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Abstract: Soft set theory, proposed by Molodtsov, has been regardaueffective mathematical tool to deal with uncertaintieshis
paper, we introduce and study soft semimodule and constomee basic properties by using semimodules and Molodtsiefiaition
of soft sets. We introduce the notions of Soft seminoduldt Sdsemimodule, Soft semimodule homomorphism. Furtbezmwe
introduce subsemimodule of a semimodule and some relatgstires about soft substructures of semimodules aretigaésd and
illustrated by many examples.

Keywords: Soft sets, Soft semimodule, Soft subsemimodule, Soft sedile homomorphism, Soft subsemimodule of a semimodule

1 Introduction iii) (a+ b)c = ac+ bc and a(b + ¢) = ab+ ac for all
a,b,ceR

Molodtsov [L§] introduced soft set theory in 1999 by for . . . - .

dealing with uncertainties and it has not continued toA semiringR is said to beadditively commutativé a+-

experience tremendous growth and diversification in the” — b+afor all a,b ER Throughout t'h|s papeB will
mean of algebraic structures as h3,4,8,9,10,11,12, always denote an gdd|t|yely commutative semiring. A zero
13,14,20,23,24,25,22,26] but also operations of soft sets elgrie(?t ofdaOJsrenIrlngzés_an felen|1|ent ORSl'JACh thab0=
as in [3,15,21]. Furthermore, soft set relations and xU=2uan x=x+0=xforall xc R A nonempty
functions p] and soft mappings17] with many related subs_eﬂ O.f a seminngR is call_epl aleft (resp. right) ideal
concepts were discussed. The theory of soft set has alsoI \Ijv'f s ﬂ]os'eq und%r atljdlft‘;ondan@lltgdlb(respl)?.llf\;%
wide-ranging applications especially in soft decision .’ ¢ say thal Is an 1deal ofx, denote i IR
making as in the following studiess?,2,7]. is both a I(_aft and nght ideal dR. Given a semlrng, a

In this paper, we introduce a basic version of soft left R-semimodule Nt a nonempty set on which we have

semimodules, which extends the notion of semimodules?perations O.f addition and multiplication by element&Rof
by including some algebraic structures in soft set theor on the left side) such that

A soft semimodule defined in this paper is actually a i)Addition is associative and commutative and has a
parametrized family of subsemimodules and has some neutral element, usually denoted hy,0
properties similar to those of semimodules. ir(x+y) =rx+ry,
iii) (r + )X =rx +sx
iv)(rs)x = r(sx),
2 Preliminaries V)Ox = Om = rOy and In=m.
forallr,se R, x,y € M. For example it is easy to see that

if Ris a semiring and\ is a nonempty set, then the $&t
of all functions fromA to Ris a leftR-semimodule, with

A semiring Ris a structure consisting of a nonempty set
Rtogether with two binary operation ddcalledaddition

and scalar multiplication and addition being defined
i)Rtogether with addition is a semigroup, elementwise. SimilarhyR itself is a (left) R-semimodule
i) R together with multiplication is a semigroup, by natural operations. Suppobeis a leftR-module and
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N is a subset of M. TheN is called asubsemimoduléor
R-subsemimoduleto be more explicit) if, for any

n,n € N and anyr e R n+ n €N and the productn is

Definition 8.Let (F,Ai)ici be a nonempty family of soft
sets over a common universe set U. The restricted
intersection of these soft sets is defined to be the soft set

in N.

Molodtsov [L8] defined the soft set in the following
manner: LetU be an initial universe set be a set of
parameters?(U) be the power set & andA CE.

Definition 1.[18] A pair (F,A) is called a soft set over U,
where F is a mapping given by

F:A—P(U).

In other words, a soft set overis a parameterized family
of subsets of the univerge.

Definition 2.[3] Let (F,A) and (G,B) be two soft sets
over a common universe U such that /B # 0. The
restricted intersection ofF,A) and (G,B) is denoted by
(F,A)m(G,B), and is defined a&~,A)m (G,B) = (H,C),
where C = AnNB and for all ce C, H(c) = F(c) N G(c).

Definition 3.[3] Let (F,A) and(G, B) be two soft sets over
a common universe U. The extended intersectigir o)
and(G,B) is defined to be the soft s@il,C), where C=
AUB and for all ec C,
F(e) if ec A\B,
H(e) =< G(e) if eeB\A,
F(e)nG(e) if e ANB.

