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Abstract: Suppose thatG is a finite group. The graphΓ (G) is related to conjugacy classes ofG. Its vertices are the non-central
conjugacy classes ofG and there is an edge between each two distinct vertices ofΓ (G), if and only if their class sizes have a common
prime divisor.
In this paper, some properties of graphΓ (G) such as chromatic polynomial, chromatic number, clique number and independence
number are studied forG ∼= SL2(F), whereF is a finite field.
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1 Introduction

Let G be a finite group.Γ (G) is the attached graph related
to its conjugacy classes. The vertices ofΓ (G) are the
non-central conjugacy classes ofG and two distinct
vertices are connected by an edge, if their class sizes have
a common prime divisor.
This graph has been widely studied. See, for instance [1,
5]. In [1] Bertram, Herzog and Mann showed that
n(Γ (G)) 6 2 for all finite groups wheren(Γ (G)) is the
number of the connected components ofΓ (G). Also they
proved that, the graph is complete for all non-abelian
finite simple groups. Results are proved for infinite
FC-groups. In [5] the authors proved that, the symmetric
group S3, the dihedral groupD5, the three pairwise
non-isomorphic non-abelian groups of order 12, and the
non-abelian groupT21 of order 21, are the complete list of
all G such thatΓ (G) contains no triangles.
The notation we use is standard. All groups considered in
this paper are finite. LetG be a finite group,x an element
of G. xG denotes the conjugacy class containingx that is
the set of all elements conjugate tox. |xG| denotes the size
of xG. A subgroupN of G is called a normal subgroup if it
is invariant under conjugation. LetG

N be a quotient group,

gN an element ofGN . (gN)
G
N denotes the conjugacy class

containinggN and |(gN)
G
N | denotes the size of(gN)

G
N .

We denote the center ofG by Z(G), and the number of

conjugacy classes ofG by k(G). Let Γ be a graph. The
degree of a vertexv of Γ denoted byd(v) and the number
of vertices of graphΓ denoted by|V (Γ )|. Also the
number of edges of graphΓ denoted by|E(Γ )|. The girth
of a graph with a cycle is the length of its shortest cycle.
A graph with no cycle has infinite girth. The diameter of
Γ is the maximum distance between two vertices ofΓ
and denoted bydiam(Γ ). A complete graph is a graph in
which every pair of distinct vertices are adjacent. An
independent set in a graphΓ is a set of pairwise
nonadjacent vertices. The independence number of a
graphΓ is the maximum size of an independent set of
vertices and denoted byα(Γ ). A vertex cover of a graph
Γ is a setQ ⊆ V (Γ ) that contains at least one endpoint of
every edge.β (Γ ) is the minimum size of vertex cover.
Let k be a positive integer. Ak-vertex coloring of a graph
Γ is an assignment ofk colors to the vertices ofΓ such
that no two adjacent vertices have the same color. The
vertex chromatic numberχ(Γ ) of a graphΓ , is the
minimumk for which Γ has ak-vertex coloring. A subset
C of the vertices ofΓ is called a clique if the induced
subgraph onC is a complete graph. The maximum size of
a clique in a graphΓ is called the clique number ofΓ and
denoted byω(Γ ). A Hamiltonian cycle is a path that
visits each vertex ofΓ exactly just once. A graph that
contains a Hamiltonian cycle is called a Hamiltonian
graph. A graph is Hamiltonian-connected if for every pair
of verticesu,v there is a Hamiltonian path fromu to v.
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In this paper, we consider the graphΓ (G) for
G ∼= SL2(F), whereF is a finite field. We study some
properties of this graph.

2 Preliminaries

We need the following lemmas which will be used later:
Lemma 2.1. [6] Let G be a non-abelian finite simple

group. ThenΓ (G) is a complete graph.
Lemma 2.2. ([3], Theorem 1.1) Suppose thatΓ is a

graph, then:
|V (Γ )|

∑
ε=1

d(vε) = 2|E(Γ )|.

