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Abstract: In this paper we introduce a new version of the trial equatiethod for solving non-integrable partial differentialiatjons
in mathematical physics. Some exact solutions includidigososolutions, rational and elliptic function solutiotsthe KdV equation
and the(N + 1)-dimensional double sinh-Gordon equation are obtainedisyntethod.
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1 Introduction waves in many physical settings, including: shallow-water
waves with weakly nonlinear restoring forces, acoustic
The exact solutions of nonlinear partial differential waves on a crystal lattice, and more. The
equations (NLPDEs) have been investigated by manyN + 1)-dimensional double sinh-Gordon equation is an
authors who are interested in nonlinear phenomena whickmportant model equation and plays an important role in
exist in all fields including either the scientific works or physics. It has numerous applications in physics, such as
engineering fields, such as fluid mechanics, chemicahonlinear optics, Josephson array, ferromagnetic
physics, chemical kinematics, plasma physics, elastianaterials, charge density waves, and the study of liquid
media, optical fibers, solid state physics, biology, helium, and so on. For example, this equation arises in
biophysics and so on. The research of traveling waveresonant nonlinear optics in the theory of self-induced
solutions of some nonlinear evolution equations derivedtransparency when the atoms of the resonant medium
from such fields played an important role in the analysishave degenerate energy levels.
of some phenomena.

The theory of nonlinear evolution equations (NLEEs)  Many powerful methods, such as the Backlund
has come a long way through. There are a large number afansformation, the inverse scattering methd ilinear
nonlinear evolution equations that are studied nowadaystransformation, the tanh-sech methd], [the extended
These equations are especially generated as a generalizezhh method, the pseudo-spectral methdl] fhe trial
and combined versions of the existing version of thefunction and the sine-cosine methdg],[Hirota method
well-known equations like the Korteweg-de Vries (KdV) [6], tanh-coth method 7,8], the exponential function
equations], sine-Gordon equations and many more. method P], (G'/G)-expansion method 1p,11],

The objective of our present work is to apply the homogeneous balance methotlZ][ the trial equation
extended trial equation method to the two generalizedmethod [13,14,15,16,17,18,19,20,21,22] have been
nonlinear equations: the KdV equation and theused to investigate nonlinear partial differential equiagi
(N + 1)-dimensional double sinh-Gordon equation. The problems. The types of solutions of NLEEs, that are
KdV equation has several connections to physicalintegrated using various mathematical techniques, are
problems. It describes the evolution one-dimensionalvery important and appear in various areas of physics,
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applied mathematics and engineering. There are a lot oAccording to the balance principle we can determine a
nonlinear evolution equations that are integrated usingelation of6, €, andd. We can take some values 6f &,

these and other mathematical methods.
In this paper, the KdV equation with power law

andod.
Step 3. Let the coefficients of2 (") all be zero will yield

nonlinearity and double sinh-Gordon equation will be an algebraic equations system:

studied by extended trial equation. By virtue of the
solitary wave ansatz method, an exact 1-soliton solution
will be obtained. The extended trial equation method will
be employed to back up our analysis in obtaining exac

solutions with distinct physical structures.

2 The extended trial equation method

Sep 1. For a given nonlinear partial differential equation
with rank inhomogeneous

)=0, 1)

P(U, Ut, Ux, Uxx, - - -
take the wave transformation
N
u(xg,...,xn,t)=u(n), n=A2A Z xj—ct], (2)
=1
whereA # 0 andc # 0. Substituting Eq. %) into Eq. @)
yields a nonlinear ordinary differential equation,
N(u,u',u”,...) =0. (3)

Sep 2. Take transformation and trial equation as follows:

4 .
u= Z)ril",
i=

(4)

in which

O(r)  &ro+..+&I+&

Wy LeMre+..+4r+4°

wherer; (i =0,...,9), & (i =0,...,0) and{ (i = 0, ..., €)
are constants. Using the relatiod$ &énd 6), we can find

Al =

(®)

2
(U)? = % <iiriri1> : (6)
L, YY) —omwYr) (&
g @ ><2$%r; )¥( ><é;nr 1>
+% (iii(i —1)ril'i‘2>, ©)

where @(I"') and Y(I") are polynomials. Substituting
these terms into Eq3] yields an equation of polynomial
Q(r)ofr:

Q(r)=ps+...4+p1l +po=0. (8)

pi=0 i=0,..s (9)

Solving this equations systerf)( we will determine the

values ofé, ..., &g; (o, ..., {s andry, ..., Ts.
Sep 4. Reduce Eq.5) to the elementary integral form,
ar

wr)
A _/,/Wdr. (10)

Using a complete discrimination system for polynomial to
classify the roots ofd(I"), we solve the infinite integral
(10) and obtain the exact solutions to E8).(Furthermore,
we can write the exact traveling wave solutions to Hy. (
respectively.

£n-no)= [

3 Applications of the extended trial equation
method

To illustrate the necessity of our new approach concerning
the trial equation method, we introduce two case studies.

