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Abstract: In this paper, we derive approximate moments of progrelystype-11 right censored order statistics from the gerieeal
exponential distribution . Also, using these moments tavéehe best linear unbiased estimates and maximum liketilestimates of
the location and scale parameters from the generalizechexpial distribution. In addition, we use Monte-Carlo slation method to
obtain the mean square error of the best linear unbiasedass and maximum likelihood estimates and make compabistween
them. Finally, we will present numerical example to illasér the inference procedures developed in this distributio
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1 Introduction

The exponential distribution is one of the most significartt widely mathematics used distribution in statisticalgpice.
It possesses several important statistical propertiesyarexhibits great mathematical tractability. Also, ishiae ability
to model failure rate which are quite common in reliabilibydebiological studies.

In this paper, we derive approximate moments of progrelysiype-Il right censored order statistics from the
generalized exponential distributio®GED). Also, using these moments to derive the best linear uatiastimates
(BLUE9 and maximum likelihood estimateM(Es) of the location and scale parameters from the generalized
exponential distribution. Several interesting matheostiesults for inference procedures have been developeleby
authors, see for exampled:?; [3]; [4]; [6];[5]; [120;[9]; [101; [2]; [1]; [71; [13]; [8]; [14].

In addition, we use Monte-Carlo simulation method to makmgarison between theMSE) of (BLUESs and
(MLESs). Finally, we will present numerical example to illustrale inference procedures developed in this distribution.
Let Xi:men, Xo:mn, - -+ » Xmmen b€ the progressively type-Il right censored order stagstif sizem from the sample of size
nwith censoring schem@ ,R,, - -- ,Rn) taken from GE D) whose probability function is given by:

-1
f9=ar(1-e™)" eMx>0a1>0 (1)
and distribution function is given by
a
FO)=(1-e™) " x>0a,A>0, (2)

S0, we can write the joint density function Xf.mn, Xo:mn, -+ , Xmmen Of @ progressively type-Il right censored sample
from the generalized exponential distribution, with cemepscheméRy, Ry, --- | Ry), in the form:

fxl:m:mxz:m:m"'xrn:m:n (X17X27 T 7Xm)

—effar (1-e )" e 1o (1-e ) @
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D< Xy <X <o < Xy < 00,

where
C= n(n—Rl—l)(n—Rl—R2—2)---(n—Rl—Rz—---Rm,l—m—kl).

by [3].
Since, the joint density function is more complicated to itde find the moments, so we try to find relationship
between the generalized exponential distribution ancoumifdistribution.

2 Progressively Type-ll Right Censored Transformation

LetU1:mn,U2:mn, - ,Ummn be the progressively type-Il right censored order stastif sizem from the sample of size
nwith censoring schem@ ,R,, - -- ,Ry) taken from the unifornf0, 1) distribution.

The exact moments of progressively type-II right censorel@ostatistics from the uniforrt0, 1) distribution can be
written in the form:

m

E(Ui:m:n) =1- I_l aj,i =12---.m,
j=m—i+1

m m m
Var(Ui:m:n): I_l aj |_| Yi— I_l aj |,
j=m—i+1 j=m—i+1 j=m—i+1

m m m
CovUi:mn, Ukmn) = aj Yi — aj | k<i,
wo) =) G T

(4)
where
m
a =1+ Rj,|:1,2, ,m,
J:mZi+1
a .
al a.i+1’| b 7m7
B—— 1 i_12..m
| (a+1)(a+2)7 )& s 1Y
=o+p6,i=12--- m (5)
by[3].

These expressions enable us to derive the approximate meatances, and covariances for the generalized
exponential distribution using the the following theorgihg.

Theorem LIf X is a random variable with EX) = p, D?(X) = 02, and y= @(x) then, for sufficiently smalir, and
well-behavedp

E(Y) =~ 9() + 50°0" (), ©
and
DA(Y) = (¢ (u))* 0 )

Theorem 2.If X and Y are random variables with &) = u, E(Y) = v, D?(X) = 02, D?(Y) = r? andp (X,Y) = p,
and Z= @(x,y) then, for sufficiently smalir and t, and well behaveg

1 ,0% ¢ 1 ,0%p
E(Z)—GD(HaUH'iG W+90dedy+§T EYa (8)
and ) )
29 dpdg 29
2 ~ 2 %Y s 4 227
D°(Z)~o0 (0x> +2por(ax 0y>+T (0y) , 9)

where all partial derivatives are evaluated atxu and y= v.

