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Abstract: A class of functions which provides an interesting transitirom k- uniformly Janowski convex anktJanowski starlike
functions is defied by combing the concept of Ruscheweylvalires, Janowski functions and conic regions. Coeffidieatualities
for functions in these classes are formulated which geizertiie coefficient inequalities of Khalida Inayat Noor, f&@r Nawaz Malik
and Latha.
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1 Introduction Definition 1.[1]Let P[A,B], where -1 < B < A < 1,
denote the class of analytic function p definedZsrwith
Let o denote the class of functions the representation (@) = gud, Z € %,
- w(0) =0, |w(z) <1
f(z) =z+ Zzanzn’ (1) PEP[AB]ifandonlyif pz) < 152
=

Geometrically, a functiop € P[A, B] maps the opine unit
onto the disk defined by the domain,

analytic in the open unit disk
% ={z:zc C and |z <1}, normalized so that 1-AB| A-B
f(0) = 0 andf’(0) = 1. We designate” as the subclass Q[AB] = {WZ ‘W— 182 < m}

&7 consisting of all function which are univalenté. In

the following we shall give the basic properties of The clas$[A,B] is connected the clagsof functions with

functions with positive real part in unit dis#’. Also we positive real part by the relation,

shall discuss the concept of subordination in the complex

plane. LetP denote the class of analytic functignrin % (A+1)p(2 — (A-1)
(B+1)pz) - (B-1)

such thatp(0) =1, 0{p(2)} > 0, any functionp in P has

the  representation p(z) = ﬂﬁiﬁ where Kanas and WisniowskeB[10] introduced and studied
w0) =0, |w(2)|<lon%, ze « [2]. Given two the clask—UCV of k-uniformly convex functions and the
functionsf andg analytic in%/, we say that the function corresponding clads— ST of k-starlike functions. These
f is subordinate t@ in %7 and write f(z) < g(2), if there  classes were defined subject to the conic regink > 0
exists a Schwarz functiow, which is analytic inz with given by as

w(0) = 0 and |w(z)| < 1, such thatf(z) = g(w(z)) ,

ze 7. If gis univalent in% thenf < g if and only if Qe={u+iviu>k /(u— 1)24\2.

f(0)=9g(0) andf (%) C 9(%).

The representation for functions with positive real part This domain represents the right half plane foe 0,
motivated Janowski to define the cldd#\, B]. hyperbola for O< k < 1, a parabola fok = 1 and ellipse

p(z2 P& € P[A,B].
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fork>1 QIA,BJ tends to infinity, consequently the arms of hyperbola
The functionpg play the role of extremal functions for and parabola expand and the oval turns into ellipse . It can be
these conic regions where seen thatQy[1, —1] = Q, the conic domain defined by Kanas
and Wisniowska[Q]. here are some basic facts about the class
(2) = k—P[A BJ.
Now using the concept of Ruscheweyh derivativgWe define
the following
B k=0
142 () 142\ 2 K—1 Definition 3.A function fe &/ is said to be in the class
T (091_ z) , K=1. k—7%7(AB), k>0, —1<B<A<1,ifand only if
1+ =25 sint? [ (£ arccosk) arctarhy/z], 0<k< 1.
1K n e D((B_l)Jf_(A—1)>>k’(B—1)Jf—(A—1) 1.
2 g I Vi 1 1 TR (AL o At L
) where
whereu(z) = Z¥L, t € (0,1), ze % andzis chosen such
R 2 2D9"(2
thatk = cosh W(t)) , R(t) is the Legendre’s complete J=1-y bW(V

elliptic integral of the first kind an& (t) is complementary

) and b# 0,0 > —1 and [O° f is the Rushceweyh derivative of f
integralR(t); pk(z2) = 1+ &z+ ..., [9] where 7 Y

given by
8(arccosk)? 2
m(1-k2) O<k<1 Df(2) = (1- Z)a+l =Z+ zzaan
&=1%, k=1 (3)
i k> 1 wherex stands for the convolution or Hadamard product of two
4(k2—1)VE(1+)R2(t) ’ power series and
Now using the concepts of Janowski functions and the (0+1)(0+2)..(0+n—1) r(n+o)
conic domain, we define the following. Rn(0) = (n—1)! = -1 (lto)
7
Definition 2.A function p is said to be in the class equivalently, @
k— PJA, B], if and only if, Ji e k—P[A B].
p(z) < (A+1)p(2) — (A~ 1), k>0, This class generalizes various classes studied earliehiayidé
B+1)p(2—-(B-1)" — Inyat Noor and Sarfraz Nawaz Malik 8], Kanas and
. . WisniowskalL0], Latha [6], Janowski ] and ShamsH].
where R(z) is defined by2) and—1<B<A<1. We need the following lemmas to prove our main results

