ) + 2

(A§+/\ SZQX) gR(A@XH’sM)

¢ (/\Cf+/\’0§x)}

(24)

We will now investigate the efficiency of the suggested estorsTy o) OVEry™, Ve, Yir: Yedr & Yk @NdToop) OVery:,

Yer: Yar: Yedr & YR respectively.

3.1 Casel
3.1.1 Comparison witlr

From @) and (L6), we have

V (V') — MSE (Tyop)) = RRAKGS >0 (25)
3.1.2 Comparison witlys
From 3) and (@6), we have
SE (V) — MSE (Tyopr) = A (RSc+ RKS)? > 0 (26)
3.1.3 Comparison witljo
From (@) and (@6), we have
RS 2
SE (Yar) — MSE (Tyopr)) = A (94 + RKyXS<> >0 (27)
3.1.4 Comparison witlrig
From (17) and (L6), we have
AR (1 2
3.1.5 Comparison with,
From (18) and (L6), we have
RPAG? R2)\ K2
SE (Vear) — MSE (Tyop) = — S~ ORASx+ RAKGS: > 0 (29)
if Sx <0
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3.2 Casell
3.2.1 Comparison with

From (1) and @2), we have

, 2
ASx+ A Spyx
3.2.2 Comparison withy™
From ) and @2), we have
MSE (Vi) — MSE (To(opr)) = [A (R~ Spyx) + A’ (RS~ szyx)}2 >0 (31)
3.2.3 Comparison witlyg
From () and @2), we have
SE (Vi) ~ MSE (Toopn) = A (0RS S50 + A" (GRS5+ S| > (32)
3.2.4 Comparison withiy
From 23) and £2), we have
2
MSE (Yar) — MSE (Taop)) = [ ( - sw>+)\ ( S5, —szyxﬂ >0 (33)
3.2.5 Comparison witlrgis
From @24) and @2), we have
. Ry /(R ?
MSE (Yegr) — MSE (T2(0pt)) = [/\ (753— SyX) +A (732— SzyX)} >0 (34)

3.2.6 Comparison with™

The MSE of linear regression when non-response occur boytaowx is give as

ME ) = (110 ) §-pp) + g MU0 Y 0, 3 oSy @9

n

From 35) and @2), we have

SE (Vi) — MSE (Ta(opy)) =

()\SSIXJF)‘/SZYX)Z - (1

— f Wso(k—1
A +A'S, n )5\3Py2x+ (n )Pyx%{pyx%%—myxszyszx%o

(36)

if Py S > 2p2yxszyand()\5yx+)\ Szyx) > (17) ST ()\S,%Jr)\ Szx)
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4 Empirical Study

In this section, we have used the data%jftb examine the performance of the different estimatore d&ta summary is
presented below:

Population I- Source: §]

x: Chest circumference (in cm) of the children

y: Weight (in kg) of the children _ _

N =095 N; =71,N, =24,n=35,Y =195, X = 5586, S& = 9.2416,3%y = 5547, = 107158, S5, = 6.3001,
S = 8.4587,Syx = 4.3095,pyx = 0.85, poyx = 0.729

Here, we have computed the percent relative efficiencie€)RiRthe different estimatorgg, Yir, Yedr Yr» T1(0pt)
andygk, Yar: Yedr YR+ T2(opt) Wer-L Y7, for different values off andW, and are presented in the following tables:

Table 1: PRE of the different estimatoysy, Vir, Yadr: YR andTl(Opt) with respect to/*
W, f y* Yer Yar Yedr YR T1(opt)

1.5 | 100 | 143.455| 151.492| 125.411| 199.173| 336.915
0.1 | 2.00| 100 | 146.768| 154.484 | 129.261| 199.239| 319.451
2.50 | 100 | 149.715| 157.128| 132.732| 199.295| 305.939
3.00 | 100 | 152.353| 159.482| 135.879| 199.343| 295.172
1.50 | 100 | 146.768| 154.484| 129.261| 199.239| 319.451
0.20 | 2.00 | 100 | 152.353| 159.482| 135.879| 199.343| 295.172
2.50 | 100 | 156.877| 163.492| 141.365| 199.422 | 279.096
3.00 | 100 | 160.616| 166.779| 145.98 | 199.173| 267.666
1.50 | 100 | 149.715| 112.476| 112.476| 199.295| 305.939
0.30 | 2.00 | 100 | 156.877| 122.185| 122.185| 199.422 | 279.096
2.50 | 100 | 162.253| 129.955| 129.955| 199.511| 263.106
3.00 | 100 | 166.437| 136.314| 136.314| 199.576| 252.494

Table 2: PRE of the different estimatosg, Ygr, Yedr: YR @ndTo(opt) With respect o/,
W | f |y Yer Yar Yedr YR ir T2(opt)

1.50 | 100 | 145.599| 144.441| 119.844 | 206.379 | 364.570| 364.597
0.1 | 2.00 | 100 | 150.955| 150.102| 118.7942| 212.926 | 368.184 | 368.294
2.50 | 100 | 155.839| 155.288| 117.913 | 218.840| 371.320| 371.551
3.00 | 100 | 160.311| 160.057| 117.165 | 224.211| 374.068 | 374.444
1.50 | 100 | 150.955| 150.102| 118.794 | 212.926 | 368.184 | 368.294
0.20 | 2.00 | 100 | 160.311| 160.057| 117.165 | 224.211| 374.668 | 374.444
250 | 100 | 168.214| 168.528| 115.959 | 233.595| 378.655| 379.366
3.00 | 100 | 174.976| 175.824| 115.032 | 241.520| 364.570| 383.406
1.50 | 100 | 155.839| 112.476 100 218.840| 371.320| 371.551
0.30 | 2.00 | 100 | 168.214| 122.185 100 233.595| 378.655| 379.366
2.50 | 100 | 178.005| 129.955 100 245.038| 383.907| 385.169
3.00 | 100 | 185.944| 136.314 100 254.172| 387.854 | 389.666

5 Conclusion

We conclude from tablé that when there is non response onlyyorthe suggested estimator at its optimTiyyy) is
better than the usual unbiased estimgtorand the estimatongy, Yir: Yagr: Yr @nd equally efficient as linear regression
estimator and tabl& when there is non response prandx both that the suggested estimator at its optinizpy) is
better than the usual unbiased estimgtoand the estimatongys, Yir Yair: YR Yir -
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