(@© 2015 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro4, No. 1, 139-146 (2015)www.naturalspublishing.com/Journals.asp NS = 141

3 Deriving Moments Using Transfor mation

Since, the joint density function is more difficult to use dt find the moments, so we get relationship between the
generalized exponential distribution and uniform disttibn. Let

U~ (1— e*“)a . (10)

So by using Equation$), (7) and 8), we derive the approximate moments in the form

- 1 a (3 -1)(1-pe )pa 24 Apad
71"1(1_“;“%02 a ((a)\ (1);13))2

D2 (Xi:m:n) =~
a

Z:/\—lzln (1—ui"> (1—u§), (13)

COV(Xi:m:ij:m:n) =~ E(Z) - E(Xi:m:n)E(Xj:m:n)- (14)

We use these moments to derive the best linear unbiasedagstinior the lacatioriu) and scalg o) parameters of a
(GED).

E(Xi:m:n) =~

; (11)

(12)

[N

and

4 Estimation of Parameters

The best linear unbiased and maximum likelihood methodssed to obtain estimates of the locati@n) and scald o)
parameterd_et the probability density function is given by :

X — a-1 Xi—
f(x)=%<1—eA("p)> e ) s (15)

also the distribution function is given by:

F(x) = (1_e‘A(¥>>a. (16)

4.1 Best linear unbiased estimatB&UES)

Consider an arbitrary continues distributiér(x). Suppose that the progressively censored order statistinsbe
represented by the linear transformatdn= 1+ oX, where the vectoK represent a vector of progressively type-l|
censored order statistics from the standard distribugipr), then the best linear unbiased estimators @ndo will be
minimizing the generalized varian€8) = (Y — A8)" 5 ~1(Y — AB) with respect tod whered = (u,0)", A is the

p x p matrix, 1 is p x 1 vector with components all'4, u is the mean vector ok andy is the variance-covariance
matrix of X. The minimum occurs when

m
pr=—u'ry= zi/wi;m;n, (17)
i=
and "
0" =1"rY =Y B¥:mn, (18)
2,
where . i
r=y (w'-uh)y /s (19)
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and
- _ 1 \2

A:(sz 11) (“TZ 1u)—(1TZ lu) . (20)

Seef].

From these results, we can get the variances and covariahttesestimators in the form:

Var(u') = (0%uTy ) /4, (21)
Var(c*) = (021T 2’11) /4, (22)
Cov(u*,0%) = (—azuT Zill) /A. (23)

m m

The coefficient#\, B, i =1,2,---mwhich represented in Equatioris/j and (L8) satisfy the relationg Ai=1, S Bj=0.
i=1 i=1

See B

4.2 Maximum likelihood estimates
Let Xi:mn, Xomn, - -+ » Xmmn b€ the progressively type-Il right censored order statsbif sizem from the sample of size
nwith censoring schem@ ,R,, - -- ,Rmn) taken from the generalized exponential distribution whasdability function

is given by (5) and the communicative distribution function is given k) then the likelihood function can be written
in the form:

L(n.0) = c[mlf o) (1~ F ()% (24)

whereC is normalizing constant, se3j[
The likelihood function to be maximized for estimators.oéndo is given by:

AL A a-1
Lk, 0) = (ConSta”)(a)‘)m(G)imI_leia(xpm [1—e*a<x4—u)}

(1- [eboem] )™, (25)

The log-likelihood function can be written in form:

m -
InL(p,0) = Inconstant- minaA —mino — 21)\ {u}
i= o

+i:§1(a—1)ln [1—eA(XiU“)}
ﬂimm (1_ [1‘9_“#)}(1)’ (26)

by differentiating the log-likelihood function given b2€) with respect tqu andg. The resulting equations to be solved
for maximum likelihood estimatorg ando are given:

mo e’ (%)

Q) >
|
Q
|
N

TR =0, @7)
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and

m o [x—f " - e )
7+i;/\ [7 —(Of—l)gi ~ [1_e—A(X‘aﬁ)}

o anet (7)1 ()]
+ZlRi < {1 . (xiaﬁ)]a>

Since EquationsX7) and £8) cannot be solved analytically, so we can use MATLAB progtarsolve these equations.

