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1 Introduction Rhoades 13],[14] proved several fixed point theorems
involving a very general contractive definition.

Fixed point theorems are very important tools for

providing evidence of the existence and uniqueness of |n this paper, we prove a common fixed point theorem

solutions to various mathematical models. The literaturefor sequence of fuzzy mappings using a more general

of the last four decades flourishes with results WhiChcontractive condition invo|ving nonexpansive mapping_

discover fixed points of self and nonself nonlinear Our results extend and generalized the corresponding

operators in the metric spaces. The first important resultesults of Bose and Saharil], Vijayaraju and Mohanraj

on fixed points for contractive type mappings was the[12] and Rhoadesl[5],[16].

well-known Banach contraction principlé][appeared in

explicit form in Banach’s thesis in 1922, where it was

used and established the existence of a solution for a . .

integral equation. 2 Preliminaries
In 1965, L.A. Zadet] introduced the concept of a In this_ paper, we _shaII use the terminology and notations

fuzzy set as a new way to represent vagueness in ever9f Heilpernp]. He|Ipe(n gave some fundamental results

day life. The study of fixed point theorems in fuzzy related to fuzzy mappings.

mathematics was investigated by Wei8F Butnariu [4],

Singh and Talward], Mihet [6], Qiu et al. [7], and Beg Throughout this paper, [€X,d) be a complete linear
and Abbas§] and many others. metric space. A fuzzy set X is a function with domaiiX

and values if0,1]. If Ais a fuzzy set and € X, then the
Heilpern P first used the concept of fuzzy mappings function valueA(x) is called the grade of membershipof
to prove the Banach contraction principle for fuzzy in A Thea-level set ofAis denoted by
(approximate quantity-valued) mappings on a complete _ )
metric linear spaces. The result obtained by Heilp&in | Aa = {x:A(X) = a} if a<(0,1]
is a fuzzy analogue of the fixed point theorem for Ao = {x: A(x) > 0}
multivalued mappings of Nadler et all(]. Bose and _
Sahani 11], Vijayaraju and MarudaiZ], improved the  whereB denotes the closure of a $&t
result of Heilpern. In some earlier work, Watson and
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Definition 2.1. A fuzzy setAis said to be an approximate
quantity if and only ifAy is compact and convex for each
a € [0,1] and sup.x A(X) = 1, whenA is an approximate
quantity andA(Xp) = 1 for somexgp € X, A is identified
with an approximation oXo.

The collection of all fuzzy sets iX is denoted by (X)
and W(X) is the sub-collection of all appropriate
guantities.

Definition 2.2. LetA,B e W(X), o € [0,1]. Then

d(x,y);

HY(A,B) = dist(Aq,Bq);
D(A,B) =supDq (A, B).
a

inf
XEAq,YEBqg

DC! (Aa B) =

where 'dist’ is the Hausdorff distance .The functidg is
called ana-distance andd a distance betweeA andB.
Note thatD is a nondecreasing function af

Definition 2.3. Let A;B € W(X). ThenA is said to be
more accurate thaB, denoted byA C B, iff A(x) < B(X)
for eachx € X.

The relationC induces a partial ordering on the family
W(X).

Definition 2.4. Let X be an arbitrary set and be any
metric spacek is called a fuzzy mapping if and only ¥
is a mapping from the s& intoW(Y).

A fuzzy mappingF is a fuzzy subset oX x Y with
membership functioifr (x,y). The function value=(x,y)
is the grade of membership gfin F(x). Note that each
fuzzy mapping is a set valued mapping.

LetAc F(X), BeF(Y). The fuzzy seF (A) in F(Y)
is defined by

F(A)(Y) = supF (x,y) NA(X)), yeY

xeX

Lee [17] proved the following.

Lemma 2.1.Let (X,d) be a complete linear metric space,
F is a fuzzy mapping fronX into W(X) andxg € X, then
there exists amy € X such thaf{x;} C F(xo).

The following two lemmas are due to Heilpeid].[

Lemma 2.2.Leta,Be W(X), a €[0,1] andDq(A,B) =
iNfyea, yeBq d(XY), WhereAq = {x: A(x) > a}, then

Da(x,A) <d(x,y) + Dq(y,A), foreachx,y € X.

