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Abstract: A class of functions which provides an interesting transition from k- uniformly Janowski convex andk-Janowski starlike
functions is defied by combing the concept of Ruscheweyh derivatives, Janowski functions and conic regions. Coefficientinequalities
for functions in these classes are formulated which generalize the coefficient inequalities of Khalida Inayat Noor, Sarfraz Nawaz Malik
and Latha.
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1 Introduction

Let A denote the class of functions

f (z) = z+
∞

∑
n=2

anzn
, (1)

analytic in the open unit disk
U = {z : z ∈ C and |z| < 1}, normalized so that
f (0) = 0 and f ′(0) = 1. We designateS as the subclass
A consisting of all function which are univalent inU . In
the following we shall give the basic properties of
functions with positive real part in unit discU . Also we
shall discuss the concept of subordination in the complex
plane. LetP denote the class of analytic functionp in U

such thatp(0) = 1, ℜ{p(z)} > 0, any functionp in P has

the representation p(z) = 1+w(z)
1−w(z) where

w(0) = 0, |w(z)| < 1 on U , z ∈ U [2]. Given two
functions f andg analytic inU , we say that the function
f is subordinate tog in U and write f (z) ≺ g(z), if there
exists a Schwarz functionw, which is analytic inU with
w(0) = 0 and |w(z)| < 1, such that f (z) = g(w(z)) ,
z∈ U . If g is univalent inU then f ≺ g if and only if
f (0) = g(0) and f (U )⊂ g(U ).
The representation for functions with positive real part
motivated Janowski to define the classP[A,B].

Definition 1.[1]Let P[A,B], where −1 ≤ B < A ≤ 1,
denote the class of analytic function p defined onU with
the representation p(z) = 1+Aw(z)

1+Bw(z) , z ∈ U ,

w(0) = 0, |w(z)< 1.
p∈ P[A,B] if and only if p(z)≺ 1+Az

1+Bz.

Geometrically, a functionp∈ P[A,B] maps the opine unit
onto the disk defined by the domain,

Ω [A,B] =

{

w :

∣

∣

∣

∣

w− 1−AB
1−B2

∣

∣

∣

∣

<
A−B
1−B2

}

.

The classP[A,B] is connected the classP of functions with
positive real part by the relation,

p(z) ∈ P⇔ (A+1)p(z)− (A−1)
(B+1)p(z)− (B−1)

∈ P[A,B].

Kanas and Wisniowska [3,10] introduced and studied
the classk−UCV of k-uniformly convex functions and the
corresponding classk−ST of k-starlike functions. These
classes were defined subject to the conic regionΩk, k ≥ 0
given by as

Ωk = {u+ iv : u> k
√

(u−1)2+ v2.

This domain represents the right half plane fork = 0,
hyperbola for 0< k < 1, a parabola fork = 1 and ellipse
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for k> 1
The functionpk play the role of extremal functions for
these conic regions where

pk(z)=



































1+z
1−z, k= 0

1+ 2
π2

(

log 1+
√

z
1−√

z

)2
, k= 1.

1+ 2
1−k2 sinh2

[(

2
π arccosk

)

arctanh
√

z
]

, 0< k< 1.

1+ 2
k2−1

sin

[

π
2R(t)

∫

u(z)√
t

0
1√

1−x2
√

1−(tx)2
dx

]

+ 1
k2−1

, k> 1,

(2)
whereu(z) = z−

√
t

1−
√

tx
, t ∈ (0,1), z∈U andz is chosen such

that k = cosh
(

πR′(t)
4R(t)

)

, R(t) is the Legendre’s complete

elliptic integral of the first kind andR′(t) is complementary
integralR(t); pk(z) = 1+ δkz+ ...., [9] where

δk =















8(arccosk)2

π2(1−k2)
, 0≤ k< 1

8
π2 , k= 1.

π2

4(k2−1)
√

t(1+t)R2(t)
, k> 1.

(3)

Now using the concepts of Janowski functions and the
conic domain, we define the following.

Definition 2.A function p is said to be in the class
k−P[A,B], if and only if,

p(z)≺ (A+1)pk(z)− (A−1)
(B+1)pk(z)− (B−1)

, k≥ 0,

where pk(z) is defined by(2) and−1≤ B< A≤ 1.

