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Abstract: In this paper improved class of estimators for estimating S; is proposed adapting [6] and [7]. We have also extended our

study to the case of two phase sampling. The asymptotic expressions for the mean square error and their optimum values have been
derived up to the first order of approximation. The theoretical conditions have also been verified by numerical examples. After deep
inspection, it has been shown that the proposed estimators are more efficient than usual unbiased estimator, chain ratio estimator and
regression estimator.
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1 Introduction

It is well known that use of auxiliary information improves the precision of estimator. If information on an auxiliary
variable is readily available then the ratio-type and regression- type estimators can be used for estimation of parameters of

interest, due to increase in efficiency of these estimators. The problem of estimating the population variance of S;of
study variable y received a considerable attention of the statisticians in survey sampling including [1],
[21.[3].[5],[10],[11],[12],[13],[14],[16],[17] and [18].

Let ¢i =(1,2,........ N) be the population having N units such that y is highly correlated with the auxiliary variable x and z.
We assume that a simple random sample without replacement (SRSWOR) of size n is drawn from the finite population of

size N. Let (Sj ,SZ, $2) be the sample variance and (S ; ,S7,S2) be the population variances of variable y, x and z.

1 - 1 - 1 .
Where,S ? =N—Z(yi -Y)?, 8% =N—Z(xi -X)?, 8} =N—1Z(zi -Z)*.
T il —Lix

Let a preliminary large sample of size n’ is drawn from the given population with SRSWOR. Let again another sample of
size n < n’is drawn from the first phase sample with SRSWOR. Take measurements of variable x and z on the first phase

2,'s f ) be the sample variances of

X!

sample and measurement of variables y and x, z on the second phase sample. Let (S

2

variable x and z respectively based on first phase sample of size n” and (S; 'Sy SZ2 ) be the sample variances of variable

y, xand z respectively based on the second phase sample of size n.

To estimate the population variance S; of y, consider two cases:

1.  When the population variance sz and SZ2 of x and z are known.
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2. WhenSX2 is unknown but SZ2 is known.

With this background, the usual unbiased, chain ratio and regression estimator using one and two auxiliary variable are,

respectively defined by

Y., =82 +b,(S7-s2)+b,(S2-s2)

Syzé‘;kzo ﬂ 28552*02
Sx25540’ ’ S225(’)(04 l

Where, (bl,b;) denotes the estimator of the regression coefficient(,b’1 =
Further, the chain-ratio and regression estimators using two phase sampling are, respectively defined by
)8
X z
?'Ir,l = Sf/ + E)1 (Si _Si)

Y, =82 +b,(s2-82) +b,(S? —s?)

(1)

2)

4)

The chain ratio and regression estimators are generally biased, but the biases of these types of estimator are negligible if

the sample size is large enough. The approximate variances ofS YCR Y w1 Yoo Y oo Y paand Y, are,

respectively, given by:

Var(§ ; )=7S ; 5200
V(Y CR )= [5400 0a0 T 5(;04 - 25;20 - 25;02 + 25(:22]

v (erl)_ { s00 T glz 5040 ZﬁX }

220
R 1

v (er 2)_ {@oo*‘ﬁl 5040"'ﬂ2 Sy _lel 5220_2§ 5202 ﬂl ﬂz Sy

2 004 022
R 1 2 Rl R 2

~, o, O 26,
v (Y CR):Sy|: :]00 + 5040"' ;04 -2 5220 202}

~ ﬂ B
v (Y lryl)zsy{ :100 Rl 5040_2R 75220
1 1

(8)

(12)

(13)
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2
v (Y I|r,z) = Sy { ;;OO gl 5040 + Rﬂz 5004 _2 gl 5220 -2 Rﬂn 5202} (14)
1 2

S2 n n'

The objective of this paper is to propose some modified chain- ratio, exponential and regression type estimators using
single and double sampling schemes. Thus in the following section we have suggested some estimators for population

variance S; based on SXZ,S f and S f and their properties studied. Numerical illustrations are given in support of the

S? 52
Where, R, :S—y2 ,R, =—%and 7(£—ij :

X

present study.

2 Suggested Estimators

Adapting estimators due to [7], [14] and [8], we have proposed three different modified class of ratio and regression type
estimator using two auxiliary variable x and z are, respectively, defined by

2 2 ¢

.| MS;, +m.,S

t, =) 22 (15)
m,S, +m,s,

Where, ais a constant and (m,, m,) are weights that satisfy the condition, m, +m, =1.

