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Abstract: The burr XII and weibull distributions are the most important and the most widely used distributions for the life time
distribution as well as the wealth distribution. Burr XII distribution is mainly used to explain the allocation of wealth and wages
among the people of the particular society. And weibull distribution is mostly used in the extreme value theory, failure analysis and
the reliability engineering. In this paper, the classical properties of the mixture burr XII weibull distribution have been discussed. The
estimation of the parameters and the construction of the information matrix are introduced. The var-cov matrix and the interval
estimation of the parameters are also proposed in the paper. Cumulative distribution function, hazard rate, failure rate, inverse hazard
function, odd function and the cumulative hazard function, rth moment, moment generating function characteristic function,
moments, mean and variance, Renyi and Beta entropies, mean deviation from mean and mean time between failures(MTBF)have also
been discussed.
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1. INTRODUCTION

Mixture distributions are being extensively used by many researchers for the discussion, survey estimation and the
application. In the paper [9] it was proposed that the inverse weibull mixture models having the weights in negative
form can show the outcome of the system under the certain kind of the conditions. From [8] it was also provided with
the discussion about the property of aging of the failure rate models having one mode which also includes the inverse
weibull distribution. Identifiability provides the different demonstration for the mixture distributions. If we want to
organize future data into different groups of the mixture distributions then the lack of identifiability is a severe kind of
difficulty. Identifiability of mixtures was completely discussed by different researchers which includes these papers

[14, 17,3].In [13] it was discussed that the mixture of the two inverse weibull distributions and discussed in detail the
properties and the estimation of the parameters. The technique of the EM algorithm in the Monte Carlo estimation was
used for the calculation of the estimates of the five parameters. In his study, the behavior of the median and mode was
examined using different values of the parameters. Also the behavior of the failure rate was examined using the graphs.
In the empirical financial data the use of the mixture normal distribution is well recognized. In [10] it was proposed
about the mixture of the normal distribution to have room for the skewness and the non normality of the financial time
series data. The study was conducted on the Bursa Malaysia stock market financial data. The estimation was performed
by using the formal maximum likelihood method through EM algorithm. Numerous studies have been conducted on
modeling the assets return by using the mixture of the normal. In the work mentioned in [11] it was proposed first time
the utilization of the mixture of the normal distribution for handling the heavy tail data. In the research paper of [7] it
was proposed in his study that when all the regimes have the same mean, the mixture of the normal distribution is
leptokurtic. The normal mixtures are flexible to accommodate different forms of continuous distributions and can
capture the characteristics of the leptokurtic and multimodal deviation of financial time series data. Paper mentioned in
[15] proposed in his study that it is possible to handle the appropriate mixture of distributions by a variety of techniques,
and this includes graphical methods, maximum likelihood, the method of moments, and
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the Bayesian approach. Newly developments have been achieved in fitting the mixture models by the maximum
likelihood estimation technique and because of the presence of the associated statistical theory this method has become
the first preference. In the research paper mentioned [5] it was proposed for the first time that the important
characteristic of the EM algorithm which is being utilized in the context of the mixture models as the useful tool for
making the maximum likelihood problems simplified.

2. BURR DISTRIBUTION

Burr distribution is the renowned distribution in the probability. It was first developed by [4]. mathematical properties
and computational methods of estimating the maximum likelihood to the life time censored data was proposed. It is
commonly used for the modeling of the income data.

2.1. BURR XII DISTRIBUTION

[18] proposed the three parameter Burr XII distribution having the following cumulative distribution function and the

probability density function for x>0
¢k
F(x;s,k,c):l{l{g } k,c,s>0 (2.1.1)
¢ kAL
And f(x;s,k,c)=cks*x** {1{3 } k,c,s>0 (2.1.2)

respectively, where K and C are the shape parameters and S is the scale parameter. If we put C=1then the density
function will become unimodal.

Burr distribution is the heavy tailed distribution which means that these distributions have more heavy tails as compared
to the exponential distribution.

3. WEIBULL DISTRIBUTION

Weibull distribution is the continuous type of probability distribution which is named after Waloodi Weibull. It was
proposed by [10] and it was practically applied by [11] to explain the particle size distribution.