Lemma 2.3.Let Hy (A, B) = dist(Aq,Bq ), where 'dist’ is
the Hausdorff distance. If {xo C A}, then
Dq (X0, B) < Hg (A, B) for eachB € W(X).

Rhoades 15 proved the following common fixed
point theorem involving a very general contractive
condition, for fuzzy mappings on complete linear metric
space. He proved the following theorem.

Theorem 2.1.Let (X,d) be a complete linear metric
space and lef, G be fuzzy mappings fronX into W(X)
satisfying

H(Fx,Gy) < Q(m(x,y)), forallx,ye X,
where
m(X, y) = maX{d(X, y)7 DC{ (Xa FX), DU (ya Gy)v

2104 (x.Gy) + Da(y,FX)]}.

Qis a real-valued function defined @ the closure of the
range ofd, satisfying the following three conditions:

(8)0< Q(s) < sfor eachse D\ {0} andQ(0) =0,
(b)Q is non-decreasing o, and
(c)a(s) =s/s— Q(s) is non-increasing oB\{0}.

Then there exists a poiatin X such thafz} ¢ FznGz

In [16] Rhoades, generalized the result of Theorem
2.1 for sequence of fuzzy mappings on complete linear
metric space. He proved the following theorem.

Theorem 2.2.Let g be a nonexpansive sel mapping of a
complete linear metric spacéX,d). Let {F} be a
sequence of fuzzy mappings fraxinto W(X). For each
pair of fuzzy mappings F,F; and for any

x e X, {u} C FK(x), there exists gw} C Fj(y) for all

y € X such thaD({ux}, {w}) < Q(m(x,y)), where

m(x,y) = max{d(g(x),g UX))7
d(a(y),a(vy)),d(9(x),9(y))

(9().9
210(906).9()) + d(g(y). 0(w)]}

and Q satisfying the conditions (a)-(c) of Theorem 2.1.
Then there exist§p} C NienFi(p).

In this paper, we prove the result of above for
common fixed point for sequence of fuzzy mappings of
non-expansive condition.

3 Main Result

Theorem 3.1.Let g be a nonexpansive sel mapping of a
complete linear metric spacéX,d). Let {F} be a
sequence of fuzzy mappings frainto W(X). For each
pair of fuzzy mappings F,F; and for any

(@© 2015 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. Lett.3, No. 1, 19-23 (2015) www.naturalspublishing.com/Journals.asp NS = 21

x e X, {u} C K(x), there exists v} C Fj(y) for all  which implies that
y € X such that

D({ux}{}) < max{d (g0, g(u). Abee) = dbox) —wldboa)) ()
d(g(y)9(w)) Similarly
,d(9(x),9(y))
31(a09,90%)) + d(9(y), 9(u)]} d(xe.xa) < d(x1. %) —w(d(x1,%2)) 3)

—w(max{d(g(x),g(u)).d(g(y). 9(w)), Inductively, we obtain a sequeng&,} such thatx,,1 C

d(9(x).9(y)) Fni1(Xn) and
1
,5(d(9(x),9(w)) +d(9(y), 9(u))]}) A0 %001) < A% 1.%0) — WA 1.x0))  (4)

1)
Adding 2-4, we get
for all x,y € X, w: R™ — R be a continuous function "9 wed
such that < w(r) < r forall r > 0.

n
Then there exist§p} C NienFi(p), i.€. p is a common wid(x . < d(Xa.x1) — d(Xn. X < d(xa.x1).
fixed point of the sequence of fuzzy mappings. Z; (A0, %2)) < A0, x0) = A0k Xn42) < d(0,30)

Proof. Let xg € X. Then we can choosg € X such that Therefore
{x1} C F1(Xo) by Lemma 2.1. From the hypothesis, there
exists amxp € X such that{x} C F»(x;) and from1, we