Geometrically, the functiorp(z) € k—P[AB] takes all | emma1[11] Let h(z) = 1+ y&_,cn2" be subordinate to
values from the domaity[A,B], -1 <B<A<1, k>0  H(z) =1+ 3% ,b,2" If H(2) is univalent in% and H(z) is
which is defined as convex, then

w: O (ngi;wgzgfgﬁfg) - |cn| < |byf, n>1.
' +1)w(z)—(A+
Q[AB] = k‘ (B-Lw(z)—(A-1) 1‘ Lemma 2[8] Leth(z) =1+ ;caz" € P[A B]. Then
w(z)—(A+1) (4’.) (A B)|5K‘
or equivalently lenl < ———
[A,B] = wheredy is defined by(3).

w:Ou-+iv: [(B2—1) (U +V?) — 2(AB— 1)u+ (A2 —1)]2
> K2[(—2(B+1)(U?+V2) + 2(A+B+2)u—2(A+1))?]
+4K2(A—B)A?
®) ,
The domainQy[A,B] retains the conic domai®y inside the 2 Main results
circular region defined by2[A, B|. the impact ofQ[A, B] on the
conic domain®y changes the original shape of the conic regions Theorem 1A function fe <7 and of the forn(1) is in the class
- The ends of hyperbola and parabola get closer to each ather bk — %7 (A B), if it satisfies the condition
never meet anywhere and the ellipse gets the oval shape . When
A — 1 B — —1, the radius of the circular disk defined by |B—A|b|(1+0)>
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{ Sne2|(B+1)[b(1+0)+2(n—1)] - (A+1)(1+ 0)b[Rn(0)|an|
+ 3 n=24(k+1)(n—1)Rn(0)lan|, -

where—1<B<A<1b#0,0>-1,k>0and R(0) is defined
by (7).

Assuming that??) holds, then it suffices to show that

0+l (2
(B-1)[1-2+2 202 ] - -y
(B+1)[1- 2+ 2or [ (A+)

1> 9)

We get

< (10

D%f(z) - D7t (2)
(B_A)bD f(2) + 2B+ 1)[Do+f(z)

A(k-+1)

Dof(2)]|
Since

DY f(2) — DO *1H(z) = ig;;}) Ro(0)an,

and

(B—A)bD? f(2)+2(B+1)[D° 1 f(2) D f(2)] = (B— A)bz

® (B+1)b(1+0)+2(n—1)]
2 (1+0)

then

— (A+1)b(1+0)

Rn(0)anZ",

Sn-2(1=NRn(0)an?"
(B—A)bz+ 35 5 Kkn(B,b,0)Ry(0)anZ

:4(k+1)’

Yn-2|1—N|Ra(0)]an|

4(k+1 .
= A BR324 [kn(B.b. 0)[Ra(0) 4]

where
Kn(B,b,0) = (B+1)[b(1+0)+2(n—1)]

The last expression is bounded above by 1, then

—b(1+0)(A+1),

IB—A||bj(1+0) >

Yn2{l(B+1)[b(1+0)+2(n—1)] - (A+1)(1+ 0)b[}Rn(0)an|

+Yn2{4k+1)(n—1)}Rn(0) anl,
(11

and this completes the proof.

Whenb =20 =0 andb= o = 1, we have the following
known results, proved by Khalida Inayat Noor and Sarfraz
Nawaz Malik in B].

Corollary 1.A function fe & and form (1) in the class
k— STIA, B, if it satisfies the condition

i{z<k+1><n—1>+\n<B+1>—<A—1>\}\an| <B-A.

where—1<B<A<landk>0.
Corollary 2.A function fe & and form (1) in the class
k—UCVIA,B], if it satisfies the condition

00

zzﬂ{Z(kJr D=1 +[n(B+1) - (A-1)[}an| < [B-A,

n=

where—1<B<A<1andk>0.

Theorem 2Let f € k— % (A, B) and is of the forn{1). Then for
n>2.

1 "2 |yhb(A-

i< e [

wheredy is defined(3) and Ry(0o) is defined by(7).

B)(1+0) —4jB|
4+ 1) ’

(12)

ProofBy the definition we have

o+1
1 2,2D7()

b b DT p(2), (13)

wnere (A+ Dpe2)— (A1)
+1)pk(2) — (A—
P~ B D~ (B-1)

Now if p(z) =1+ ;1 a2, then by Lemmd, we get

ol < 5(A-B)& n>1 (a4

Now from (13), we have

2[D9*1f(z) — DY f(z)] = bD f ()(wlcnz").