This relation is denoted byF, A) e (G,B) = (H,C).

Definition 4.[15 Let (F,A) and (G,B) be two soft sets
over a common universe U. The union @A) and
(G,B) is defined to be the soft séitl,C) satisfying the
following conditions: (i) C= AUB; (i) for alle € C,
F(e) if ec A\B,
H(e) =< G(e) if ecB\A,
F(e)uG(e) if ec ANB.

This relation is denoted b§F, A)U(G,B) = (H,C).

Definition 5.[15] If (F,A) and(G, B) are two soft sets over
a common universe U, ther{P, A) AND (G, B)” denoted
by (F,A)A(G,B) is defined byF,A)A(G,B) = (H,Ax B),
where Hx,y) = F(x)NG(y) for all (x,y) € AxB.

Definition 6.[8] Let (F;, A))ici be a nonempty family of soft

sets over acommon universe U. The union of these soft sets

is defined to be the soft S&, B) such that B=J;; A and
forallx € B, G(x) = Ujci(x Fi(X) where [x) = {i € I | x €

A}. In this case we write);., (F,A) = (G,B).
Definition 7.[8] Let (F,A)ici be a nonempty family of

(G,B) such that B= N A # 0 and for all xe B,
G(X) = NaFX. In this case we write
Mici (F,A) = (G,B).

3 Soft semimodules

From now on, letR be a semiring,M be a left
R-semimodule andA be a nonempty set. For a soft set
(F,A), the setSupgdF,A) = {x € A| F(x) # 0} is called
the supportof the soft se{F,A). The null soft set is a soft
set with an empty support, and a soft §etA) is non-null

if SupgF,A) # 0 [12]. Note that, if N is a
subsemimodule dfl, then we writeN < M. Now we are
ready to give the definition of soft semimodule.

Definition 9.Let (F,A) be a non-null soft set over a
semimodule M. The(F,A) is called asoft semimodule
over M if F(x) is a subsemimodule of M for all
x € SupdF,A).

Example 31L.et R= {0,a,b,c} be a semiring with the
operation tables given by the following tables.

+]0 a b ¢ .]0 a b ¢
0]0 a b c 0|0 0 O O
ala 0 c¢c b al0 a 0 a
b|b ¢ 0 a b|0O O b b
c|lc b a o0 c|l0 a b c

Let M = R and the soft sef{F,A) over M, where
A={0,a,b} and F: A— P(M) is a set-valued function
defined by

F(x)={yeM|y=x" for some re N}

for all x € A. Here, X = xx...x means the n -fold product of
x and ¥ = 0. Then F0) = {0}, F(a) = {0,a} and F(b) =
{0,b} . Since Fx) are all subsemimodules of M for alkx
SupgF,A), (F,A) is a soft semimodule over M. Similarly,
if we define the soft s€G,B) over M, where B= {b,c}
and G: B— P(M) is a set-valued function defined by

G(x) ={yeM|[xye {0,b}}

for all x € B, then Gb) = {0,a,b,c} and G(c) = {0,b}.
Since Gx) are both subsemimodules of M for all
x € SupfG,B), (G,B) is a soft semimodule over M.

Let R= {0,a,b,c} be a semiring with the operation

soft sets over a common universe set U. The AND-soft sekbles given by the following tables.
Niel (Fi,A) of these soft sets is defined to be the soft set

(H,B) such that B= [Ti¢; A and H(x) = ey Fi(x) for
all x = (x)iel €B.
Note that if A=A and F=F for all i €1, then

/~\i€,(F.,A4) is denoted by/~\i€,(F,A). In this case,
Miet A = [iel A means the direct power A

o T® O+
O T® OO
ToO oO9lw
» OO0 TlT
o T Olo
o oTo O
[eNoNeNole)
T oo Olw
oo oooT
» OT Ol0
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Let M = R and the soft se{(H,C) over M, where
C = {0,a,b,c} and H: C — P(M) is a set-valued
function defined by

H(x) ={0}u{ye M [x+y=0}

for all x € C. Then HO) = {0}, H(a) = {0,a}, H(b) =
{0,b} and H(c) = {0,c}. Since Ha) and H(c) are not
subsemimodules of NIHH,C) is not a soft semimodule over
M.

Theorem 32 et (F,A) and (G,B) be soft semimodules
over M. Then,

a)lf it is non-null, then the soft séF, A)A(G, B) is a soft
semimodule over M.

b)If it is non-null, then the restricted intersectioR, A) @
(G, B) is a soft semimodule over M.

c)If it is non-null, then the soft s€E,A) Mg (G,B) is a
soft semimodule over M.

d)If A and B are disjoint, ther{F,A)J(G,B) is a soft
semimodule over M.