Where f.(i=1,2) are suitably chosen constants.

s?-s2|"  [s?-g?|"
t, =s; exp{—? 2} exp| 55 | +bi(Sk—8%)+b, (S ~s7) (17)
S; +5; s+,

Where 7, (i =1,2)are suitably chosen constants and (,,b,) are defined earlier in section 1.

Estimatorst,, t, and t, under two phase sampling scheme are, respectively, defined by

m,,s'2+m,,S2
t0d=sy{ - = } (18)
mldsx+m2dsz

Where, ¢, isa constantand (M, , M,, ) are weights that satisfy the condition, m,, +m,, =1.

12 2 B1d 2 12 Bad
§'°—s S? —s

ty =sjexp| 22| exp| it (19)
S" +S; S +5s";

Where 3, (i=1,2) are suitably chosen constants.

, Sli—si MNid Si —Sli MN2d I2 , ) )
t,y =S; exp G exp it +b, (s, —s)+b,(S; —s%)  (20)
X X z z

Where 1,4 (I =1, 2) are suitably chosen constants and (,,b,) are defined earlier in section 1.
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To obtain the biases and variances of the estimatorst, ,t, ,t,, t,, .1, and t,, we write

g2 _g?2 2 @2 2 g2 . 2 g2 ‘ 2 g2
e0=(y y)’el=(sx SX),ez=(SZ SZ),el:(SX SX)ande2=(SZ ZSZ)

S! S? S? S? S

X

Suchthat, E(e',)=E(e;)=0, V (i =0,12)
And
E(e§)=5200/n, E(e12)25g40/n' E(ezz):5504/n’ E(ell):é&o/n'v E(elz):5;04/n'
E(eoel):5;20/n 'E(eoez):é;oz/n’E(elez)=5522/n ,E(e'oe'l):5;20/n', E(e'oelz)zé‘;kozlnI '
E(elle'z):é‘gzz/nI
Where

*

5 =5

par

N — — [—
par _1)’ 5pqr = (/upqr /ﬂZFJO/()ZﬂgZ/gﬂéég) Hogr = Z(y| =Y )p(xi -X )q (Zi _Z)/N
i=1

Now expressingt, .t,,t,, t,, ,t;; and t,, interms of €S e have

2 2 2 2
1+e, +10(m,S;e, +m,Sle,)+Ai,a(m,S;e.e, + m,Sie.e,)

t =52 _ (21)
0T + 4D 52 (1 s, + m, S, )?

t, :Sf{l+ €, —Bl—;l—@+{&+ﬁ}el {Bz B }ez Pi6oe, _Bzeoez +Blﬁzele2:| (22)

2 4 8 4 8 2 2
e, Be, BB By Bil.. Bek ﬁee
t,=S’ 1+e—&—ﬁ+1 Plez 1P Lo lg2 PG P2y ppoe,
? VH 2 2 {4 8} {4 g 2 FiPes
(23)
_be, _bg,
Rl RZ
ty, = S§[1+ e, +A,am,S2e', —h,a(m,SZe, + m,S%", ) —Aia’m,S(m,Sle e, +m,Se’ €',)
LMot Ai(m,S’e, + m,S%e',)* + Gt Aim?Ste’? +1,0m,Sle e’ (24)
~Aa(mSlee, +m,See I2)i|
t, = S2|1+ e, + Bl (ell_el) _ Bzelz + Bzelg T Bge.g _ BlBZ (ell elz_elelz ) _ Bl(ellz _elz) (25)
g 2 2 4 8 4 4
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+ Blz (9'1_91)2 _ Bzeoelz + Bl(eoell_eoel)
8 2 2

Bl(eé_el) _ Bzelz + Bzelg + Bge.g _ Ble(e'l elz_ele'z ) _ B1(e'12 _e12)

t,y = S 1+e,+

2 4 8 4 4
(26)
+ Blz (e'l_el)z _ Bzeoelz + Bl(eoell_eoel) + bl(ell_el) _ bzelz
8 2 2 R, R,
1 S? S?
Where, , =————— R, =—% R, =—%.
A mS2+m,S?' ' s 7 g2