The following is the cumulative distribution function along with the probability density function of the weibull
distribution for the random variable X >0

F(x.a,B) :1—e_(%J a, f>0 3.1)

And f (X, ﬂ)zﬁx“e{ﬂ] a, >0 (3.2)

where ¢ and [ are the shape and scale parameters respectively of the distribution. The weibull distribution is also
regarded as the heavy tailed distribution. It is widely used in reliability engineering and the failure analysis.

4. Probability Density Function

The probability density function of the mixture of burr XI1I weibull distribution has the following form
f(xk,s,c,a, B)=p,f.(XK,s,c)+p,f, (X, F) (4.1)
where [, and P, are the mixing proportionsand P, + p, =1

f,(X; K, S, C) is the pdf of the Burr XII distribution and f,(X; cx, ) is the pdf of the weibull distribution which
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So the mixture of the these probability densities is given as
O g el

f(x;k,s,c,a, B)=p,cks *x** 1+(—) +p, Fx“‘le “ (4.2)
S

Where x>0 and K,s,c,a, >0, p+p,=1

4.1.  Special cases of Mixture of Burr XII Weibull distribution

If we set @ =1 in the expression of (4.2), it will become mixture of Burr X1 exponential distribution as follow

- ¢k .
e X 1 3

f(xK,s,c,a, f)=p,cks x| 1+| = +p,—e [”] (4.1.1)
s B

and if we set ¢ =2 in the expression (4.2), it will become the mixture of Burr X1l Rayleigh distribution as

— X c__k_l 2 _[1]2

f(xk,s,c,a, B)=p,cks *x** 1+(—j + P, —5Xe ’ (4.1.2)

S

So mixture of Burr XII exponential and Rayleigh distributions are the special cases of mixture of Burr XII Weibull
distribution

1.4
12 be T (p1=0.6,p2=0.4,c=6,k
' =2,s=2,alpha=4,beta=
1 ‘ll f\\ 6}
\ 1o = = = (p1=0.6,p2=0.4,c=6,k
0.8 1= ] \ =2,5=1,alpha=4,beta=
0.6 \ ! \ 6)
\ / \ RN (p1=0.6,p2=0.4,c=2,k
0.4 \ ;’ ‘y,’ 3 =2,s=1,alpha=4,beta=
02 f\ ;/ \ \\-; 6}
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Figure 4.1Graph for the Probability density of the mixture of Burr X11 Weibull Distribution for p1=0.6, p2=0.4,
c=0.8,2and 6, k=2, s=1and 2, & =4, #=0.8 and 6

From the figure 4.1 it can be seen that if we set the parameter values of p1=0.6,p2=0.4,c=6,k=2,5=2,alpha=4,beta=6, the
distribution ~ of  mixture of Burr  XII  Weibull resembles the normal distribution.  With
p1=0.6,p2=0.4,c=6,k=2,5=1,alpha=4,beta=6, the shape of the mixture of Burr XII Weibull distribution approximately
resembles to the Weibull distribution with parameters alpha = 1 and beta=5. It can been observed if the parameter
values are set as p1=0.5,p2=0.5,c=0.8,k=2,s=1,alpha=4,beta=0.8 the shape of the mixture distribution takes the shape of
two parameter burr distribution with c= 0.5 and k=2.

5. Area under the Curve

Since Burr XI1 and Weibull distribution are the complete probability density function mentioned in the literature so their
mixture will also be the complete pdf
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6. Cumulative Distribution Function

The cumulative distribution function for the mixture of burr XII weibull distribution can be expressed in the following
form

F(x;k,s,c,a, B)=p, F(xK,s,c)+ p,F (X a, £) (6.1)

Where F (X;K,S,C) is the cdf of the Bur X1 distribution and has the following form

¢ -k
F.(xk,s,c)=1— 1+(§) x>0, k,c,s>0 (6.2)

And F,(X;, ) is the cdf of the Weibull distribution and can be expressed in the following form

F,(Xa, p) =1—e7[5) x>0, a, >0 (6.3)

So the expression (4.1) becomes

K a
eoeemeah 21T T et
F(x;k,s,c,a, B)=p,|1- 1+[§J +p,|1-e (6.4)