Lemma 2.3.([8], Lemma 3.1.21) In a graphΓ ,S ⊆ V (Γ )

is an independent set if and only if̄S=V (Γ )−S is a vertex
cover and therefore:

α(Γ )+β (Γ ) = |V (Γ )|.

Lemma 2.4.[4] Let G be a finite group andN is a normal

subgroup. Then:

i) |gN |
∣

∣

∣
|gG| ; g ∈ N.

ii) |(gN)
G
N |
∣

∣

∣
|gG| ; g ∈ G.

Lemma 2.5.([8], Theorem 5.2.16) Everyk-critical graph

is (k−1)-edge-connected.
Lemma 2.6. ([8], Proposition 5.2.18) IfΓ is k-critical,

then Γ has no cutset consisting of pairwise adjacent
vertices.
Lemma 2.7.[5] Let G be a non-abelian finite group. Then

Γ (G) is a graph without triangles, if and only ifG is
isomorphic to one of the following solvable groups:
the symmetric groupS3;
the dihedral groupsD5 andD6;
the alternating groupA4;
the groupT12 of order 12 given by
T12 = 〈a,b : a6 = 1,b2 = a3

,ba = a−1b〉;
the groupT21 of order 21 given by
T21 = 〈a,b : a3 = b7 = 1,ba = ab2〉.

3 Main Results

Suppose thatG ∼= SL2(F), F = GF(q) andq is a prime
power.

Theorem 3.1.Let G ∼= SL2(q):
i) If q = 2m

,m ≥ 1, thenk(G) = 2m +1, |V(Γ (G))|= 2m
.

ii) If q = pm, where p is an odd prime number,m ≥ 1,
thenk(G) = pm +4, |V(Γ (G))|= pm +2.

Proof.
Let G ∼= SL2(q). Suppose thatCn is the number of
conjugacy classes inGLn(q). Now by [7] we have:

Cn = qn − (qa + qa−1+ · · ·+ qb+1+ qb)+ · · ·

;a = [
1
2
(n−1)],b = [

1
3

n].

Thus forn = 0,1,2 we have:

C0 = 1, C1 = q−1, C2 = q2−1.

Also by [7] the number of conjugacy classes in
G ∼= SL2(F) is :

k(G) = (q−1)−1 ∑
d|(2,q−1)

ϕ2(d)C 2
d

(1)

where
ϕr(n) = nrΠp|n(1− p−r).

(product over the primes dividingn).
Now for (i), since(2,q− 1) = 1, thend = 1. If we put
d = 1 in (1), we have:

k(G) = (q−1)−1 ∑
d=1

ϕ2(d)C 2
d

= (q−1)−1(ϕ2(1)C2) = 2m +1.

For (ii), q is a power of an odd prime number, then(2,q−
1) = 2, therefored = 1,2.
So, we have:

k(G) = (q−1)−1 ∑
d=1,2

ϕ2(d)C 2
d

= (q−1)−1(ϕ2(1)C2+ϕ2(2)C1) = q+4= pm +4.

Since Z(G) = {λ I|λ ∈ F∗
,λ n = 1} and

|Z(G)| = (n,q− 1), thus for(i), we have|Z(G)| = 1 and
then|V (Γ (G))|= k(G)−|Z(G)|= 2m.

For (ii), |Z(G)|= 2 then

|V (Γ (G))|= k(G)−|Z(G)|= pm +2.�

Theorem 3.2.Let G ∼= SL2(q):

i)If q = 2, then the graphΓ (G) is a non-complete graph,
|E(Γ (G))|= 0, α(Γ (G)) = 2, β (Γ (G)) = 0.

ii)If q = 2m
,m ≥ 2, then the graphΓ (G) is a complete

graph,|E(Γ (G))|= 2m−1(2m −1),α(Γ (G)) = 1,
β (Γ (G)) = 2m −1.

iii)If q = pm, wherep is an odd prime number,m ≥ 1,
then the graph,Γ (G) is a complete graph,
|E(Γ (G))|= 2−1(p2m +3pm+2),α(Γ (G)) = 1,
β (Γ (G)) = pm +1.