3.1 The KdV equation

We start our application by considering the KdV equation
with power-law nonlinearity23,24],

U+ a(n—+ 1)u"ux + Buwx = 0, (11)
wherea andf are two nonzero coefficients and> 2. We
note that whem = 1 anda = 3, Eq. (L1) is known as the
KdV equation and when = 2 anda = 2 it is known as
the mKdV equation. Now as far as the domain restriction
is considered, it must be very clearly stated that 4 (see
[25] for more details).

In order to look for solutions of Eql1(), we make the
transformation
’7 =X— Cta

u(x,t) = u(n), (12)

wherec is an arbitrary constant. Then, Eq.3f becomes
—cu +a(n+1)u™ + Bu” =0. (13)

Integrating Eq. 13) ones with respect tg and setting the
integration constant equal to zero, we obtain:

—cu+au™l 4 pu’ =0. (14)
Eq. (14), with the transformation
u= " (15)
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reduces to

nBww” + B(1—n)(w)?—cn’w?+n’aw®=0. (16)

Substituting Egs. ) and (7) into Eq. (L6) and using
balance principle yield8 = € + 0 + 2.
If we take8 = 3, =0 andd = 1, then

(2= BEC & &l +&)
Qo ’

17)

whereés # 0, {p # 0. Respectively, solving the algebraic

equation systendj yields

lo={0o, &=¢&, To=Ty, T1=Ty,
p— 5(4n?adoTo+ BE2(N+2))
0~ BT2(n+2) ’
£ - 219(3n?adoTo+ BE2(N+2)) (18)
1= BTi(n+2) ’
£ _anaZoTl B GHZUZoTo—I—BEz(n—FZ)
T T Bm+2) n2Zo(n+ 2)

Substituting these results into E&) @nd Eqg. 10), we can
write

| Bn+2) / dr
=10 =1\~ Zrear, NG
(19)

where
0o — Bé2(n+2)
2= ZHZGZoTl ’
_ 10(3r?aleto+ BE(n+2))
‘€l —_— nzazo_[% ) (20)
to— — 12(4n?aloto+ Bé(n+2)) '

2n2aots

Integrating Eq.19), we obtain the solutions to the E4.])
as follows:

A

(1= o) = ~2y/ - (21)

. A r—op
i(n—no)_Zw/az_alarctam/az_al, ar > Ay,
(22)

VI —a—/ar—a;
:I: — =
(= 11o) \/01—0!2 n‘\//'—012+\/01—012

3

A

£(n—no)=2 al_agF(¢,l), ap > az > az, (24)
where

¢ dl,U . M—as
F(¢,|)=/ —" ¢ =arcsi ,

0 \/1-12siy G2—as

(25)

and

I2_C¥2—G3 A__B(n+2) (26)

T m—as’ T 2n?at1g

Also a1, o, and a3 are the roots of the polynomial
equation
& é1,-, %0

M3+ 25r24 =r+2>=0.
é3 é3 é3

Substituting the solution2(), (22), (23) into (4) and (L5),
denotingt = 19+ 1101, and setting

(27)

y_ BnadoTo+BE(n+2)

2o+ 2) ; (28)
we get
= 4T1A
uxt) = T+7(X—Vt—f]o)2 ; (29)

u(x,t) = {7+ 12(az — 1) [1 - tantf (¥B(x—vt — o)) | } ",
(30)
u(x,t) = {7+ 11(a1 — az)cosech (B(x—vt))}% . (31)

whereB=1,/92%2 |fwe taketp = — 1104, thatisT =0,
andng = 0, then the solution29), (30), (31) can reduce
to rational function solution

u(x,t) = (2\/T1_A> % ,

i (32)
1-soliton solution
u(x,t) = 5 A , (33)
cosh [FB(x— wt)]
and singular soliton solution
uxt) = —5——— A , (34)
sinhi [B(X— wt)]
where
1 1
Ar=[n(az—a1)]n, Ax=[n(or—az)]n.  (35)

Here,A; andA; are the amplitudes of the solitons, while
v is the velocity and is the inverse width of the solitons.
Thus, we can say that the solitons exist for> 0.

ay > do,
(23)
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Fig. 1. Profile of a numerical solution of3@) atn =2, A; =
1, B=1whilev=1.

Fig. 2: Profile of a numerical solution of3@) atn =2 A, =
1, B=1whilev=1.

3.2 The (N + 1)-dimensional double
sinh-Gordon equation

Double sinh-Gordon equation is given [86[27)
N
> Uxjx — i —asinhu—Bsinh2u=0.  (36)
=1

We look for solutions of Eq.36) by considering the
transformation

N
u(Xg,.-.,xn,t)=u(n), n=A2A <ij—ct>,)\7£0,c;é0.
=1

(37)
Using the transformatior8{), Eqg. 36) can be rewritten in
the following form:
A2(N—c?)u” —asinhu—Bsinh2u=0,  (38)
where the prime denotes derivative with respect.tblext,
let us consider the transformation

u=Inw, (39)

then we obtain

U’ = ww'” — (w/)Z
= o
| o, W
sinhu:%, dnhZu:_Tw

By substituting Eq. 40) in Eq. (38), we can rewrite the
(N + 1)-dimensional double sinh- Gordon E®§] in the
following form:

2A%(N—¢?)(ww" — (w)?) — a(w® — w) — B(w*—1) =0.
(41)

Substituting Egs. &) and (7) into Eq. @1) and using

balance principle yield8 = € +25 + 2.