Where x>0 and K,s,c,a, >0, p,+p,=1

1.2
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Figure 4.2. Graph for the Cumulative Distribution Function of the mixture of burr XI1 and Weibull distributions
for p1=0.5 and 0.6, p2=0.4 and 0.5, ¢=0.8, 2 and 6, k=2, s=1 and 2, & =4, [f=0.8 and 6

From the figure 4.2, it can be observed that cumulative distribution function is showing the increasing trend as the time
increases. It also depicts that as the value of shape parameter ¢ increases, it is similar to the cdf of the weibull
distribution.

7. Reliability Function

The reliability function also known as the survival function is the characteristic of the random variable which is
associated with the failure of some system within a given time. It defines the probability that the system will continue to
survive beyond the specific time. It is defined as

R(x)=1-F(x) (7.1)

The reliability or the survival function for the mixture of Burr XII weibull distribution is expressed in the following
form by putting (6.4) in (7.1)
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c) ¥ _ia
R(x)=1-| p,| 1- 1+(§) +p,il-¢e 3 7.2)

Where x>0 and K,s,c,a, f>0, p+p,=1

0.9
\ = = = (p1=0.6,p2=0.4,c
0.8 ) =1,k=1,5=1,alpha
0.7 \‘\ =4,beta=6)
0.6 1 - = = (p1=0.6,p2=0.4,c
\-\ el Ty
0.5 N =0.8,k=1,s=1,alph
0.4 N a=4,heta=6)
\‘I-
0.3 = ~~~===o___ (p1=0.6,p2=0.4,c
0.2 = - =0.5k=1,s=1,alph
0.1 = "":-‘:_ —— a=4,heta=6)
0 T T T T T T T T T T T 11 _I_I_.-'I-_-I-"I -_— - {p1=0,6,p2=0,4!(‘,
g 0 K0 £ RN g g =0.1,k=1,s=1,alph
S S AN ¥ ¥~ dom a=4,heta=6)

Figure 7.1 Graph for the Reliability Function of the mixture of burr XI1 and Weibull distributions for p1=0.5
and 0.6, p2=0.4 and 0.5, ¢=0.8, 2 and 6, k=2, s=1and 2, & =4, #=0.8 and 6

From the figure 7.1, it can be observed that if we decrease the parametric value of s, the probability of survival has also
the decreasing trend. By decreasing the shape parametric value c, the probability of survival provides the decreasing
trend

8. Hazard Function

Hazard function is defined as the ratio of the probability density function and reliability function and is expressed in the
following form

f(x
h(x) :Q (8.1)

R(x)
The hazard rate for the mixture distribution can be obtained by putting (4.2) and (7.2) in (8.1) and can be defined in the
following form

ek (XY
pcks *x“1- 1+(X) +p, 2 xele ("”]
S p

n(x) = L —
1| p|1- 1+(’S(j +p, 1—e{5]

(8.2)

Where x>0 and K,s,c,a, >0, p+p,=1
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Figure 8.1 Graph for the Hazard Function of the mixture of burr XI1 and Weibull distributions for p1= 0.6,
p2=0.4,¢=0.1,05,0.8and 1, k=1,s=1, @ =4, [ =6

9. Cumulative Hazard Function

The cumulative hazard function can be defined as
A(X)=—log R(x) 9.

The cumulative hazard function for the mixture distribution can be obtained by putting (7.2) in (9.1) and takes the
following form

c) K [ x
A(X)=—log|1-| p,|1- 1+(§j +p,|1-e [ﬂ] (9.2)

Where x>0 and K,s,c,a, >0, p,+p,=1
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Figure 9.1 Graph for the Cumulative Hazard Function of the mixture of burr XII and Weibull distributions for
pl=0.6, p2=0.4,¢=0.1,0.5,0.8 and 1, k=1, s=1, & =4, 3 =6 10.