Subtracting Sy2 and then taking expectation of both sides of (21), (22), (23), (24), (25) and (26) we get the biases of

t,.t.t,, tyy .ty and t,, to the first degree of approximation, respectively as

* * OL(OL—l) * *
B(to) — ﬁ }\’la‘(mls)z(SZZO + mZSESZOZ) + 2 7\‘zl(ij?SiSOllo + m§S§8004 (27)
n +2m,m,S2S255,,)
B, , B B, B B8y B0 -
B(t,) = s’ H L 81 8040 + 72"'? 8004 12220 - 22202 +B1[328022_ (28)
B, B: B, B B8y By -
B(t ) S |:{ . 81 8040 + 72—}_ 82 8004 - 12220 - 22202 +BIB28022_ (29)
B(t,,) = S a(o+1) 22 m?S:5;,, . mgsjé‘)fm 2m,m,S:828,,, | Ao’m,S;
od 2 ! n n' n' n'
(M S25%,, +m,S%5%,) + 2= 52 m2ge Soao 6040 +A,0m, S 8;20 (30)
—Xla(m SZ 6220 +m SZ 8202):|
n
2) 850 B2Brs  Bi¥Srso |
B(t..) = S2 B, Bl 5 B_2+B_2 004 _ P29202  P1¥9220 31
(ty,) y|:( 3 jY 040 (4 8 N on' > | (31)
B, B B, B’ B, 830  Bi¥Sg0 |
B(t,y) = Sf’|:(_l+§1 5040 n 42 P2 r(:?4 22n2.02 P 2220 (32)

Subtracting Sy2 squaring and then taking expectation of both sides of (21), (22), (23), (24), (25) and (26), we get the

asymptotic variances of t ) ,t, ,t,, t,, ,t; and t,, to the first degree of approximation, respectively as
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AV(t,) = 1[A, + m2B, + m2C, — 2m,D, - 2m,E, + 2m,m,F, ] (33)
n

Partially differentiating equation (33) with respect to m, under the conditionm, +m, =1, we get the optimum values of
m, and M, as

. 0{08225;04 +S.S 55;20 —0“98)(28225;22 _Syzszzé‘;oz

y

m, . = : . 2 Andmy, . =1-m,
LoD S>:15040 +Sz45004 =25 XZS 226022 2o o)
Where
A, = S;‘,SZOO, B, = GZOLZSi 8340,C0 = GZOLZS;1 8;04, D, = GOLSf, Si 8;20, E, = GOLSf, Sf 6;02
F, =0%a’S:S 8y,
84
Av(tl) = Fy [Al + BlzBl + Bgcl - BlDl - BZEl + BlBZFl] (34)
Partially differentiating equation (34) with respect to /3 and /3, , we get the optimum values of 3, and f3, as
E.F-2C.D D,F, —-2B.E
ﬂ(o): 11 llAndﬂ(o): 11 1=-1
1P E2_4BC, 200 E2_4BC,
Where
* 8* 6* * * 8*
A =08,00,B; :%'Cl = 204 /Dy =850 E1 =800, F Z%
AV(t,) = A, +n;B, +1C, +nn,D, -n,E, -n,F, +G, (35)
Partially differentiating equation (35) with respect to 77,and 77, , we get the optimum values of 7, and 77, as
2C,E,-D,F, 2B,F,-D,E,
=—==—°=-+=An =——=-<
e =4 c, D P T 4R . D?
Where
S St o St o St
2 T T T P2 T T a2 T M2 T
n 4n 4n 2n
Sf 2 o+ 2 o 2 o Sf 2 o* 2 o 2 o+
E,= T[Sy Byp0 —b1S G0 —D,S; 5022] R = 7[8y5202 —b,S, 802 —b,S, 5004] '
1 * * * * *
Gz = H [bleiS(MO + ng;‘SOM - 2b1S>2<S§6220 - 2b255555202 + 2b1bzs>2<858022]
4 8ZOO 2 1 2 ] 1 1
AV(tOd) =Sy n + My Al +my,B'o—2m,, C'o—2m,, D'y (36)

Partially differentiating equation (36) with respect to M, under the conditionm,; +M,, =1, we get the optimum values

© 2015 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. 4, No. 1, 161-171 (2015) / http://www.naturalspublishing.com/Journals.asp NS e 167

of m,, and m,, as

B'\,+C',—D/, Andm

= =1-m
1d (opt) A .0+ B' 2d (opt)

m

1(opt)
Where
A :azﬂf;/Sfé‘;m, B =a’ 28;‘5504/n o CY :aﬂlSXZJ/égzo' D', :0M18z27/5202/n "
AV(t,) = Sf/ [Al + Blzd B.:L + Bid Cll —Bug D'1 —Bag El] (37)

Partially differentiating equation (37) with respectto /3, and ﬁZd , we get the optimum values of £, and ﬂzd as
B (opt) = D'/2B " And B, opt) = EL/2C"
Using these optimum values, Min MSE (t,, ) is, respectively, given by