Geometrically, the functionp(z) ∈ k− P[A,B] takes all
values from the domainΩk[A,B], −1≤ B< A≤ 1, k ≥ 0
which is defined as

Ωk[A,B] =







w : ℜ
(

(B−1)w(z)−(A−1)
(B+1)w(z)−(A+1)

)

>

k
∣

∣

∣

(B−1)w(z)−(A−1)
(B+1)w(z)−(A+1) −1

∣

∣

∣
,

(4)
or equivalently

Ωk[A,B] =











w : ℜu+ iv : [(B2−1)(u2+v2)−2(AB−1)u+(A2 −1)]2

> k2[(−2(B+1)(u2+v2)+2(A+B+2)u−2(A+1))2]

+4k2(A−B)2v2

(5)
The domainΩk[A,B] retains the conic domainΩk inside the
circular region defined byΩ [A,B]. the impact ofΩ [A,B] on the
conic domainΩk changes the original shape of the conic regions
. The ends of hyperbola and parabola get closer to each other but
never meet anywhere and the ellipse gets the oval shape . When
A → 1, B → −1, the radius of the circular disk defined by

Ω [A,B] tends to infinity, consequently the arms of hyperbola
and parabola expand and the oval turns into ellipse . It can be
seen thatΩk[1,−1] = Ωk, the conic domain defined by Kanas
and Wisniowska[10]. here are some basic facts about the class
k−P[A,B].
Now using the concept of Ruscheweyh derivative [7] we define
the following

Definition 3.A function f ∈ A is said to be in the class
k−V σ

b (A,B) , k≥ 0, −1≤ B< A≤ 1, if and only if

ℜ
(

(B−1)Jf − (A−1)

(B+1)Jf − (A+1)

)

> k

∣

∣

∣

∣

(B−1)Jf − (A−1)

(B+1)Jf − (A+1)
−1

∣

∣

∣

∣

, (6)

where

Jf = 1− 2
b
+

2
b

Dσ+1 f (z)
Dσ f (z)

,

and b 6= 0,σ > −1 and Dσ f is the Rushceweyh derivative of f
given by

Dσ f (z) =
z

(1−z)σ+1 ∗ f (z) = z+
∞

∑
n=2

anRn(σ)zn
,

where∗ stands for the convolution or Hadamard product of two
power series and

Rn(σ) =
(σ +1)(σ +2)...(σ +n−1)

(n−1)!
=

Γ (n+σ)

(n−1)!.Γ (1+σ)
.

(7)
Or equivalently,

Jf ∈ k−P[A,B].

This class generalizes various classes studied earlier by Khalida
Inyat Noor and Sarfraz Nawaz Malik [8], Kanas and
Wisniowska[10], Latha [6], Janowski [1] and Shams [5].
We need the following lemmas to prove our main results

Lemma 1.[11] Let h(z) = 1 + ∑∞
n=1 cnzn be subordinate to

H(z) = 1+ ∑∞
n=1 bnzn. If H(z) is univalent inU and H(z) is

convex, then
|cn| ≤ |b1|, n≥ 1.

Lemma 2.[8] Let h(z) = 1+∑∞
n=1 cnzn ∈ P[A,B]. Then

|cn| ≤
(A−B)|δk|

2
,

whereδk is defined by(3).

.

2 Main results

Theorem 1.A function f∈ A and of the form(1) is in the class
k−V σ

b (A,B), if it satisfies the condition

|B−A||b|(1+σ)>
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∑∞
n=2 |(B+1)[b(1+σ)+2(n−1)]− (A+1)(1+σ)b|Rn(σ)|an|

+∑∞
n=2 4(k+1)(n−1)Rn(σ)|an|,

(8)
where−1≤B<A≤1,b 6= 0,σ >−1, k≥ 0and Rn(σ) is defined
by (7).

Assuming that (??) holds, then it suffices to show that

1>































k

∣

∣

∣

∣

∣

(B−1)
[

1− 2
b+

2
b

Dσ+1 f (z)
Dσ f (z)

]

−(A−1)

(B+1)
[

1− 2
b+

2
b

Dσ+1 f (z)
Dσ f (z)

]

−(A+1)
−1

∣

∣

∣

∣

∣

−ℜ

[

(B−1)
[

1− 2
b+

2
b

Dσ+1 f (z)
Dσ f (z)

]

−(A−1)

(B+1)
[

1− 2
b+

2
b

Dσ+1 f (z)
Dσ f (z)

]

−(A+1)
−1

]

(9)

We get






























k

∣

∣

∣

∣

∣

(B−1)
[

1− 2
b+

2
b

Dσ+1 f (z)
Dσ f (z)

]

−(A−1)

(B+1)
[

1− 2
b+

2
b

Dσ+1 f (z)
Dσ f (z)

]

−(A+1)
−1

∣

∣

∣

∣

∣

−Re

[

(B−1)
[

1− 2
b+

2
b

Dσ+1 f (z)
Dσ f (z)

]

−(A−1)

(B+1)
[

1− 2
b+

2
b

Dσ+1 f (z)
Dσ f (z)

]

−(A+1)
−1

]

≤ (10)

4(k+1)

∣

∣

∣

∣

Dσ f (z)−Dσ+1 f (z)
(B−A)bDσ f (z)+2(B+1)[Dσ+1 f (z)−Dσ f (z)]

∣

∣

∣

∣

.