Figure 9.1 shows the increasing pattern of the cumulative hazard rate as time increases. The graph also shows that as the
value of shape parameter c increases the cumulative hazard rate also increases. Therefore there exists the direct
relationship between shape parameter ¢ and cumulative hazard function

10. Reversed Hazard Function

Reversed hazard rate can be defined as the ratio of the probability density function and the cumulative distribution
function i.e
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r(x) =M (10.1)

The reversed hazard rate for the mixture distribution can be obtained by putting (2.2) and (4.4) in (8.1) and has the
following form

ek (xF
p,cksx°™ 1+[)S(j + pzﬁoix“e [ﬂj

r(x)= — — (10.2)
p | 1- 1+(:j +p, 1—e_[5j

Where x>0 and K,s,c,a, >0, p,+p,=1
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Figure 10.1 Graph for the Reversed Hazard Function of the mixture of burr XII and Weibull distributions for
p1=0.5 and 0.6, p2=0.4 and 0.5, ¢=0.8, 2 and 6, k=2, s=1 and 2, & =4, [/ =0.8 and 6

11. Odds Function

The odds function denoted by O(X) is the ratio of cumulative distribution function and the reliability function and has
the following form:
F(x)

O(x) :W (11.1)

The odds function for the mixture distribution can be obtained by putting (6.4) and (7.2) in (11.1) and following
expression is obtained.



253 NS EN D.Muhammad, A.Muhammad . on the mixture of burr XII and weibull distributons

O 2l
p|1- 1+(SJ +p,|1-e
O(x) = - - (11.2)
1-| p[1- 1+(’S‘j +p, 1—e7(ﬁj

Where x>0 and K,s,c,a, >0, p+p,=1
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Figure 11.1 Graph for the Odd Function of the mixture of burr XII and Weibull distributions for p1=0.5 and 0.6,
p2=0.4 and 0.5, ¢=0.8, 2 and 6, k=2, s=1 and 2, & =4, [ =0.8 and 6

12. r'™ Moment about Origin

r'" moment for the real valued function can be defined as
u' =E(x")
' =[x 1 (x)dx

ekl (Y
4. =ks|x"| pcks x| 1+ X +p, -2 xete [ﬂj dx (12.1)
r 1 S Zﬁa

.
' k—=|-+1 .

u' =ps’ ‘|3_.C + p, S 1+ — (12.2)
k a
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13. Raw Moments about Origin

Puttingr=1, 2,3 and 4 in (12.2) first four raw moments are

1|11
k—=|=+1 1

1 =ps TFC + P.A 1+; = Mean (13.1)
k—g E+1 >

1, =ps’ (|:—k-c + pf° 1+; (13.2)
k—§ §+1 3

sy =p;s’ (|:—k-c + P 1+; (13.3)
k—ﬂ ﬂ+1 )

= plS4 (|3_k_C + pz:B4 l+; (13.4)

14. Moments about Mean
1, =0 (14.1)

1w, =1, — (' )* =Variance

= P;S* (|:—k-c + p,p° 1+E_ p.S (|:—k-c + p,p 1+E =Variance (14.2)
//13 =‘LL3’ _Sﬂz'M’ +(M,)3
k—§§+1 3 k—§§+1 > k_i(1:+l
— 3 3 o~ 2 2 < 4
H;=P,S K + P I+ o 3| piS K + A1+ o P.S K + P, S+ o
+ PS—F——+ pzﬂ +_ (14-3)

Hy =ty = 1 +6(e) (1) = 3(s)* (14.9)
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k—E i+1 y k—ii+1 1 k—§§+1 3
_ 4 alg L & 4 3 31, 2
M= DS |_k + pf 1+a 4| ps |—k + p2ﬂ1+a pS |T( + pf 1+0(

2
_= k_g 24_1 5
+6 2l_LIC 4 ppol1+=
K a

¢ 4+ pp 1.1 (14.5)
[04

15. Measure of Skewness and Kurtosis

Skewness is the measure of extent that the distribution leans to the one side of the mean and kurtosis is used to measure
the flatness or peakedness of the probability curve.

Skewness and kurtosis are denoted by ﬂl and ,82 respectively and is expressed in the following form

2
ﬂl: (lu3)3 (151)
(#)
And
B, =14 (15.2)

(14, )2

putting (14.3) and (14.2) in the (15.1) the expression of ,Bl can be obtained and by putting (12.5) and (14.2) in (15.2)

the expression for the /3, can be obtained.

