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Abstract: In this paper improved class of estimators for estimating 
2

yS is proposed adapting [6] and [7]. We have also extended our 

study to the case of two phase sampling. The asymptotic expressions for the mean square error and their optimum values have been 

derived up to the first order of approximation. The theoretical conditions have also been verified by numerical examples. After deep 

inspection, it has been shown that the proposed estimators are more efficient than usual unbiased estimator, chain ratio estimator and 

regression estimator. 
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1 Introduction 

It is well known that use of auxiliary information improves the precision of estimator.  If information on an auxiliary 

variable is readily available then the ratio-type and regression- type estimators can be used for estimation of parameters of 

interest, due to increase in efficiency of these estimators. The problem of estimating the population variance of  
2

yS of 

study variable y received a considerable attention of the statisticians in survey sampling including [1], 

[2],[3],[5],[10],[11],[12],[13],[14],[16],[17] and [18]. 

Let i = (1,2,……..N) be the population having N units such that y is highly correlated with the auxiliary variable x and z. 

We assume that a simple random sample without replacement (SRSWOR) of size n is drawn from the finite population of 

size N. Let 
2 2 2( , ,   )y x zs s s  be the sample variance and 

2 2 2( , , )y x zS S S  be the population variances of variable y, x and z. 

Where,
2 2
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1
( )
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y i
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S z Z
N 

 

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Let a preliminary large sample of size n’ is drawn from the given population with SRSWOR. Let again another sample of 

size n < n’ is drawn from the first phase sample with SRSWOR.  Take measurements of variable x and z on the first phase 

sample and measurement of variables y and x, z on the second phase sample. Let 
2 2( ' ,   ' )x zs s be the sample variances of 

variable x and z respectively based on first phase sample of size n’ and 
2 2 2( , ,   )y x zs s s  be the sample variances of variable 

y, x and z  respectively based on the second phase sample of size n.    

To estimate the population variance 
2

yS  of y, consider two cases: 

1. When the population variance 
2

xS and 
2

ZS  of x and z are known. 
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2. When
2

xS  is unknown but 
2

zS  is known. 

With this background, the usual unbiased, chain ratio and regression estimator using one and two auxiliary variable are, 

respectively defined by 

 2 2ˆ
y yS s  (1) 

 
2 2

2
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Where, 1 2
ˆ ˆ( , )b b  denotes the estimator of the regression coefficient
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Further, the chain-ratio and regression estimators using two phase sampling are, respectively defined by 
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The chain ratio and regression estimators are generally biased, but the biases of these types of estimator are negligible if 

the sample size is large enough. The approximate variances of
2ˆ
yS , ˆ

CRY , 
,1

ˆ
lrY , 

,2
ˆ
lrY , ˆ 'CRY , 

,1
ˆ 'lrY and 

,2
ˆ 'lrY  are, 

respectively, given by: 

 2 4 *

1 400
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. 

The objective of this paper is to propose some modified chain- ratio, exponential and regression type estimators using 

single and double sampling schemes. Thus in the following section we have suggested some estimators for population 

variance 
2

yS  based on 
2 2, 'x xs s  and 

2'zs and their properties studied. Numerical illustrations are given in support of the 

present study. 

2 Suggested Estimators 

Adapting estimators due to [7], [14] and [8], we have proposed three different modified class of ratio and regression type 

estimator using two auxiliary variable x and z are, respectively, defined by 
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Where,  is a constant and ( 1m , 2m ) are weights that satisfy the condition, 1 2 1m m  . 
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Where i (i=1,2) are suitably chosen constants.  
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Where ( 1,2)i i  are suitably chosen constants and 1 2( , )b b  are defined earlier in section 1. 

Estimators 0t , 1t  and 2t under two phase sampling scheme are, respectively, defined by 
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Where, d is a constant and ( 1dm , 2dm ) are weights that satisfy the condition, 1 2 1d dm m  . 
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Where id (i=1,2) are suitably chosen constants.  
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Where ( 1,2)id i  are suitably chosen constants and 1 2( , )b b  are defined earlier in section 1. 
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To obtain the biases and variances of the estimators 0t ,
1t , 2t , 

0dt , 1dt  and 
2dt we write 
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Subtracting 
2

yS  and then taking expectation of both sides of (21), (22), (23), (24), (25) and (26) we get the biases of 

0t , 1t , 2t , 0dt , 1dt  and 2dt  to the first degree of approximation, respectively as 
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Subtracting 
2

yS   squaring and then taking expectation of both sides of (21), (22), (23), (24), (25) and (26), we get the 

asymptotic variances of 0t , 1t , 2t , 0dt , 1dt  and 2dt  to the first degree of approximation, respectively as 
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  02102010

2

20

2

100 Fmm2Em2Dm2CmBmA
n

1
)t(AV 

 

(33) 

Partially differentiating equation (33) with respect to 1m  under the condition 1 2 1m m  , we get the optimum values of 

1m  and 2m as 

2 * 2 2 * 2 2 * 2 2 *

004 220 022 202*

1 ( ) 4 * 4 * 2 2 *

040 004 0222

z y x x z y z

opt

x z x z

S S S S S S S
m

S S S S

     

  

  