Since

Dσ f (z)−Dσ+1 f (z) =
∞

∑
n=2

(1−n)
(1+σ)

Rn(σ)anzn
,

and

(B−A)bDσ f (z)+2(B+1)[Dσ+1 f (z)−Dσ f (z)] = (B−A)bz

+
∞

∑
n=2

(B+1)[b(1+σ)+2(n−1)]− (A+1)b(1+σ)

(1+σ)
Rn(σ)anzn

,

then

= 4(k+1)

∣

∣

∣

∣

∑∞
n=2(1−n)Rn(σ)anzn

(B−A)bz+∑∞
n=2 κn(B,b,σ)Rn(σ)anzz

∣

∣

∣

∣

≤ 4(k+1)
∑∞

n=2 |1−n|Rn(σ)|an|
|B−A||b|−∑∞

n=2 |κn(B,b,σ)|Rn(σ)|an|
.

where

κn(B,b,σ) = (B+1)[b(1+σ)+2(n−1)]−b(1+σ)(A+1),

The last expression is bounded above by 1, then

|B−A||b|(1+σ)>















∑∞
n=2{|(B+1)[b(1+σ)+2(n−1)]− (A+1)(1+σ)b|}Rn(σ)|an|

+∑∞
n=2{4(k+1)(n−1)}Rn(σ)|an|,

(11)

and this completes the proof.
Whenb = 2,σ = 0 andb = σ = 1, we have the following

known results, proved by Khalida Inayat Noor and Sarfraz
Nawaz Malik in [8].

Corollary 1.A function f ∈ A and form (1) in the class
k−ST[A,B], if it satisfies the condition

∞

∑
n=2

{2(k+1)(n−1)+ |n(B+1)− (A−1)|}|an |< |B−A|,

where−1≤ B< A≤ 1 and k≥ 0.

Corollary 2.A function f ∈ A and form (1) in the class
k−UCV[A,B], if it satisfies the condition

∞

∑
n=2

n{2(k+1)(n−1)+ |n(B+1)− (A−1)|}|an |< |B−A|,

where−1≤ B< A≤ 1 and k≥ 0.

Theorem 2.Let f ∈ k−V σ
b (A,B) and is of the form(1). Then for

n≥ 2.

|an| ≤
1

Rn(σ)

n−2

∏
j=0

|δkb(A−B)(1+σ)−4 jB|
4( j +1)

, (12)

whereδk is defined(3) and Rn(σ) is defined by(7).

Proof.By the definition we have

1− 2
b
+

2
b

Dσ+1 f (z)
Dσ f (z)

= p(z), (13)

where

p(z)≺ (A+1)pk(z)− (A−1)
(B+1)pk(z)− (B−1)

Now if p(z) = 1+∑∞
n=1 cnzn, then by Lemma1, we get

|cn| ≤
1
2
(A−B)δk, n≥ 1 (14)

Now from (13), we have

2[Dσ+1 f (z)−Dσ f (z)] = bDσ f (z)

(

∞

∑
n=1

cnzn

)

.

Equating coefficients ofzn on both sides, we have

2Rn(σ)(n−1)an

(σ +1)
= b

n−1

∑
j=1

Rn− j(σ)an− jc j , a1 = R1(σ) = 1.

By (14), we get

|an| ≤
|δk||b|(1+σ)(A−B)

4(n−1)Rn(σ)

n−1

∑
j=1

Rj(σ)|a j |, a1 = R1(σ) = 1.

(15)
Now we prove that

|δk|(A−B)
2(n−λN(n))

n−1

∑
j=1

Rj(σ)|a j | ≤
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1
Rn(σ)

n−1

∏
j=1

|δkb(A−B)(1+σ)−4 jB|
4( j +1)

. (16)

For this, we use the induction method.
Forn= 2: from (15), we have

|a2| ≤
|δk||b|(A−B)(1+σ)

4R2(σ)
.

From (12), we have

|a2| ≤
|δk||b|(A−B)(1+σ)

4R2(σ)
.

Forn= 3: from (15), we have

|a3| ≤
|δk||b|(A−B)(1+σ)

8R3(σ)

[

1+
|δk||b|(A−B)(1+σ)

4

]

.