Proof.

i)It is clear that if q = 2, thenG ∼= S3 and the proof
follows from Lemma 2.7.
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ii)Since q = 2m (m ≥ 2), then PSL2(2m) ∼= SL2(2m),
therefore SL2(2m) is a non-abelian finite simple
group. Now by Lemma 2.1 the graphΓ (G) is a
complete graph. Thus for eachv ∈V (Γ (G)),
d(v) = |V (Γ (G))|−1= 2m −1.
By Lemma 2.2 we have:

|V (Γ (G))|

∑
ε=1

d(vε ) = 2|E(Γ (G))|.

Thus

|V (Γ (G))|

∑
ε=1

d(vε)=
2m

∑
ε=1

(2m−1)= 2m(2m−1)= 2|E(Γ (G))|.

So we have

|E(Γ (G))|= 2m−1(2m −1).

Since Γ (G) is a complete graph, therefore every
independent set includes only one vertex.
Thus the independence number of graphΓ (G) equals
1. Thereforeα(Γ (G)) = 1.
On the other hand, by Lemma 2.3:

α(Γ (G))+β (Γ (G)) = |V (Γ (G))|.

So we have:
β (Γ (G)) = 2m −1.

iii)Suppose thatp = 3 and m = 1, then the set of
conjugacy class sizes ofG is
{1,1,4,4,4,4,6}.
According to the definition of graphΓ (G), it is a
complete graph with 5 vertices. Hence
α(Γ (G)) = 1,β (Γ (G)) = 4.
Now supposeG ∼= SL2(q) andN = Z(SL2(q)) where
q = pm

,q 6= 3, p is an odd prime number andm ≥ 1,
thenN ⊳G and alsoPSL2(q) ∼= G

N , sincePSL2(q) is a
non-abelian finite simple group, therefore by Lemma
2.1Γ (G

N ) is a complete graph. For every two arbitrary

vertices of graphΓ (G
N ) like |(xN)

G
N | and |(yN)

G
N | as

x,y ∈ G−Z(G), we have(|(xN)
G
N |, |(yN)

G
N |) 6= 1 and

by Lemma 2.4 we have |(xN)
G
N |
∣

∣

∣
|xG| and

|(yN)
G
N |
∣

∣

∣

|yG|, thus(|xG|, |yG|) 6= 1.

Then every pair of distinct vertices of graphΓ (G) is
connected by an edge, so it is a complete graph. Then
we have the following relation for every arbitrary
vertex ofΓ (G) like v :

d(v) = |V (Γ (G))|−1= pm +1.

By Lemma 2.2:

|V (Γ (G))|

∑
ε=1

d(vε ) = 2|E(Γ (G))|.

Thus

2|E(Γ (G))|=
|V (Γ (G))|

∑
ε=1

d(vε) =
pm+2

∑
ε=1

(pm +1)

= (pm +2)(pm +1) = p2m +3pm+2.

Also
|E(Γ (G))|= 2−1(p2m +3pm+2).

Since Γ (G) is a complete graph, therefore every
independent set includes only one vertex.
Thus the independence number of graphΓ (G) equals
1. Thereforeα(Γ (G)) = 1.
On the other hand, by Lemma 2.3:

α(Γ (G))+β (Γ (G)) = |V (Γ (G))|.

So we have:

β (Γ (G)) = pm +1.�

Corollary 3.3. Suppose thatG ∼= SL2(q), whereq 6= 2
and q is a prime power, then the graphΓ (G)
is(|V (Γ (G))| − 1)-edge-connected andΓ (G) has no
cutset consisting of pairwise adjacent vertices.
Proof. By Theorem 3.2, the graphΓ (G) is a complete

graph. Thus the graphΓ (G) is |V (Γ (G))|-critical,
therefore by Lemma 2.5 Γ (G) is
(|V (Γ (G))| − 1)-edge-connected and according to
Lemma 2.6Γ (G) has no cutset consisting of pairwise
adjacent vertices.�
Proposition 3.4.Let G ∼= SL2(q):

i)If q = 2, thenχ(Γ (G)) = 1, ω(Γ (G)) = 1.
ii)If q = 2m

,m ≥ 2, thenχ(Γ (G)) = ω(Γ (G)) = 2m.
iii)If q = pm, wherep is an odd prime number,m ≥ 1,

thenχ(Γ (G)) = ω(Γ (G)) = pm +2.