 
And

*

2( ) 1( )1opt optm m   

Where 

*

202

2

z

2

y0

*

220

2

x

2

y0

*

004

4

z

22

0

*

040

4

x

22

0

*

400

4

y0 SSE,SSD,SC,SB,SA 
 

*

022

2

z

2

x

22

0 SSF 
. 

  12112111

2

21

2

11

4

y

1 FEDCBA
n

S
)t(AV   (34) 

Partially differentiating equation (34) with respect to 1 and 2 , we get the optimum values of 1  and 2 as 

1 1 1 1
1( ) 2

1 1 1

2

4
opt

E F C D

F B C






And 1 1 1 1

2( ) 2

1 1 1

2

4
opt

D F B E

F B C






 

Where 

2
F,E,D,

4
C,

4
B,A

*

022
1

*

2021

*

2201

*

004
1

*

040
1

*

4001










 

222212212

2

22

2

122 GFEDCBA)t(AV 
                                                                            (35) 

Partially differentiating equation (35) with respect to 1 and 2 , we get the optimum values of 1  and 2  as 

2 2 2 2
1( ) 2

2 2 2

2

4
opt

C E D F

B C D






And 2 2 2 2

2( ) 2

2 2 2

2

4
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B F D E

B C D
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
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
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(36) 

Partially differentiating equation (36) with respect to 1dm  under the condition 1 2 1d dm m  , we get the optimum values 
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of 1dm  and 2dm as 

0 0 0
1 ( )

0 0

' ' '

' '
d opt

B C D
m

A B

 



And

2 ( ) 1( )1d opt optm m   

Where 

2 2 4 *

0 1 040' xA S    , 
2 2 4 *

0 1 004' / 'zB S n   , 
2 *

0 1 220' xC S   , 
2 *

0 1 202' / 'zD S n   . 

  '
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1
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1

2

d1

'

1

4

yd1 EDCBAS)t(AV 
 

(37) 

Partially differentiating equation (37) with respect to 1d and 2d , we get the optimum values of 1d  and 2d as 

1 ( ) 1 1' / 2 'd opt D B  And
2 ( ) 1 1' / 2 'd opt E C   

Using these optimum values, Min 
'

1( )dMSE t  is, respectively, given by 
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(38) 

Where 
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'n4
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(39) 

Partially differentiating equation (39) with respect to 1d and 2d , we get the optimum values of 1d and 2d , as 

1 ( ) 2 22 ' / 'd opt D B   And
2 ( ) 2 22 ' / 'd opt E C    

Using these optimum values, Min 
'

2( )dMSE t  is, respectively, given by 

 4 '2 2
2 2 2

2 2

' '
( ) '

' '
d y

D E
AV t S A F

B C

 
    

 
 (40) 

3 Theoretical Efficiency Comparisons 
Using equation (9), (10),(11), (33), (34) and (35), we have: 

0
ˆ( ) ( )CRV Y AV t , if 
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(41) 

,1 1
ˆ( ) ( )lrV Y AV t , if 
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(42) 

,1 2
ˆ( ) ( )lrV Y AV t , if 
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(44) 

Using equation (12), (13),(14),(36),(38) and (40), we have  

0
ˆ( ' ) ( )CR dV Y AV t , if 
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(47) 
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ˆ( ' ) ( )lr dV Y AV t , if 

 0
'nR

2
R

2
'nRR

S
'C

'E

'B

'D
FS *

202

2

2*

220

1

1*

0042

2

2

2*

0402

1

2

14

y

2

2

2

2'

2

4

y 




























  (48) 

4 Empirical studies 

Population.1: To have a rough idea about the gain in efficiency of the estimator, defined under the situation when a prior 

information of population variance on two auxiliary variable is available .We have taken the data of Murthy (1967), page 

no.-399, which contain the data of 34 villages and we have to estimate the population variance of study variable y for a 

positively related x and z respectively given by, 

y- Area under wheat in 1964. 

x- Area under wheat in 1963. 

z- Cultivated area in 1961. 

There are some known population parameters, given as 

*

400 2.726  ,
*

040 1.912  ,
*

004 1.808  ,
*

220 2.105  ,
*

202 1.979  ,
*

022 1.738   

2 22564.56yS  ,
2 197095.3xS  ,

2 2652.05zS  , 60304.01yxS  , 22158.05yzS   
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7n  , ' 15n  , N=34. 

Population.2: The data for the empirical study are taken from Ahmed (1995). The population consists of 340 villages. 

y- Number of literate persons.  

x- Number of household.  

z- Total population in the village. 

To estimate the variance of y, we have used x and z as the prior information. From the data set, we have 

340N  , ' 120n  , 50n  ,
2 71379.47yS  ,

2 11838.85xS  ,
2 691820.23zS   

90334289.9*

400 
,

05448224.7*

040 
,

2552346.8*

004 
,

31398563.6*

220  12904924.8*

202 
,

13646859.6*

022 
. 

The percentage relative efficiency (PRE) of estimator is defined as: 

100
(*)MSE

)Ŝ(VAR
)*(PRE

2

y

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5 Conclusion 

The present studies lead to an overall conclusion that the estimator 1 2 1, , dt t t  and 2dt are preferable to chain-ratio 

ˆ ˆ( , ' )CR CRY Y   and regression estimators
,1 ,1 ,2 ,2

ˆ ˆ ˆ ˆ( ' ' )lr lr lr lrY Y Y Y . In view of these findings, if computational difficulty is 

not a matter of great concern, the variance estimators ( 1 2 1, , dt t t , 2dt ) may be considered as suitable estimator over others.  
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