From (12), we have

|a3| ≤
1

R3(σ)

[ |δk||b|(A−B)(1+σ)

4
.
|δkb(A−B)(1+σ)−4B|

8

]

≤ |δk||b|(A−B)(1+σ)

4R3(σ)

[

1+
|δk||b|(A−B)(1+σ)

4

]

.

Let the hypothesis be true forn= m. From (15), we have

|am| ≤
|δk||b|(A−B)(1+σ)

4(m−1)Rm(σ)

m−1

∑
j=1

Rj(σ)|a j |, a1 =R1(σ)= 1.

From (12), we have

|am| ≤
1

Rm(σ)

m−2

∏
j=0

|δkb(A−B)(1+σ)−4 jB|
4( j +1)

.

≤ 1
Rm(σ)

m−2

∏
j=0

|δk||b|(A−B)(1+σ)+4 j
4( j +1)

.

By the induction hypothesis, we have

|δk||b|(A−B)(1+σ)

4(m−1)Rm(σ)

m−1

∑
j=1

Rj(σ)|a j |

≤ 1
Rm(σ)

m−2

∏
j=0

|δkb(A−B)(1+σ)−4 jB|
4( j +1)

.

Multiplying both sides by

Rm(σ)

Rm+1(σ)

|δk||b|(A−B)(1+σ)+4(m−1)
4m

,

we have

1
Rm+1

m−1

∏
j=0

|δk||b|(A−B)(1+σ)+4 j
4( j +1)

≥











|δk||b|(A−B)(1+σ)
4(m−1)Rm(σ) .

Rm(σ)
Rm+1(σ)

×
|δk||b|(A−B)(1+σ)+4(m−1)

4m ∑m−1
j=1 Rj (σ)|a j |, ,

(17)

=



















|δk||b|(A−B)(1+σ)
4(m)Rm+1(σ)

[

|δk||b|(A−B)(1+σ)
4(m−1) ∑m−1

j=1 Rj(σ)|a j |
]

+
|δk||b|(A−B)(1+σ)

4(m)Rm+1(σ) ∑m−1
j=1 Rj (σ)|a j |,

(18)

≥ |δk||b|(A−B)(1+σ)

4(m)Rm+1(σ)

[

Rm(σ)|am|+
m−1

∑
j=1

Rj(σ)|a j |
]

,

=
|δk||b|(A−B)(1+σ)

4(m)Rm+1(σ)

m

∑
j=1

Rj(σ)|a j |.

That is

|am+1| ≤
|δk||b|(A−B)(1+σ)

4(m)Rm+1(σ)

m

∑
j=1

Rj(σ)|a j |

≤ 1
Rm+1

m−1

∏
j=0

|δk||b|(A−B)(1+σ)+4 j
4( j +1)

.

Which shows that inequality (16) is true forn=m+1. Hence the
required result.

Whenb= 2,σ = 0 andb= σ = 1 we have the following results
proved Khalida Inayat Noor and Sarfraz Nawaz Malik in [8]

Corollary 3.Let f ∈ k−ST[A,B], then

|an| ≤
n−2

∏
j=0

|δk(A−B)−2 jB|
2( j +1)

, −1≤ B< A≤ 1, n≥ 2.

Corollary 4.Let f ∈ k−UCV[A,B], then

|an| ≤
1
n

n−2

∏
j=0

|δk(A−B)−2 jB|
2( j +1)

, −1≤ B< A≤ 1, n≥ 2.

For A = 1−2α,B = −1 we arrive to result proved by Latha in
[6].

Corollary 5.Let f ∈ V D(α,β ,b,δ ), then

|an| ≤
b(1−β )(σ +1)

(n−1)|1−α|Rn(σ)

n−2

∏
j=1

(

1+
b(σ +1)(1−β )

j |1−α|

)

, n> 2.

For b = 2,σ = 0, A = 1 B = −1 we arrive at Kanas and
Wisniowska [3]

Corollary 6.Let f ∈ k−ST , then

|an| ≤
n−2

∏
j=0

|δk+ j |
( j +1)

, n≥ 2.

Also for b = 2,σ = 0, k = 0 δk = 2 we have the well-known
result proved by Janowski [1].

Corollary 7.Lat f ∈ S ∗[A,B], then

|an| ≤
n−2

∏
j=0

|(A−B)− jB|
( j +1)

, −1≤ B< A≤ 1, n≥ 2.
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3 Conclusion

A modest attempt has been made in this paper to introduce the
classk−V σ

b (A,B) which provides an interesting transition from
k−uniformly Janowski convex functions tok−Janowski starlike
functions by combining the concept of Ruscheweyh derivatives,
Janowski functions and conic regions. We derived conditionfor
functions to be in this class and deduced interesting coefficient
inequalities. There is further scope to improve using the
generalized Janowski class and symmetric functions.
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