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Abstract: Recent researches show that there are more relations th#tmecausal and chronological relations which are impoitan
general relativity. One of these relationsig, the smallest closed, transitive relation which contaihsin This paper an equivalent
condition for inner continuity ofnt(K™(.)), by using of admissible measure is given.
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1 Introduction U > p such thak C R*(qg)(resp.K € M — RE(q)) for all

geu.

N . .

The causal relations are usually presented through theifOr €xample™ are always inner continuous but they are
point based counterparts, namely the $&(), J*(x) [1, not neqessarlly outer contmuoq]s,zl!, 8]. 'I_'rle spacetime
4). However it is shown in9,5,6] that more natural and (M:9) is called causally continuous if~ are outer
effective approach is to regard them as subseld afM. continuous.
The relationR™ C M x M is transitive if for all p,q and
ze M, (p,q) € RT and(qg,z) € R" implies that(p,z) € R". L
Itis reflexive if for allx € M, (x,x) € R*. 2 Admissible measure

The relationR*" is antisymmetric if for allp,q € M, ) ] o
(p,q) € R™ and (g, p) € R" implies thatp = q. R* is a An equivalent relation for causal continuity is given by
causal relation if - C R*. using of admissible measure.
R' is a reflexive partial order if it is reflexive, transitive G€roch used volumes of (), in [3]. But such volumes
and antisymmetric. must be finite. So he used Admissible measure. Let us
Given a relatiorR* one can define two operations: recall the construction of a Borel measureMnthat is a
' measure on the- algebra generated by the open subsets

_closureR™ — R, of M. This measure is called Admissible measur8[4].

—transitivizationRt — R = U, (R}, that(R")| = Let w be an oriented volume element_associated to the
{(0,q): 3 pr...,pis €M : (p.pr) € RY,(pL,p2) € metricg. Choose a countable atlas.bfh with w- measure
R",...(pi_1,0) € R"}, fori > 1. smaller than one and a partition of unitfpn}

subordinated to this covering. Let be the associated
These operators are useful for the definition of a newmeasure to the volume element

causal relation. Sorkin and Woolga#8][have defined
KT C M x M as the smallest transitive closed relation W' = zzfnpnw-
which containgd ™. This definition arose from the fact that . . . . .
J* is transitive but not necessarily closed ardis closed  'f we choose any auxiliary Riemannian metdg with
but not necessarily transitive. The spacetifit,g) is associated o.rlented volume elemeant then for some
K—causal ifK* is antisymmetric. It is proved that- ~ Smooth functionf, we have:
causality is equivalent to the stable causaliy [ .t
Definition 1.1. R*, is inner(resp. outer) continuous at W =€ R
somep € M if, for any compact subsé¢ C R*(p)(resp.  Thus w* is also the volume element associated to the
K € M — R*(p)), there exists an open neighborhood Riemannian metricgy = e?f/nogr, where ng is the
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dimension ofM. We can assume that is completed in  Proof. Supposeint(K*(.)) and int(K=(.)) are inner
the standard way by adding to the Borel sigma algebra altontinuous. If x € int(K~(y)), there must be a
subsets of any subset of measure 0. The relevanieighbourhoodJy of y such thatx € int(K™(yp)), for

properties of this measure is as follows: everyyp € Uy. therefordJy C K*(x) andy € int(K*(x)).

o Conversely, suppose that for everyxy € M,
—Finitenessm(M) < co. x € int(K~(y)) & y e int(K*(x)). Consider any € M
—For any nonempty open subsétm(U) > 0. and any compacE C int(K~(y)). For everyx € C, the
—The boundarie! + (p) have measure 0, for anye  ¢ondition implies that we can find poirgss x andw < y

M such thatz € int(K~(w)) and therefore neighbourhoods

—For any measurable subsétC M there exists a  c |=(z) of x and UX C I*(w) of y so that
sequenc€Gp} of open subsets which contaiAsand — v o=
a sequencégK,} of compact subsets contained An
such thaGp D G 1, Ky € Kpyq for all nand:

Ux C int(K™(yo)), for every yo € Uy. The cover
{Ux, x € C} of C must have a finite subcover, so
C C U]_1Ux;, thenC C int(K™ (o)), for everyyo € Uy, so
m(A) = limm(Gy) = limm(Kq). thatint(K~(.)) is inner continuous.
Theorem 2.3.The outer continuity ofnt(K—(.)) (resp.
Theorem 2.1[4] If Sis a future set then the boundary®f int(K*(.))) is equivalent to the upper (resp. lower) semi

is a closed, imbedded, achronal submanifold. continuity ofk~ (resp.k™).