have 3 wid(x.%:1)) < = and lmw(d(xxe.2) =0. (5)
D({x1},{x2}) < max{d(g(x0).9(x1)), .
d(g(x1),9(x)), Now suppose tha{x,} is not a Cauchy sequence, then
d(g(%0),g(x)) there is are > 0 such that for each positive even integer
1 9 2k, there exists positive even integan2- 2n > 2k such
Sld(gx).904)) that
+d< (%), 9(2))]} dlxmxn) <. ©)
—(\;v((g;aj{d((?(())), 90a)), Also, for each R, we may find the leastrd exceeding 8
2)) such that
d(g(x0),9(x1))
1 d(XZn,szfz) < E. (7)
5ld(9(x1),9(x1))
+d( (%), a0))]}) Since d()gn,xnﬂ) i§ a decreasing sequence of
non-negative terms, it converges, call the limiSuppose
< max{d(Xo,X1),d(x1,X2), that z > 0. Then, since w is continuous,
d(Xo,X1), iMoo W(A (X, Xn11)) = w(2). But
1 liMp_e0W(d(Xh, Xn+1)) = 0. Hencew(z) = 0, which is a
5[d(xo,xz)]} contradiction to the fact that@ w(p) < p. Hence
—w(max{d(xo,x1),d(X1,X2), :
d(x0,%1) Amd(xnaxrwl) =0. (8)
1
é[d(XOaXZ)]}) Now
(Sinceg is a nonexpansive self mapping.) d(xom, x2n) < d(Xon, Xom—2) + d(Xom—2, Xom—1)
Itis clear thatd(xo, X2) is not maximum. Thus +d(Xam-1, X2m)- 9)
d(x1,%2) = D({x1}, {*2}) Using 6-9, we obtain
< max{d(xg,X1),d(x1,X2) }
—w(max{d(Xg,X1),d(X1,%2)}) d(xom,xon) — €, ask — oo, (10)
(@© 2015 NSP
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Again applyingl, we get

d(Xem+1,X2n+2) = D({Xemi1}, {Xeni2})
< max{d(g(xzm),9(Xzm+ 1)),
d(9(Xzn+1),9(Xen+2)),d(9(Xem), 9(Xan+1))

) :—Zl[d(g(xznﬂ)a g(Xemy1))

+d(g(Xem), 9(Xan+2))] }
—w(max{d(g(Xem), 9(Xem+1)),
d(g(X2n+1),9(Xen+2)), d(9(Xom), 9(Xon+1))

310(G0en 1), 906em )
+d(g0n). gben-2))1})
< max{d(Xzm, Xom+1),

d(Xon4-1, X2n+2), d(Xom, Xon+1)

1
5 [d(Xont1, Xom+1)
+d(Xom, X2n+2)] }

— w(max{d(Xom, Xam+1), d(X2n+1, X2n4-2),
d(Xom, Xont1)

318001, %om )
+d(Xom. Xon+2)] }) (11)

Note that

X2n;, X2n+l)7

d(Xom, X2n+1) — d(Xam, Xon) < d(
d(Xom, Xom+1),
d(
d(

d(Xomy-1,Xont-1) — d(Xom, Xont-1
d(Xom, X2n12) — d(Xom, X2n+1
d(Xamt1,Xen+2) — d(Xamy1, Xon+1

Xon41,X2n+2)

— — ~—

<
<
<
<

Xont1,X2n+2)

which implies that

d(Xom,Xen+1) — €, d(Xemy1,Xent1) — €,
d(Xom,Xon+2) = €, d(Xomy1,Xoni2) — €, ask— oo

Therefore froml1 taking the limit ak — o, we get
1 1
£ <max{g,¢,¢, 5[8 +¢€]} —w(maxe, ¢, €, 5[8 +e]}),

which gives a contradiction. Thu$x,} is a Cauchy

sequence and sincé is complete, it converges to some

peX.

Let Fn be an arbitrary member of{K}. Since
{Xn} C Fn(Xn—1), by Lemma 2.1, there exists\g € X
such that{vn} C Fn(p) for all n.

Applying 1 again, we have

d(Xn,Vn) = D({Xn},{Vn})
<max{d(g(Xh-1),9(Xn)),
d(9(p),9(vn)),
d(9(xn-1),9(p))

S10(002).9)

+d(9(p),9(%n))]}
—w(max{d(g(x-1),9(%n)),

d(g(p).9(vn)),

d(g(xn-1),9(p))

,:—ZL[ (9(Xn—1),9(Vn)
+d(9(p),9(xn))]})
< max{d(X,-1,%n),d(p,Vn),

d (anla p)

)

1
5 [d(Xn—1,Vn)

+ d(pa Xn)]}
—w(max{d(Xn_1,%n),d(p,Vn),

d (Xn—17 p)

1
B E [d(xnflaVn)

+d(p,xn)]})

Suppose that lim, # p and taking limit ash — o, we get

d(p,vn) < d(p,Vvn) —W(d(Pp,Vn)).