ProofLet (F,A)A(G,B) = (QA x B), where
Q(x,y) = F(x) nG(y) for all (x,y) € Ax B. Then by
hypothesis,(Q,A x B) is a non-null soft set oveM. If
(X.y) € SUpEQ,A x B), thenQ(x,y) = F (x) N G(y) # 0.
It follows that 0 # F(x) and 0# G(y) are both
subsemimodules dfl. HenceQ(x,y) is a subsemimodule
of M for all (x,y) € SupgQ,A x B). ThereforgQ,A x B)
is a soft semimodule ové!.

b) Let (FA m (GB) = (H,C), where
H(x) = F(x) N G(x) for all x e C=ANB # 0. Suppose
that (H,C) is a non-null soft set overM. If
x e SupfgH,C), thenH (x) = F(x) N G(x) # 0. It follows
that 0+# F(x) and 0+ G(x) are both subsemimodules of
M. Hence H(x) is a subsemimodule oM for all
x € SupgH,C). Thus,(H,C) is a soft semimodule over

o) Let (F,A) ¢ (G.B) = (K,AUB), where

K(x):{

for all x e AUB. Suppose thatK,AUB) is a non-null soft
set oveM. Letx € SupgK,AUB). If x e A\ B, then 0#
K(x) =F(x) <M. If xe B\ A then 0 K(x) = G(x) <M
and ifx € ANB, thenK(x) = F(x) N G(x) # 0. Since 0#
F(x) <M and 0# G(x) < M, it follows thatK(x) < M
for all x € SupggK,AuUB). Therefore(F,A) M (G,B) =
(K,AUB) is a soft semimodule ovéu.
d) We can write(F,A)U(G,B) = (T,AUB), where

F(x) if xe A\B,
G(x) if xeB\A,
F(x)NG(x) if xe ANB

if xe A\B,
if xeB\A,
F(x)UG(x) if xe ANB

for all x € AUB. SinceANB = 0, it follows that either
xe A\BorxeB\Aforall xe AUB. If xe A\ B, then

T(X) = F(x) is a subsemimodule & and ifx € B\ A, then
T(X) = G(x) is a subsemimodule &fl. Thus,(T,AUB) is
a soft semimodule ovev.

Definition 10Let (F,A) and (G,B) be two soft

semimodules over Mand M, respectively. The product
of soft semimodulegF,A) and (G,B) is defined as
(F,A) x (G,B) = (UA x B), where

U(x,y) = F(x) x G(y) for all (x,y) € AxB.

Proposition 33.et (F,A) and (G,B) be two soft
semimodules over Mand M, respectively. Then if it is
non-null, the productF,A) x (G,B) is a soft semimodule
over My x Ma.

ProofLet (F,A) x (G,B) = (U,A x B), where

U(x,y) = F(X) x G(y) for all (x,y) € Ax B. Then by

hypothesis(U,A x B) is a non-null soft set ovevl; x Mp.

If (xy) € SupgU,A x B), then

U(xy) = F(x) x G(y) # 0. Since 0# F(x) is a

subsemimodule o, and 0# G(y) is a subsemimodule
of My, it follows that U(x,y) is a subsemimodule of
M1 x My for all (x,y) € SupgU,A x B). Therefore
(U,Ax B) is a soft semimodule ovéd; x Ma.

It is worth nothing that if N; and N, are two
subsemimodules ofM, then the sum of these two

subsemimodules is defined as the following:
N1+ Nz = {n1+n2 | nteNiANy € Nz}.
Definition 11.Let (F,N;) and (G,Np) be two

semimodules over M. IfiN1 N = {Ou }, then the sum of
soft semimodulesF,N;) and (G,N,) is defined as
(F,N1) + (GN2) = (H,N. + Ny, where
H(x+y) =F(x)+G(y) for all x+y € Ny + Np.

Proposition 34Let (F,N;) and (G,N;) be two soft
semimodules over M wherg NN, = {Ov }. Then if it is
non-null, the sumF,N;) + (G,Ny) is a soft semimodule
over M.