-0 (28)

5 Simulation Study

Let us consider the following table represented differehesnes of progressively censored data:

Table 1. Sample sizes and censoring schemes from the generalizedemal distribution

m n scheme

5 15 Ri=[20404
6 20 Ry=[404024
7 25 R3=[4044222
8 30 R4=[40808002

So, by using Equationdl{) and (L8), the coefficients of th&LUEsof u and o from the generalized exponential
distribution using different schemes represented in tébl@boutu = 0 ando = 1 are obtained in the following tables
(2,3,4and §:

Table 2: Coefficients of the Blues gi ando from the generalized exponential distribution using thet icheme witlu =0 ando =1
schL A=1La=05 A=2a=05 A=3,a=05
min A Bi A Bi A Bi
5 | 15| 0.3816 —0.3287 | 0.3964 —0.1394 | 0.2907 —0.0330
0.3982 —0.3725 | 0.4550 —0.2061 | 0.4520 —0.1404
0.4021 —0.4189 | 0.5374 —0.2929 | 0.6759 —0.2828
0.4525 —0.5905 | 0.9263 —0.6511 | 1.7710 —0.9444
—0.6345 | 1.7105 —1.3150 | 1.2895 —2.1896 | 1.4006
~1 ~0 ~1 ~0 ~1 ~0

Also, the variances and covariances of the estimgataedo can be represented in the following table 6:

MSE of u and o from the generalized exponential distribution wiith= 0 ando = 1 can be represented in the
following table 7:

From the numerical results presented in tablgs 2 5 and 7 we can conclude the following:

1-As a check of the entries of tables324 and 5 we see tha{ A ~1, 2 B ~ 0.

2-From Tablg7), we see that as n increases, the mean squareMSE(u ) andMSE(o*) decrease for all censoring
schemes and all values sfanda.

3-From Table(7), we see that as n increases, the mean squareMBigiii) andMSE(0) decrease for all censoring
schemes and all values dfanda.
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Table 3: Coefficients of the Blues gt ando from the generalized exponential distribution using theosd scheme witly = 0 and
o=1

sch2 A=1a=05 A=2a=05 A=3a=05
m n A B A B A B
6 | 20| 0.2772 | —0.1975| 0.2617 | —0.0571| 0.1106 0.0520
0.3025 | —0.2465| 0.3189 | —0.1183| 0.2585 | —0.0456
0.3141 | —0.2921 | 0.3811 | —0.1837| 0.4220 | —0.1507
0.3376 | —0.3786 | 0.5216 | —0.3199| 0.7878 | —0.3779
0.4246 | —0.6065| 0.9307 | —0.6936 | 1.9378 | —1.0770
—0.6560 | 1.7212 | —1.4140| 13725 | —25167 | 1.5991

~1 ~0 ~1 ~0 ~1 ~0

Table 4: Coefficients of the Blues qgft and o from the generalized exponential distribution using thedtecheme withu = 0 and
o=1

sciB A=1a=05 A=2a=05 A=3a=05
m]| n A B, A B, A B,
7 125| 01935 | —0.0795| 0.1739 | —0.0053 | 0.0439 0.0752
0.2226 | —0.1213 | 0.2195 | —0.0496 | 0.1482 0.0078
0.2361 | —0.1561 | 0.2576 | —0.0892 | 0.2421 | —0.0529
0.2468 | —0.1995| 0.3087 | —0.1422| 0.3725 | —0.1363
0.2641 | —0.2725| 0.4064 | —0.2397 | 0.6296 | —0.2974
0.3299 | —0.4621| 0.7075 | —0.5197| 1.4824 | —0.8191
—0.4931 | 12911 | —1.0736| 1.0457 | —1.9187 | 1.2227
~1 ~0 ~1 ~0 ~1 ~0

Table 5: Coefficients of the Blues gfi and g from the generalized exponential distribution using thertio scheme withu = 0 and
o=1

scht A=1a=05 A=2a=05 A=3,a=05

m| n A B, A B, A B,

8 | 30 | 0.1985 | —0.1223| 0.2207 | —0.0620 | 0.1806 | —0.0188
0.2148 | —0.1322 | 0.2308 | —0.0711| 0.2074 | —0.0365
0.2160 | —0.1339 | 0.2341 | —0.0771| 0.2271 | —0.0506
0.2085 | —0.1297 | 0.2362 | —0.0844 | 0.2548 | —0.0703
0.1965 | —0.1240 | 0.2372 | —0.0918 | 0.2839 | —0.0911
0.1582 | —0.0942 | 0.2430 | —0.1107 | 0.3842 | —0.1574
0.1340 | —0.0759 | 0.3172 | —0.1826| 0.7568 | —0.3787

—0.3265| 0.8123 | —0.7192 | 06797 | —1.2948 | 0.8034

~1 ~0 ~1 ~0 ~1 ~0

6 Numerical Examples

A progressively type-ll censored sample of sme= 5 from a sample of siza = 15 from the generalized exponential
distribution withy = 0,0 =1,A =1, a = 0.5 with schemeR = (2 0 4 0 4, was simulated using MATLAB program.
The simulated progressively type-Il right censored sarigigven by : table 8