In (ii) and (iii), the girth of graph equals 3 and it is a
Hamiltonian-connected graph withdiam(Γ (G)) = 1.
Proof. For the first case, by Theorem 3.2 the minimum

number of colors needed to color the graphΓ (G) in
which no two adjacent vertex have the same color equals
1. Thereforeχ(Γ (G)) = 1 and since the graphΓ (G) is
not connected, thenω(Γ (G)) = 1.
Since the graphΓ (G) is a complete graph for cases(ii)
and(iii) by Theorem 3.2, andω(Γ (G)) is the maximum
size of a set of pairwise adjacent vertices inΓ (G), then
ω(Γ (G)) = |V (Γ (G))|.
As χ(Γ ) is the minimum number of colors needed to
color a graphΓ (G) such that each two adjacent vertices
have different colors, thus
χ(Γ (G)) = |V (Γ (G))|= ω(Γ (G)).
Now according to Theorem 3.1 we have:
χ(Γ (G)) = ω(Γ (G)) = 2m for case(ii),
andχ(Γ (G)) = ω(Γ (G)) = pm +2 for case(iii).
In both cases(ii) and(iii) the graph is connected because
it is a complete graph and also it includes at least one
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cycle which visits every edge once, thus there is a
Hamiltonian cycle in the graphΓ (G) in both cases,
thereforeΓ (G) is a Hamiltonian graph. The number of
vertices of Γ (G) is at least 4 in both cases. Thus it
includes a triangle, hence it is the shortest cycle that
exists inΓ (G). Therefore in both cases the girth of graph
equals 3.
Since for every pair of verticesu andv in Γ (G) we have:
d(u,v) = 1, thendiam(Γ (G)) = 1.�
Definition. [2] Let Γ be a graph and also|V (Γ )| = n and

u be a complex number. For each natural numberr, let
mr(Γ ) denotes the number of distinct color-partitions of
V (Γ ) into r color-classes, and defineu(r) to be the
complex numberu(u−1) · · ·(u− r+1).
The chromatic polynomial ofΓ is the polynomial

C(Γ ;u) =
|V (Γ )|

∑
r=1

mr(Γ )u(r)

Proposition 3.5.Let G ∼= SL2(q):

i)If q = 2, thenC(Γ (G);u) = u2
.

ii)If q = 2m, m ≥ 2, then the chromatic polynomial of
graphΓ (G) is of the form:

C(Γ (G);u) = u(u−1) · · ·(u−2m+1).

iii)If q = pm, wherep is an odd prime number,m ≥ 1,
then the chromatic polynomial of graphΓ (G) is of the
form:

C(Γ (G);u) = u(u−1) · · ·(u− pm−1).

Proof. In the first caseG ∼= S3, thereforem1(Γ (G)) = 1,
m2(Γ (G)) = 2 and by definition ofC(Γ (G);u) we have:

C(Γ (G);u) = u2
.

Now according to Theorem 3.2,Γ (G) is a complete graph
in cases(ii) and(iii), thus each vertex of the graphΓ (G)
is adjacent by the others and its chromatic polynomial is
as following:

m1(Γ (G)) = m2(Γ (G)) = · · ·= m|V (Γ (G))|−1(Γ (G)) = 0,

m|V (Γ (G))|(Γ (G)) = 1

C(Γ (G);u) =
|V (Γ (G))|

∑
r=1

mr(Γ (G))u(r)

= m|V (Γ (G))|(Γ (G))u|V (Γ (G))| = u(|V (Γ (G))|).

Now, according to Theorem 3.1 we have the following
relation for the second part of proposition

C(Γ (G);u) = u(u−1) · · ·(u−2m+1).

For the third part:

C(Γ (G);u) = u(u−1) · · ·(u− pm−1).�
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