We recall that a sebis a future set il *(S) C Sand aset  proof. As int(K~(.)) is outer continuous only the
Ris a achronal set if' (R)NR= 0. implication to the right must be proved. Fix LetK be a
The third property of admissible measure is satisfiedcompact subset of M — K (p) with

because the boundary of (.), which is a future set, by m(K) > m(M —K~(p)) — €. If {pn} — p then for largen,
using of the above theorem is closed, imbedded, achrona&f(pn) <m(M)—m(K) <k (p)+e.

hypersurface and hence can be written as Lipschizia
graphs, which have measure 0.

Definition 2.1. Let (M,g) be a spacetime with an
admissible measure m. The futureand past™ volume
functions associated to are defined as:

Rrheorem 2.4.The inner continuity ofint(K~(.)) (resp.
int(K*(.))) is equivalent to the lower (resp. upper) semi
continuity ofk~ (resp.k™).
Proof. Let {pn} — p, fix € > 0. LetK be the compact
subset ofint(K~(p)) such tham(K) > m(K~(p)) — € =
k™ (p) —e. K Cint(K~(pn)), for largen. Thusk™(pn) >
C(p=mi=(p), t'(p)=m("(p), Ypem. MKk (p) & | .
conversely suppose thaint(K=(.)) is not inner
continuous. There is a compact et int(K~(p)) and a
sequence  {pn}, ph — P such that
rh € KN (M —int(K™(pn))). Since K is compact,
—The set volume map~ (resp.I*) is outer continuous. 'n — I € K. We chooses € 17(r) with s € int(K~(p)).
—~Volume functiort~ (respt*) is continuous. There are neighborhoodsU C int(K™(p)) and
V C int(K=(p)) of r and s, respectively such that
int(K*(.)) is a future set too. Hence by using of theorem (U,V) C I*. V C M — K~ (py), for sufficiently largen,
2.1 its boundary is a closed, imbedded, achronalsince if there isv € V such thatv € K~ (pn) then
submanifold and consequentlyd(K*(p))) =0, forany  r, e int(K~(pn)) which is a contradiction. We choose the

Theorem 2.2[8] The following properties are equivalent
for a spacetime:

peM. _ sequence]j — p, with g; < gj41 < p. Let e = m(V).
We define the future and past volun€- functions Vv nint(K~(qgj)) = 0 since ifv e V Nnint(K~(qg;)) then
respectively by: rn € int(K~(pn)) which is a contradiction. Hence

k™(aj) <k (p) —¢.
_ . _ . Corollary 2.1. The following properties are equivalent for
K (p) =miint(K™(p))), K*(p)=m(int(K*(p))), YPEM. Jorcons gprop k

Lemma 2.1[2] int(K*(.)) and int(K~(.)) are outer —nt(K~(.)) (resp.int(K*(.))) is inner continuous
continuous. —Volumek- functionk™ (resp k") is continuous.

Proof. Given a poink and a compacts&@ C MwithCC  Theorem 2.5.If (M, g) is aK- causal spacetime, thér

M —int(K*(x)) = M —K*(x), x¢ K~ (C) and therefore, andk™ are generalized time functions.

by closure ofk~(C), there must be a neighbourhobd  proof. Suppose that (p,q) € K*, p # g and
with UxnK~(C) = 0. k(p) = k(q). K (p) € K (g and since
Lemma 2.2[2] In a K- causal spacetime(M,q), m(K~(q)) = m(K~(p)), almost all the points irK~(q)

int(K*(.)) and int(K~(.)) are inner continuous if and belongs toK~(p). hence there is a sequenggin K~ (p)

only if for every X, y € M, that converges t@. SinceK—(p) is closedq € K~ (p),
xeint(K~=(y)) & yeint(K™(x)). which is a contradiction to thi§- causality of space time.
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3 Conclusion

Since the relatioiK™ plays an important role in causality
theory, investigating about its inner and outer continigty
valuable. In this paper it is shown that inner continuity
(outer continuity) ofK* is equivalent to lower (upper)
continuity of functions,k*. It seems that these results
leads us to add a new type of spacetime in the causal
ladder of spacetime, between causal continuous
spacetime and stably causal spacetime.
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