By making use of Equationd 7) and (L8), and using the coefficienfs andB; given in table (2) fon= 15 andm= 75,
we get theBLUESs of theu ando as follows:

u* = (0.3816x 0.0633 + (0.3982x 0.2537)+ (0.4021x 0.6477)
+(0.4525x 0.8226)+ (—0.6345x 1.1530
= 0.0263
and
0" = (—0.3287x 0.0633 + (—0.3725x 0.2537)+ (—0.4189x% 0.6477)
+(—0.5905x 0.8226) + (1.7105x 1.1530
= 1.0999
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Table 6: The variances and covariances of the estimgiérando™ from the generalized exponential distribution

Al a | m| n |sch|Var(u*) | Var(c*) | Cov(u*,o%)
1(05]5|15| 1 0.3232 | 0.3035 —0.2840
6|20 2 0.3839 | 0.5020 —0.4104
7125 3 0.4042 | 0.7320 —0.4512
8|30 4 0.4452 | 0.8475 —0.5146
2055|151 2.3823 | 0.6583 0.2221
6 20| 2 3.0677 | 0.7188 —0.0767
7125 3 4.0511 | 0.7611 —0.3051
8 |30| 4 | 6.0099 | 0.8842 0.3326
3(05|5|15] 1 55772 | 0.7053 —-0.7211
6|20 2 7.1693 | 0.7298 —1.3334
7125 3 9.2102 | 0.7744 —1.1602
8|30 4 9.7474 | 0.8912 —0.1788

Table 7: MSE of 4 ando from the generalized exponential distribution using défe schemes witpp = 0 ando =1

Al a [ m]| n | sch| MSEu*) | MSE(o*) MSE(1) MSE(0)
1/05|5 (15| 1 0.0455 0.3033 | 2.1212-004 | 2.2426— 003
6 |20] 2 0.0434 0.2902 | 2.335%—005 | 3.858%— 004
7125] 3 0.0211 0.2882 | 1.0052-005 | 2.802%— 004
8 (30| 4 0.0120 0.2712 | 1.0056e— 006 | 1.2514— 004
21055 (15| 1 0.0350 0.2919 | 2.152%-004 | 2.2446—003
6 20| 2 0.0335 0.2818 | 2.3756e—005 | 4.252%— 004
7125] 3 0.0209 0.2512 | 1.008C— 006 | 2.909C2— 004
8 30| 4 0.0019 0.2415 | 2.2121e—006 | 2.202%— 004
3/05|5(15] 1 0.0330 0.2525 1.99%—-004 | 2.0202-004
6 |20 2 0.0229 0.2424 | 2.252%—005 | 2.303%— 005
7125] 3 0.0211 0.2025 | 2.1212-005 | 2.2626— 005
8 (30| 4 0.0015 0.1104 | 1.252%—-006 | 1.3032— 006
Table 8: Progressively type-II right censored sample generatead fte generalized exponential distribution
Xi-5:15 | 0.0633 | 0.2537 | 0.6477 | 0.8226 | 1.1530
R 2 0 4 0 4

The standard error of the estimajg&ando™ are

SE(u*) = 0" (Var(u*))? = 1.0999x (0.3232) = 0.625301
SE(0%) = o* (Var(c*))2 = 1.0999x (0.30357 = 0.605944

Using the same data,we can get by simulation
[ =0.0000132

0 = 1.000035

Then, the best linear unbiased prediction for the failutfzang Y5(:25:01‘5‘°4’ may be determined simply by equatipg

or o* based on the sample of sime=5 to u* ando* based on the sample of sime= 15 with progressive censoring
(204 00 3 whose coefficients are given in the form:

Table 9: Coefficients of the Blues qft ando from the generalized exponential distribution using therfio scheme withu = 0 and
o=1

Ai 0.3313
B | —0.2396

0.3333
—0.2393

0.3177
—0.2293

0.2830
—0.2009

0.2524
—0.1790

—0.5176
1.0881
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then

u* = (0.3313x 0.0633) + (0.3333x 0.2537) + (0.3177x 0.6477)
+(0.2830x 0.8226)+ (0.2524x 1.1530) + (—0.5176x Y 515

Upon equating this witlu* = 0.0263 and solving, we get the first -order approximation toBh# E of y;.¢., 85

0.83511679- 0.0263
Y6:6:15= 5176 — 1.1562629038

RemarkWe see the values gf*close to 0 anar*close to 1

RemarkWe will have the same prediction if we use the equalityodinstead ofu* .We can repeat these steps to
Y7.7:15Y8:815" * Y15:15:15
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