ProofLet (F,Ni) + (G,Nz) = (H,N; + Np), where
H(x+y) = F(x)+ G(y) for all x+y € N; + Np. Then by
hypothesis(H,N; + Np) is a non-null soft set oveM!. If

X + y € SupgH,N1.  + Ny, then
H(x+y) = F(X) + G(y) # 0. It is seen thaH is well
defined becaus&l; "N, = {Ov}. Since 0# F(x) is a
subsemimodule d¥1 and 0+ G(y) is a subsemimodule of
M, it follows thatH (x+y) is a subsemimodule dl for
all x+y € SupdH, Ny + Np). Therefore(H,N; +Np) is a
soft semimodule ovevl.

Example 39 et consider the soft semimodulgsA) and
(G,B) in Example3Ll Let (F,A)A(G,B) = (Q,A x B),
where Qaxy) = FX n Gy for all
(xy) € Ax B = {(0,b),(0,c),(a,b),(a,c),(b,b),(b,c)}.
Then QO,b) = Q(0,¢) = Q(a,c) = {0}, Q(a,b) = {0,a}
and Qb,b) = Q(b,c) = {0,b}. Since Qxy) is a
subsemimodule of M R for all (x,y) € SupdQ,A x B),
(Q,Ax B) is a soft semimodule over M.
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Let (F,A) m (GB) = (T,C), where  K(x) = F(x) n H(x) for all x € C. Since
H(X) =F(x)NG(x) forall xeC=ANB={b}. Since K(Xx) = FX N HX < F(Xx and
T(b) = F(b) N G(b) = {0,b} is a subsemimodule of K(x) =F(x)NH(x) C H(x) for all x € C, the proof is
M =R, (T,C) is a soft semimodule over M. completed.

Assume thatF, A) M (G,B) = (K,AUB), where c) Let (FA Mg (GA = (QA) where

Qx) = F(x) N G(x) for all x € A Since
F(x) if xe A\B={0,a}, Qx) = FxX n Gx) < F(x and
K(x) =< G(x) if xeB\A={c}, Q(x) = F(x) N G(x) C G(x) for all x € A, the proof is
F(x)NG(x) if xe AnB= {b} completed.
for all x € AUB. Then, K0) = {0}, K(a) = {0,a}, K(c) = Theorem 38.et (F,A) be a soft semimodule over M and

{0,b} and K(b) = {0,b}. Then, it is obvious thatk, AU
B) is a semimodule over M.

Let (F,A) x (GB) = (Z,A x B), where
Z(x,y) = F(x) x Gy for all
(x,y) € Ax B = {(0,b),(0,c),(a,b),(ac),(b,b),(b,c)}.
Then 20,b) = {(0,0),(0,a),(0,b),(0,c)},
Z(0,c) ={(0,0),(0,b)}, Z(a,b) = {(0,0),(0,a),
(0,b),(0,¢),(a,0),(a,a),(a,b),(a,c)},

Z(a,c) = {(0,0),(0,b),(a,0),(ab)}, Z(b,b) =
{(0,0),(0,a),(0,b), (0,c), (b,0), (b,a), (b,b), (b,c)} and
Z(b,c) = {(0,0),(0,b), (b,0),(

b,b)}. Since Zx,y) are all
subsemimodules of MM for all (x (X,y) € SupgZ,Ax B),
(Z,A x B) is a soft semimodule over MM.

Definition 12.Let (F,A) and (G,B) be two soft
semimodules over M. ThefF,A) is called a soft
subsemimodulef (G, B) if it satisfies:

ACB
iF(x) is a subsemimodule of (& for all
x € SupfF,A).

Example 3@.et R= Z* = Z* U {0} be the semiring
ordinary addition and multiplication and
M = Z* x Z* be the left R-semimodule of R with the usual

under

scalar multiplication. Let(F,A) be a soft set over M,

(Fi,A)ic) be a nonempty family of soft subsemimodules of
(F,A). Then we have the following:

a)mic (F,A) is a soft subsemimodule OF,A), if it is
non-null. _

b)Aici (Fi,A) is a soft subsemimodule gf, (F,A), if it
is non-null.

o)lif {A |i €1} are pairwise disjoint, i.e., # j implies
A NA;j =0, thenU., (Fi,A) is a soft subsemimodule
of (F,A).

Proposition 39 et (F, A) be a soft semimodule over M and
(Fi,A)iel be a nonempty family of soft subsemimodules of
(F,A). Thenmig (K, A) is a soft subsemimodule @, A;)

for each ic I, if it is non-null.