16. Moment Generating Function

The moment generating function can be defined as
M, (t)=E(e"™)
Where E(e”)=[e" f (x)dx (16.1)

Putting the equation (2.2) in (16.1) we get

—k-1

E (et =w tx ksC c-1 1 5 : ﬁ a-1 _(EJ 16.2
(™) ‘[e p,cks X {7{3)} +pzﬂax e X (16.2)
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=+1 © i -
C 4p M 1+4 (16.3)
lj k ZJZ:;‘ i a

17. Characteristic Function

t Jk‘ij
X (s
E@e™)=p> 2

j=0

—lo

Characteristic function is obtained by replacing t in moment generating function with it and is expressed as below

o, ()=E(e™) 17.1)

Its expression can be obtained by replacing t with it in the expression of moment generating function of the mixture
distribution in (16.3) which is

kI i
iy _ o (1) [ cle - (tA) |
E(e )_pljz_(; |_J K +p2jz_(; |_J 1+a (17.2)

18. Renyi Entropy

The measure of variation of the uncertain situations for the random variable X can be calculated by Renyi
entropy [24] which can be expressed by the following relation

5.(x) :ﬁlog{ [ f r(x)dx}
(18.1)

X

o) k-1 (xY
where f'(x)=| p,cks°x** {1{5) } + pZ%x“‘le (ﬁ]
S

By using binomial expansion

n \ n n-k ik
a+b)'= a" b
(a+b) kZ; ‘

The integral will take the form

k" (xY n
=Z(;J I p,cks x° {1{9 } pZ%x“‘le [ﬂj dx (18.2)
n=0 0

Since they are independent, the integral can be regarded as the product of the two integrals and the final

expression for the Reyni entropy is given below
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( pICks*c )ffn (S)(r—n)(c_1)+1

(r—n)(c-D)+1crk+r—-n-1 |

Cc

Cc

c

(r—n)(c—1)+1+crk+r—n—1

1
5 (X)=——I
(0 =——log

c

n_n-1pnl-n _
+ p2 12 IB 1 n +1
L n N

19. 5 - Entropy

c

(18.3)

[ -entropy is defined as one parameter generalization of the Shannon entropy. /3 -entropy can be defined as

Hﬂzﬁi_l{l—zfﬂ(x)}dx, for A1

[ -entropy for the mixture distribution is given by

¢) k-1 (XY p
Ho-—L _[ p,cks*x°* 1+(5) +p, 2 x* e [ﬁj dx
P B-14 s B
By using binomial expansion

(a+b)" =§n:(rk‘ja"-k b*

k=0

The integral will take the form

- S B-n _10 n
=i[ﬁ]j p,cks°x*™ {L{gj } pZ%x‘“e (ﬂj dx

Since they are independent, the integral can be regarded the product of the two integrals and

the [ -entropy is as follow

c c
Ho-_1 c ‘(ﬁ—n)(c—1)+1+cﬁk+ﬁ—n—l
’ p-1 c c

n__n-1 pl-n
a 1-n
. P +1
L n na

20. Mean deviation from Mean

( p,cks ™ )B_” (S)(ﬁfn)(c—l)ﬂ (B-n)(c-D+1cBk+p-n-1

(19.1)

(19.2)

the expression for

(19.3)

The amount of spread in the population is measured to some extent by the help of mean deviation from mean. It is

called mean deviation from mean.
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8Axy:“x—;4f00dx (20.1)
0

Where £ =E(X). It can be calculated by the following relationship

81(x)=jf(y—x) f (x) dx+2T(x—,u) f (x) dx
81(x):2f(y—x)f(x)dx

:2{“':(”)_TX f(x)dx} (20.2)

Solving the integrals , the final expression is as follow

L] : o) oy
p,S (|3_k.c + p,A1+= || p, 1—{1{%) } +p,[1-e\/
(04

0,(x)=2 . (k1 B ; (20.3)
5 CHH L PRI ) YEUE A
T (;) tp (;J
E+J+1 ;+|+1(|_|)