Sincew is continuous, we get a contradiction. Therefore
lim vy = p. SinceFy, is arbitrary,{ p} C N, F(p).

References

[1] S. Banach, Sur les operations dans les ensemles abstrait
et leur application aux equations integrales, Fund. Math.,
3(1922), 133-181.

[2] L. A. Zadeh, Fuzzy sets ,Information and control, 8(1965
338-353.

[3] M. D. Weiss, Fixed points and induced fuzzy topologies fo
fuzzy stes, J. Math. Anal. Appl., 50(1975), 142-150.

[4] D. Butnariu, Fixed point theorems for fuzzy mappingsz&y
Sets & Systems, 7(1982), 191-207.

[5] K. L. Singh and R. Talwar, Fixed point of fuzzy mappings,
Soochow J. Math., 19(1993), 95-102.

[6] D. Mihet, On fuzzy contractive mappings in fuzzy metric
spaces, Fuzzy Sets & Systems, 158(2007), 915-921.

[7] D. Qiu, L. Schu and J. Guan, Common fixed point theorems
for fuzzy mappings underb-contraction condition, Chaos
Solitons & Fractals, 41(2009), 360-367.

(@© 2015 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. Lett.3, No. 1, 19-23 (2015) www.naturalspublishing.com/Journals.asp

F . SD 23

—

[8]l. Beg and M. Abbas, Invariant approximation for
fuzzy nonexpansive mappings, Mathematica Bohemica,
136(1)(2011), 51-59.

[9] S. Heilpern, Fuzzy maps and fixed point theorem, J. Math.
Anal. Appl., 83(1981), 566-569.

[10] S. B. Nadler Jr., Multivalued contraction mappingsgifia
J. Math., 30(1969), 475-487.

[11] R. K. Bose and D. Sahani, Fuzzy mappings and fixed point
theorems, Fuzzy Sets & Systems, 21(1987), 53-58.

[12] P. Vijayaraju and M. Marudai, Fixed point theorems for
fuzzy mappings, Fuzzy Sets & Systems, 135(2003), 401-408

[13] B. Watson and B. E. Rhoades, Generalized contractidn an
fixed points in metric space, Math. Japonica, 34(1989), 975-.
982.

[14] B. Watson and B. E. Rhoades, Fixed point for set value
mappings in metric space, Math. Japonica, 35(1990), 735-
743. <

[15] B. E. Rhoades, Fixed points of some fuzzy mappings,
Soochow J. Math., 22(1996), 111-115.

[16] B. E. Rhoades, A common fixed point theorem for a
sequence of fuzzy mappings, Interna. J. Math. & Math. Sci.,
3(1995), 447-450.

[17] B. S. Lee, Generalized common fixed point theorems for a
sequence of fuzzy mappings, Internat. J. Math. & Math. Sci.,
17(1994), 437-440.

A. S. Salujais Assistant
Professor in Mathematics at J.
H. Government PG College,
Betul (India) and received the
Ph. D. degree in “Fixed Point
Theory and its applications
"at Barkatullah University,
Bhopal (India). His research
interests are in the areas of
pure and applied mathematics

mainly fixed point theory, fuzzy mathematics and
applications. He has published research articles in relpute
international journals of mathematics. He is referee
gseveral national and international mathematical journals

Pankaj Kumar Jhade
is Assistant Professor at
NRI Institute of Information
Science and Technology,
Bhopal(India) and pursuing
Ph. D. degree in “Nonlinear
Analysis "from Barkatullah
University, Bhopal (India) in
the “Fixed Point Theory ”. He
is published several research

paper in international repute mathematical journals.

Saurabh Manro
received the Ph. D. degree
in  “Nonlinear  Analysis
"at  Thapar University,
Patiala(India). He is referee
of several international
journals in the frame of pure
and applied mathematics.
His main research interests
are Fixed point theory,

fuzzy mathematics, game theory, optimization theory,

differential

geometry and applications,

geometric

dynamics and applications.

(@© 2015 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Preliminaries
	Main Result