ProofLet mici (F,A) = (H,C), whereC = Nig/ A # 0
andH(x) = Mg F(x) for all x € C. The parameter set of
the soft setmic (F,Ai), that is,Nic; A is a subset of the
parameter set of the soft sé€F,Ai)ic for all i € I.
Suppose tha{H,C) is a non-null soft set oveM. If

X € SupgH,C), then H(x) = Nig FK(X) # 0. Thus
0 # F(x) are subsemimodules ovevl for all i € I.
ThereforeH (x) = N Fi(X) is a subsemimodule ovéd.
Moreover, sincg);c, Fi(X) C Fi(x), foralli € | and for all

€ Nial A, the rest of the proof is obvious.

where A= 7" and F: A— P(M) is a set-valued function  proposition 310f (F,A) be a soft semimodule over M and

defined by Fx) = {0} x 2xZ" for all x € A. It is obvious
that (F,A) is a soft semimodule over M. L&B,B) be a
soft set over M , where B- {0,1,...40} C A and

B C A, then so i§F, B), wheneve(F, B) is non-null.

Definition 13.Let (F,A) be a soft semimodule over M.

G: B — P(M) is a setvalued function defined by Then,

G(x) = {0} x 4xZ* for all x € B. It is obvious that &) is
a subsemimodule of (&) for all x € SupfdG,B).
Therefore (G, B) is a soft subsemimodule @, A).

Theorem 371et (F,A), (G,A) and (H,B) be soft
semimodules over M. Then we have the following:

a)lf F(x) C G(x) for all x € A, then (F,A) is a soft
subsemimoduléG, A).

b)(F,A) m (H,B) is a soft subsemimodule batf, A) and
(H,B) if it is non-null.

c)(F,A) Mg (G,A) is a soft subsemimodule of bt A)
and(G,A) if it is non-null.

Proofa) If F(x) C G(x) for all x € A, it is clear thatF(X)

is a subsemimodulgé(x). Therefore the result is obvious.

b) It is obvious thatAnB C A (andANB C B). Let
(F,A) m (H,B) = (K,C), where C = AnB and

a)lf M is a left R-semimodule with zero and if
F(x) = {Om} for all x € SupfF,A), then (F,A) is
called trivial.

b)(F,A) is said to be whole if Fx) = M for all
X € SupgF,A).

Example 311 et R be the semiring in Exam3& with the
second operation tables. Let MR and the soft se¢, A)
over M, where A= {0,a,b,c} and Q: A— P(M) is a set-
valued function defined by

QX) ={yeM|x0=y}
for all x € A. Then @0) = Q(a) = Q(b) = Q(c) = {0}.
Since Qx) = {0y} for all x € SupgQ,A), (Q,A) is a
trivial soft semimodule over M.

Let the soft se{T,B) over M, where B= {0,b} and
T :B— P(M) is a set-valued function defined by
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T(x)={yeM|xy=0}

forall x € B. Then T0) = T (b) = M. It follows that(T,B)
is a whole soft semimodule over M.

Proposition 3124 et (F,A) and (G, B) be soft semimodules
over M. Then,

DIf (F,A) and (G,B) are trivial (resp., whole) soft
semimodules over M, theffr, A) m (G,B) is a trivial
(resp., whole) soft semimodule over M.

iilf (F,A) is a trivial soft semimodule over M ar{¢, A)
is a whole soft semimodule over M, thgnA) m (G, B)
is a trivial soft semimodule over M.

iilf (F,A) and (G,B) are trivial (resp., whole) soft
semimodules over M where AB = {0y}, then
(F,A) + (G,B) is a trivial (resp., whole) soft
semimodule over M.

iv)If (F,A) is a trivial soft semimodule over M and
(G,B) is a whole soft semimodule over M where
ANB = {Ou}, then (F,A) + (G,B) is a whole soft
semimodule over M.

Proposition 313 et (F,N;) and (G,N;) be two soft
semimodules over Mand M, respectively. Then,

DIf (F,N1) and (G,N) are trivial soft semimodules
over N and N, respectively, thefF,N;) x (G,Np) is
a trivial soft semimodule over Mk Mo.

ilf (F,N1) and(G,N) are whole soft semimodules over
M; and M, respectively, theriF,N;) x (G,Np) is a
whole soft semimodule over;M M.