If we take8 = 4, =0andd = 1, then

()2 = T2 (&l + &3+ &M 2+ &l + &)
Qo ’

whereé, # 0, o # 0. Respectively, solving the algebraic
equation systengj yields

§1=¢&1, & =&, (o= (o,

(42)

To=To, T1=Ty,

5= &111(—2aTo+4a 13— B+5B18) —28T0(13— 1) (B+To(a+BT0))
0= 212(a (313—1)+4B15) ’

&y = noh-&n)(a+2hrg) ¢ _ _BroHn-an)
3T T a@R-)+4BE 0 4T 2(a(BrR-1)+4BTY)

A 2810—&1Ty

C— 4+ 1 \/Zo(d30T§4BT8)+)\2(262T051T1>N
(43)
Substituting these results into E&) @nd Eq. 10), we can

write

- Zzo(a(grg— 1)+4BT8)
+(n—no) = \/ B12(2&,10— &111)

X/ dar 7
V440334 0oM 24+ 01T + (g

(44)

where

_ 2(a+2B1p)
63— BTy 0 ’

00— 2&,(a(313-1)+4B13)
27 TB&t-&iTy)

0y — 2&1(a(313-1)+4BT3)
1= B1Z(2510—&111)

00— &111(—20To+Aa 13— B+5B18) —28,10(13— 1) (B+To(a+BT0))
0= B1i(2&210—&111) '
(45)

Integrating Eq.44), we obtain the solutions to the EQS)
as follows:

i(n_nO):_l—_alv (46)
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u(xq,.-.,xn,t) =In{t0+ 1101
-
:t(n - r’o) - a,— oy r_ ala az > 0y, (47) ,
4B (a, — a
ra + ] T
i(n_m):orl—orz ’I’—az ’ (48) 4B2 — l (a1—02) (Zx, vt——ﬂ
+(n—no) = B u(xa,...,xn,t) =In{to+ 1102
V(01— az) (a1 — a3)
<l V(I —az)(ar—as) — /(I —az)(a1—ay) 7 n (az—a1)Ty . (56)
VT —a2)(@— o) + T — )@ 02) exp<A 1~ a) (Z . _>> 4
ap > 02 > Qs,
(49) u(Xq, ..., xn,t) =In{10+ 1101
i(n—n)—Z\/ > F(g.)
° (a1—as)(az—az) """ (50 + (01— az)ty . (57)
/\(al— 02
aL> 0p > Q3 > dg, exp( <ZXJ Vt——>>—1
where dy u(xq,. .., xn,t) =In{t0+ 1101
F(.1) = J§ ——
V31— I25|n2w
B 2(01— 02)(01— G3)T1
N b
¢ = arcsi (7 —ay)(0 a4)7 201 — 02— a3+ (a3 — az)cosh( By | 5 xj—ut
(I —az2)(01—a4) (52) =

j2 _ (02— 03)(a1— 04)
(a1 —az)(0z2—ag)’

B_ 20o(a (313 — 1) +4BTd)
\ BR&n-&n)

(58)
whereB; = A—W. If we taketp = — 1,01 and

nNo = 0, then the solutionssd), (55), (56), (57), (58) can
reduce to rational function solutions

1B

Also ai, az, as and ay are the roots of the polynomial u(Xg,. .., xn,t) =1In TN N (- (59)
equation A < ) )
> xj—t
=1
& 3 & o, & o .
r+2r3p2r2 2r4 2 =o. (52) )
54 54 54 E U(Xl,...,XN,t):ln 4B (02—01)1'1 5
o . . N
Substituting the solutiong), (47), (48), (49) into (4) and 4B2 — | A (a1 — ) z Xj — Wt
(39), and setting =i
(60)
Jo(a —3a12 — 4BT8) + A2(2&,70 — E111)N traveling wave solutions
' i)\ 28,10 — &1Ty ’ (a2—a1)T1
(53) u(Xg,...,xn,t) =1In —
we obtain N
A (Gl — (12) )
x |1F coth(T J;xj vt , (61)
1B and soliton solution
u(Xg,...,xn,t)=In¢ o+ 1101 F ,
N A3
<Z vt——) u(X,...,xn,t) =1In N (62)
=1 D + cosh| By Xj — vt
(54) [ ( )
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where

2(a1—ap)(01—a3)ny
asz— a2 ’

201 — 0o — 03 (63)
asz— a2 '

Az = D=

Here, Az is the amplitude of the soliton, while is the
velocity andB; is the inverse width of the soliton. Thus,
we can say that the solitons exist far< 0.

Fig. 3: Profile of a numerical solution of6@) atN = 1, A3 =
2,B; =0.1andD < 0 whilev=1.
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