Equating coefficients af’ on both sides, we have
2

(O'—‘rl alle(a):l.

aﬂ ]C]7

By (14), we get

|0||b|(1+ 0)( A B) "
4(n—1)R,

lan| < ZRI )lajl, a1 =Rui(0) =1
(15)
Now we prove that

|&|(A-B) "t _
mj;&(oﬂan <
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1 "l|&b(A-B)(1+0)—4jB|
- 16 &||b|(A-B)(1+0) [|5|b|/(A-B)(1+0) 1 ]
Ra(0) b 4j+1) (o mReior |t ST R0y
For this, we use the induction method. = (18)
Forn=2: from (15), we have bl(A-B)(
+ B BI0) s iR (0)lay),
lag] < |%[bl(A—B)(1+0)
5T R0 )
|%[bl(A—B)(1+0) g
From (12), we have > am| + Rj(o)la
@2 A Rmr1(0) Rm(0) [am| z i(o)ayl] ;
g < |8IBIA-B)(1+0) .
- 4Ry (0) _ |&|[bl(A—B)(1+0) z Rj(0)|aj|.
Forn = 3: from (15), we have AMPRm1(0) &
Thatis
g < [8PIA—B)(1+ 0) {1+ \&Hb\(A—B)(Ha)}
- 8Rs(0) 4 (1] < |&||b|(A—B)( E o)laj|
2 i
From (L2), we have A )Rm+l =
lag| < 1 [[al[b[(A=B)(1+0) |&b(A-B)(1+0)—4B| - _
8= Ry(0) 4 ' 8 < 1 " IXIbI(A-B)(1+0)+4]
“Reill 4G+D
Which shows that inequalitylg) is true forn=m+ 1. Hence the
- |&][b|(A—B)(1+ o) {1+ |&]|bl(A—B)(1+ 0)} required result.
- 4R 4 '
3(0) Whenb =2 0 =0 andb = 0 = 1 we have the following results
Let the hypothesis be true for= m. From (5), we have proved Khalida Inayat Noor and Sarfraz Nawaz Malik&h [
b|(A—B) 1+o‘ m-— Corollary 3.Let f € k— ST[A, B], then
jan] < LI S Ri@l &R
(=Dl & "2 |5(A—B)~2j8)
lan] < I'L—J ~1<B<A<1 n>2
From (12), we have = 2(j+1)
| < 1 ™ 2|ab(A—B)(1+0)—4jB| Corollary 4.Let f € k—UCVI[A, B], then
SReo) L aivn i s o
, _ lan| < I‘LM _1<B<A<1, n>2
1 T [&bl(A—B)(1+0)+4] nl 2(j+1)
< -
Ru(0) | Aj+1) | |
ForA=1-2a,B = —1 we arrive to result proved by Latha in
By the induction hypothesis, we have [6].
|||b|(A—B) 1+a m- Corollary 5.Let f € ¥2(a,B,b,d), then
4(m 1 Z ‘aJ‘
1= b(l1-B)(o+1) N2 b(o+1)(1-p)
an| < <1+ 7) , n>2.
@l = D= alRa() [ ifi—al
1 ™2 |5b 1 —4jB
< I_L |3b(A 4)( —;G) JB| Forb=20 =0, A=1B= —1 we arrive at Kanas and
Rm( ) (j+1) Wisniowska B]
Multiplying both sides by Corollary 6.Let f € k— ST, then
Rm(9) |&d[bl(A~B)(1+0)+4(m—1) L
Rm:1(0) 4m ’ lan| < I-L|5k+ I
< 1 >
we have (+1°
1 ™15 bl(A—B)(1+0)+4 Also forb=2,0 =0, k=0 & = 2 we have the well-known
- > result proved by Janowski].
Rm+1 JI:L 4j+1) - P Y 1
Corollary 7.Lat f € .*[A,B], then
léKé‘l‘(bl(A;)lE’fn)(<l+)g) Rim<t<j)) 2
m— ag "Rmy1(0 n— — —j
X (17) SI—LW’ —1<B<A<1 n>2
b|( _
| O] b| (A— B)(41+U)+4m 1) zrjn 11RJ( )‘aj‘” =
(@© 2016 NSP
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3 Conclusion

A modest attempt has been made in this paper to introduce the
classk— 7% (A, B) which provides an interesting transition from ; )
k—uniformly Janowski convex functions to-Janowski starlike N

functions by combining the concept of Ruscheweyh derieativ e -
y > il N

.

Janowski functions and conic regions. We derived condifion
functions to be in this class and deduced interesting cosffic
inequalities. There is further scope to improve using the
generalized Janowski class and symmetric functions.
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