Let (F,A) be a soft semimodule oveM and let

a)lf F(x) = Kerf for all x € SupgF,A), then
(f(F),SupfF,A)) is a trivial soft semimodule over
M.

b)If (F,A) is whole, thenf(F),SupgF,A)) is a whole
soft semimodule over M

Proofa) Assume thaf (x) = Kerf for all x € SupdF,A).
Thenf(F)(x) = f(F(x)) = 0m forall x e SupgF,A). That
is to say(f(F),SupgF,A)) is a trivial soft semimodule
overMo.

b) Suppose thatF,A) is whole. ThenF(x) =V for
all X € SupgFA). It follows that
f(F)(x) = f(F(x)) = F(V) =W for all x € SupgF,A),
which means thatf(F),SupgF,A)) is a whole soft
semimodule oveM,.

Definition 14 Let (F,A) and (G,B) be soft semimodule
over My and M, respectively. Let £ M; — M, and
g: A— B be two mappings. Then the pdif,g) is called
a soft semimodule homomorphisrii it satisfies the
conditions below:

i)f is an epimorphism.

il)g is a surjective mapping.

i f (F(x)) =G(g(x)) forall x € A.
If there exists a soft homomorphism betwé¢EpA) and
(G,B), we mention thatF,A) is soft homomorphico
(G,B), which is denoted b, A) ~ (G, B). Furthermore,
if f is an isomorphism of semimodules and g is a bijective
mapping, then(f,g) is said to be asoft semimodule
isomorphism In this case, we say thatF,A) is soft
isomorphic to (G,B), which is denoted by
(F,A) ~u (G,B).

f : My — M2 be a mapping of semimodules. Then the soft Example 316.et the semiring R= Z* = {0} UZ" and

set(f(F),SupgF,A)) overM; can be defined, where
f(F):SupfdF,A) — P(M3)

is given by f(F)(x) = f(F(x)) for all x € SupdF,A). It
is also worth nothing that
SupgF,A) = Supgtf(F), SupgF, A)).

Proposition 314et f: My — My be a semimodule
epimorphism. IfF,A) is a non-null soft semimodule over
M; , then (f(F),SupgF,A)) is a non-null soft
semimodule over M

ProofNote first that since(F,A) is is a non-null soft
semimodule oveMs, then so is(f(F),SupgF,A)) over
Mz. We have f(F)(x) f(F(x)) # 0 for all

x € Suppf(F),SupgF,A)). Because of the fact that
(F,A) is a soft semimodule ovevl;, the nonempty set
F(x) is a subsemimodule d¥l;. Thus, we can conclude
that its onto homomorphic imagef(F(x)) is a
subsemimodule ovel,. So, f (F (X)) is a subsemimodule
overM; for all x e Supd f(F),SupgF,A)). It means that
(f(F),SupfF,A)) is a soft semimodule ovél,.

Theorem 3183 et (F,A) be a soft semimodule over;M
and let f: M; — My be a surjective homomorphism of
semimodules. Then

M = Z* x Z* be the left R-semimodule of R with the usual
scalar multiplication. Let(F,A) be a soft set over M,
where A=Z* and F: A — P(M) is a set-valued function
defined by Fx) = {0} x 2xZ* for all x € A. It is obvious
that (F,A) is a soft semimodule over M. Let the semiring
R =7Z* and M = Z* be the left Rsemimodule of RLet
(G,B) be a soft set over M where B= Z* and
G:B — P(M) is a set-valued function defined by
G(x) = 2xk (ke Z) for all x € B. It is obvious thatG, B)

is a soft semimodule over' M_et f: Z* x Z* — Z* be the
mapping defined by(k,y) =y. One can easily say that f
is an epimorphism of semimodules. Let 4* — Z* be
the mapping defined by(xy) = x for all x € Z*. Then one
can easily say that g is surjective. Since
f(F(x)) f({0} x 2xz*) = 2xz* and
(G(g(x)) = G(x) = 2xk = 2xZ* is satisfied for all xc Z,

it follows that(f,g) is a soft semimodule homomorphism
and(F,A) ~ (G,B).

4 Soft substructures of semimodules

Definition 15.Let N be a subsemimodule of M and let
(F,N) be a soft set over M. If for all, ¥ € N and for all
reRr,
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s1)F(x+y) 2 F(x)NF(y) and
s2)F(rx) 2 F(x),

then the soft sefF,N) is called a soft subsemimodule of
M and denoted byF,N)<M or simply fiy<M.