21. Mean Time between Failures

Mean time between failures denoted by MTBF is regarded as the predicted elapsed time between failures of the process
during operation. It can be calculated as the average time between the failures of process. Statistically it can be
calculated as

MTBF = jt f (t)dt
0

For the proposed mixture model it can be calculated as

ok ()
I g o i 1))
MTBF = |t| p,cks™t°? |1+]| — +p, —t*% Y |dt 21.1
! P, { (J} P2 2z (21.1)
k—1 1+1 1
MTBF= ps—&C — 4 p gl1+= (21.2)
[k a

22. Bonferoni and Lorenz Curve

The Bonferroni and Lorenz curves have wide applications not only in the field to the study income and poverty, but also
in various fields like reliability, insurance and medicine.


http://en.wikipedia.org/wiki/Failure
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It is calculated by the following expression

1 X
BF[F(x)]—ﬂF(X) l u f (u)du 22.1)
Where
X X ¢ —k-1 %
J.u f (u)du :Iu p,cksu’™ {1+(E) } + pz%u“le[ﬂ] du (22.2)
0 0 S ﬂ

The expression will take the following final form expression for Bonferoni curve

o (kL .o

OIS e AT (X]

=0 A N i=0 A
1+j+1 S l+i+1(|_i)

B¢ [F(x)]= ¢ a (22.3)

-1l 1 O] [1]
DS cmc + AL+ || py 1_{“[3)} +p,|1-e "/
(44

where x>0 and  k,s,c,a, >0, p,+p,=1

Lorenz curve is used in economics as an inequality measure for the wealth and size. It can be expressed as

j x f (x)dx
L(z)=2——
H (22.4)
! e
f = j x| p,cks x| 1+ X +p ix"’lef[ﬁj dx
jxf(x)dx JX| Py S 2 g
Where 0 (22.5)
The final expression for Lorenz Curve is
= i(k+1 3 ‘
SIC U 53 () U
i= & n i=0 &
1+j+1 S 1+i+1(|_i) B

1+1

L(z)= ¢ @ (22.6)
c ‘c 1
plsT + pZﬁ 1+E
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23. Maximum Likelihood Estimation (MLE)

The likelihood function is expressed as below

L(X) =1‘[{ pyoks o {1{2]} R pZ%Xale-(ZJ ]

The log likelihood function is given as
n X e _[lja

INL(X)=)_In| p,cks°x** {L{—J } +p, %x‘“e r (23.1)
i=1 S

Partially differentiating the equation (23.1) with respect to K,S,C,aand /£ the estimates can be obtained but the most
suitable technique for estimating the parameters is EM algorithm.

The MLE for € can be obtained by solving the above mentioned system of nonlinear equations | (6)=0. The solution

of these nonlinear equations is not in closed form. For testing of hypothesis and the estimation of the confidence interval
on the parameters of the model, the information matrix is required. The Fisher (1921) information matrix for mixture
distribution can be formed

L@ =y 1o Iy ly g (23.2)

Where
0’ In L(X) £| @InL(X) &% InL(X) &% InL(X)
|11: |13 -Bl——— |14:_E AL A
okos okoc okoa
&InL(X) azm L(X) | 82 InL(X) 8% InL(X)
|15: — A2 |23=—E Y |24:_E A
okop os° 0soc osoa
& InL(X) az InL(X) | 82 InL(X) 8% InL(X)
|25= - -2 |34=_E T aa |35=_E YV
8508 | acoa ocop
2 2 2
L= E 8% In LZ(A) = E 8% InL(X) | - E 8%In LZ(K)
da oo op
And Var-Cov matrix can be obtained as follow

V=170
(23.3)

N5(0,3(0)™)

Since MLE’s are asymptotically normal so

60NV,
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100 (1- a ) % confidence interval for 9, is 67, +Z, \/\TiApplying the usually large sample approximation that is MLE
2

of @ which can be treated as approximately N, (&, J(8)™) where J(6)™"=E(€).Under all the conditions when they
are  satisfied for  parameter the  asymptotic  distribution \/ﬁ(é —-0)is  N.(0,J(8)")  where
J(@)* =lim__ n(l,(6) s the unit information matrix.
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