D|2 EIZ
AV(t SIA ——L-—L 38
(ty) = [ B, C, } (38)
Where
Y v, S, « - ,
A = ;00 B 240 C = 400‘.1 D =78,50:E1 =850,/N
: B, C,
AV(t,,) =33[A2 ”1d4 “22 +1yD, +MyE, +F, } (39)
Partially differentiating equation (39) with respect to 77,4, and 77,, , we get the optimum values of 77, and 77, , as
Mg (opt) =-2D",/B",Andn,, (opt) =-2E",/C",
Using these optimum values, Min MSE (téd ) is, respectively, given by
. D, E’ :
AV (tzd):S { B' C—'§+F2} (40)

3 Theoretical Efficiency Comparisons

Using equation (9), (10),(11), (33), (34) and (35), we have:
V (Vr) 2AV (1), if

S, [8040 6004 - 28’;20 o 26;02 + 28(*)22]_ [mlzBo + mgco - 2m1D0 N 2szo + zmlszo]Z 0 ()
V) ZAV (), if

Bls

[32B, +p2C, -B.D, F%E+BBJ][: o ESQJSO 42)

V() ZAV (), if
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[Tllsz +T|§C2 +nyn,D, —mE, —n,F, +Gz] {gl 8040 2 gl 6;20} <0

1

V(Y,,) = AV(t,)
84 BZ N BZ . B N
[nlB +15C, +nM,D, —n,E, -n,F, +GZ]__y|:_128040+_228004—2—15220
n|R; RS R,
_2&62024‘2&[&_26322}30
R, R, R,
Using equation (12), (13),(14),(36),(38) and (40), we have
VY 'w)=AV (ty),if
. -
S“[mldA' +m3,B',—2m,,C',—2m, D', ] S! {Y8040+6n. — 2y — 52{02}30

VL) ZAV (), if

B B, J DI _E
Sy{ :'100 R12 8040—2R1y8220 =S, A, _B_l_Cl >0

1

. D, E,
S§|:F2 __2__} S4|:V gl 6040 Zg Vszzo} <0
1

. D, FE BZ . B2 B B
SA{F -2z ——2}—54|:y—l 0 2 8 — 2y, — 22— 8 <0
y\"2 7 g /| TR? 0a0 T Rz 004 R 220 R o202

1 2

4 Empirical studies

(43)

(44)

(45)

(46)

(47)

(48)

Population.1: To have a rough idea about the gain in efficiency of the estimator, defined under the situation when a prior
information of population variance on two auxiliary variable is available .We have taken the data of Murthy (1967), page
no.-399, which contain the data of 34 villages and we have to estimate the population variance of study variable y for a

positively related x and z respectively given by,

y- Area under wheat in 1964.

x- Area under wheat in 1963.

z- Cultivated area in 1961.

There are some known population parameters, given as

o = 2.726 , 55y =1.912, 6, =1.808, 8, = 2.105, 5, =1.979, &, =1.738
7 =22564.56,S; =197095.3,S7 =2652.05,S , =60304.01,S , =22158.05
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n=7,n"'=15, N=34.

Population.2: The data for the empirical study are taken from Ahmed (1995). The population consists of 340 villages.
y- Number of literate persons.

X- Number of household.

z- Total population in the village.

To estimate the variance of y, we have used x and z as the prior information. From the data set, we have

N =340,n'=120,n=50,S} =71379.47,S? =11838.85,S = 691820.23

Vi =9.90334289 V,, =7.05448224 V', =8.2552346 V,, = 6.31398563 V), = 8.12904924
V,,, = 6.13646859

The percentage relative efficiency (PRE) of estimator is defined as:

VAR(S?) s

— Y7100
MSE (%)

PRE(*) =

Table.l. PRE of Estimators with respect to 53_.

Estimators Percent Relative Efficiency
Population-1 Population-2
S: 100.00 100. 00
Y 155.42 115.156
Y., 667.287 232.90
Y, 112.127 140.89
t, 697.710 522.71
t, 699.0769 529.86
t 699.0769 529.86
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Tahble.2. PRE of Estimators under two phase sampling with respect to 53_.

Estimators Percent Relative Efficiency
Population-1 Population-2

S: 100.00 100. 00
Y 556.70 298.50
Yo 198.379 14989
Y., 578.0769 302.71

o 253.294 152.06

ty 578.0769 302.71

to, 578.077 578.077

5 Conclusion

The present studies lead to an overall conclusion that the estimator t;,t,,t;; and t,, are preferable to chain-ratio

(YACR Y 'cr ) and regression estimators (YAIr ’1YA ',r’lYAlr]ZYA ' 2) - In view of these findings, if computational difficulty is

not a matter of great concern, the variance estimators (t,,t,,t,, ,t,, ) may be considered as suitable estimator over others.
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