Example 41Let R be the semiring in Exam4d with the
first operation tables. Let M= R be a left R-semimodule

and N = {0,a} be a subsemimodule of M. Let the soft

set(F,N;) over M, where E N; — P(M) is a set valued
function by R0) = {0,a,b} and F(a) = {0,b}. Thenitcan
be easily seen thadF,N;)<M.

Let N = {0,b} < M and the soft sefG,N,) over M,
where G: N, — P(M) is a set valued function by
G(0) = {0,b,c} and Gb) = {b}. Then(G,Nz)<M, too.
However if we define the soft g&t,N,) over M such that
H(0) {a,c} and H(b) {0,b,c}, then
H(ab) = H(0) = {a,c} 2 H(b) = {0,b,c}. Therefore,
(H,N) is not a soft subsemimodule over M.

Theorem 42f Fy, <M and Gy, <M, then Fy, M Gn, <M.

ProofSinceN; andN, are subsemimodules &f,then it
follows thatN; NN, £ 0 andN; NN, is a subsemimodule
of M. Let Fy, MGn, = (F,Np) m (G,N2) = (H,N1 N Ny),
whereH (x) = F(X) N G(x) for all x € NN Nz # 0. Then
forallx,y e NyNNy andr € R,

SIH(X + ) Fx +y) N Gx + )
(FO9 n F@y) n (Gx) n  Gly)
(FO)NG(X) N (F(y)NG(y)) = (X)ﬂH(y)

S2H (rx) = F(rx) NG(rx) D F(x) N G(x) = H(x).

ThereforeFNl m GN2 = HNlﬂszM-

I

Definition 16.Let My and My be left R-subsemimodules
and let(F,N;) and (G, N,) be two soft subsemimodules of
M; and M, respectively. The product of soft
subsemimodules(F,N;) and (G,N,) is defined as

(F, Nl) X (G, Nz) = (Q, Nl X Nz), where
Q(x,y) = F(x) x G(y) for all (x,y) € Ny x Na.
Theorem43f Fy <M1 and Gy,<Mz, then

FNl X GNZEM]_ X Mz.

ProofSinceN; andN, are subsemimodules df; andM,
respectively, thei; x Ny is a subsemimodule &fl; x Mo.
Let Fn, X Gn, = (F,Np) X (G,N2) = (Q,Ny x Np), where
Q(x,y) = F(x) x G(y) for all (x,y) € M1 x My. Then for
all (x1,y1), (X2,¥2) € M1 x My andr € R,

SIQ((X1,y1) + (X2,¥2)) = Q0% + X2,y1 + ¥2)

F(x1+X2) X G(y1+Y2) 2 (F(x1) NF(x2)) x (G(y1) N

G(y2)) = (F(x1) x G(y1)) N (F(x2) x G(y2)) =
Q(x1,¥1) N Q(X2,Y2),

S2QQ(r(x1,y1)) = Q(rxy,ry1) = F(rxy) x G(ry1) 2

F(x1) x G(y1) =

Henceky, x G, =

Q(X17 Yl) .

QN1><N2<M1 X MZ

Example 44_et( Ny )<M and (G,N2)<M in Example
41 (F Ni) @ (G,N2) = (T,N. N Np), where
T(x) = F(x) N G(x) for all x Nlﬂ N, = {0}. Then
T(0) = F(0) N G(0) = {0,b}. is obvious that

(T,N1N N2)<|\/|

Let ky, x Gn, = (F,N1) x (G,N2) = (Q,N1 x Ny),
where ax,y) F(x) x G(y) for all
(x,y) € N1 x Np = {(0,0),(0,b),(a,0),(a,b)}. Then it
can be easily seen that\Qn, <Z10 x Z10. We show the
operations for some elements of NN,:

Q((a,0)+(a,b)) = Q(a+a0+b) = Q(Oab)
= F(0) x ={0,a,b} x {b}
= {<0-,b)-,(a-,b)-,(b-,b)}
Q(a,0)NQ(ab) = (F(a) x G(0)) N (F(a) x G(b))
= ({0,b} x {0,b,c}) N ({O,b} x {b})
= {(0,b),(b,b)}
Q(a(a,b)) = Q(aa,ab) = Q(&O)

—F() = ({0,b} x {0,b,c})

It is seen that @a,0) + (a,b)) 2 Q(a,0)NQ(a,b) and
Q(a(a.b)) > Q(a.b) = F(a) x G(b) = {(0,b), (b.b)}.

Definition 17.Let (F,N) and (G,K) be two soft
subsemimodules of M. If NK = {Ou }, then the sum of
soft subsemimodule§~,N) and (G,K) is defined as
(F,N) + (G,K) (TN + K), where
T(x+y)=F(x)+G(y) forallx+ye N+K.

Theorem 43f Fy<M and G¢<M, where N\ K = {0y},
then iy + Gu<M.

ProofSince N and K are subsemimodules d#l, then
N + K is a subsemimodule of M. Let
Fn + Gk = (F.N) 4+ (G,K) = (T,N + K), where
T(X) = F(x) + G(x) for all x € N+ K. Then for all
X1+VY1,%+Yy2€ N+ Kandr €RR,

T((Xa+y1)+(Xe+Y2) = T((X1+X2) + (Yy1+Y2))
F(X1+X%2) + G(y1+Y2)
(F(x2) NF(x2)) + (Gy2) N
(F(x1) +G(y1)) N (F(x2) +
T(X1+y1) NT(X2+Y2),
T(rx1+ry1)

(x
(
(rx1) +G(ry1)
(
(

G(y2))
G(y2))

1o

T(r(xe+vy1)

x1) +G(y1)
X1 +Y1).

Thereforely + Gk = TN+K<M-

gy

F
F
T

Proposition 46,.et M be an R-semimodule such that
(M,+) is a group. If k<M, then KOy) 2 F(x) for all
xe N.

ProofSince(F,N) is a soft subsemimodule M, then for
all xy e N, F(x+y) 2 F(x)NF(y). Since(M,+) is a
group, if we take vy —X then
F(x—x) =F(0m) 2 F(x) NF(x) = F(x) for all x e N.
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Proposition 47.et M be an R-semimodule such that Fy(x) NFy(y) andFy(rx) D Fi(x) for all x,y € f~3(N,) and

(M,+) is a group. If <M, then recR Hence(F, f 1(Ny))<My.

Ne = {xe N | F(x) =F(Om)} is @a subsemimodule of N. b) SinceN; < Mg, Npo < My and f : N = Ny is a
semimodule homomorphism, theh(N;) < My. Since

Proof\We need to show that+y € Nr andnx € Ne for f(N1) C Ny, the result is obvious.

al xy € Nt and n € N, which means that c) SinceKerf < M; andKerf C Ny, the rest of the

F(x+y) = F(Om) and F(nx) = F(Ovw) have to be proofis clear.

satisfied. Sincex,y € Ng, then F(x) = F(y) = F(Ow). _ _

Since (F,N) is a soft subsemimodule oM, then  Corollary4lllet (F,Ni;)<Mi, (F2,Nz)<M; and

Fx +y) 2 F(x) n F(y = F(Ow) and f:Np — Nz is a semimodule homomorphism, then

F(nx) D F(x) = F(Oum) for all x,y € Ne and andn € N.  (F2,{On, }) <M.

Moreover, F(Om) 2 F(x+y) and F(Ov) 2 F(nx). ) ~

ThereforeNr is a subsemimodule ®. ProofSince (F1,Kerf) <M. Then
(F2, f(Kerf)) = (F2, {On, }) <M2.

Definition 18.Let (F,N) be a soft subsemimodule of M.
Then,

i)If M is a left R-semimodule with zefly and if F(x) =

{Ou} forall x € N, then(F, A) is called trivial. Throughout this paper, in a semimodule structure, we
ii) (F,N) is said to be whole if Fx) = M for all x € N. have studied the algebraic properties of soft sets which
s were introduced by Molodtsov as a new mathematical
Proposition48.et (F,N;) and (G,N;) be soft tool for dealing with uncertainty. This work bears soft
semimodule, soft subsemimodule and soft semimodule
DIf (F,N7) and (G,Np) are trivial (resp., whole) soft homomorphism. Moreover, we deal with the algebraic
subsemimodules of M, thef,Ni) m (G,N) is a  soft substructures of a semimodule. We have introduced
trivial (resp., whole) soft subsemimodule of M. soft subsemimodule of a semimodule and study its related
ilf (F,Np) is a trivial soft subsemimodule of M and properties with some examples. To extend this work, one
(G,Np) is a whole soft subsemimodule of M, then could study the soft substructures of other algebraic
(F,N1) m (G, N,) is a trivial soft subsemimodule of M.  structures.
iv)If (F,N1) and (G,N) are trivial (resp., whole) soft
subsemimodules of M whereg NN, = {Ov}, then
(F,N1) + (G,Np) is a trivial (resp., whole) soft References
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