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Abstract: In this article we have proposed an improved exponentig-tior estimating the unknown population variance of the
study variable, using transformation on both the study dsageon the auxiliary variable. The properties of the sutgpt&stimator
have been discussed up to first order of approximation. We ledse derived some efficiency comparison conditions undechw
the proposed variance estimator performed better than ghel wnbiased estimator, traditional ratio estimator afjdegtimators.
Theoretical efficiency conditions are verified numericdlly taking some real data sets taken from the literature, witlesult in
increasing the efficiency.
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1 Introduction

It is known fact, that in many real situations auxiliary infgation is available or may be made available in cheap cost in
surveys. These auxiliary information is frequently usedhbat the design as well as at the estimation stage, if this
information is carefully used it may give better resultsems of efficiency. Auxiliary information such as populatio
mean, population variance, population coefficient of ‘&t population quartiles, population deciles, populati
percentiles, population inter quartile range, populatioefficient of kurtosis and population Coefficient of skessie
etc. In the present study, we will use these auxiliary infations to estimate the population variance of the study
variable efficiently.

In order to estimate the population mean we use survey daia many cases the mean is not a suitable average because
it fluctuate from small or large observations or outliers iset of data, to overcome this difficulty we come to variance.
Many statisticians worked on the estimation of populatiariance using auxiliary information2] suggested the usual
ratio for estimating population variance of the study Maleay, using auxiliary information of the auxiliary variabx.

Das and 3], [4], [5,6], [7,8], [9], [10], [11], [12], [13], [14], [15], [1] and [16] proposed different estimators for
population variance using auxiliary information.Let usisiler a finite population of sizg¢ of different units . Lety and

X be the study and the auxiliary variable with correspondedgesx andy; respectively foiiy, unitis defined on a finite
populationU. LetY andX be the corresponding population means of the study as wallxBary variable respectively.
Also Iet§3 andS be the corresponding population variances of the study dsasauxiliary variable respectively and
let Cy and Cy be the coefficient of variation of the study as well as aunlisariable respectively, angyx be the
correlation coefficient between x and y.

In order to estimate the unknown population variance we gagample of size n units from the populatidrby using
simple random sample without replacement. keind x be the study and the auxiliary variable with corresponding
valuesy; andx; respectively foii — th unit in the sample. Ley andx be the corresponding sample means of the study as
well as auxiliary variable respectively.

Also let S = Losh o (vi—y) andS = Lo 5T (% — X) be the corresponding sample variances of the study as well as
auxiliary variable respectively.

Some notations that we use are, given as below.
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Ago = % andAgs = % be the coefficient of kurtosis of the study variable y and theile@ry variable x respectively.
20 02

Also letArs = —=, s = § ST (% = Y)" (% — X)®, Ap = 7H2 Agg = 200 A0y = Aoa— 1,45, = Ao — 1,0 = 1
2,2 20H02 5
HzoHo2 H20Hg

2 Existing Estimators

In this section we will discuss some of the existing estirmstbat are available in the literature. When there is noleuyi
information the usual unbiased estimator to estimate tipeiladion variance of the study variable is

to= %
The bias and variance, of the estimatpup to first order of approximation are given by
MSE (to) = 6SAJo (1)

When the population variance of the auxiliary variable iswn the usual ratio estimator to estimate the population
variance of the study variable suggested by Isaki [2] angivgn by

S
r §%2(
The bias and mean squared error, up to first order of apprdiximare given by

Bias(t;) = A 33 (Aoa—A22) )

MSE(ty) = )\$()\54+)\Zo— 2A3,) (3

Recently [I] suggested a family of estimators to estimate the populatiariance of the study variable using
transformations on both the study as well as the auxiliarialste when coefficient of variation of an auxiliary variali

known.
2\ Y 2\
trp:sﬁ[a <%) +(1-a) (%) 1—a (4)

where a,y,a,b,d and n are constants. Let alse = §+a, 65 = (bévz+de2) = (b§+d%) and

C2=(b+d)C2=(b+d) X§‘22 The bias and mean squared error, up to first order of appraximare given by

(%‘) 61[6:{n(n—1)+a(y+n)(y—n-+1)}{Ass+4CZ —4AoxCx} +2{n —a (y+n)} { (3CZ — 2403Cx) + 60 (A3, — 2A21Cx) }]
Where6y = Sﬁiﬁ andéy = 2
(A= 2A21C4)?

MSE(tp) = 8S) | Asp— 5
Some members of the suggested familyfgstimatord; pare
MSE (t1) = 6} [Ado+ (Aga+4CK — 4A0xCx) — (A3 — 2A21Cx)] (6)
0\ * 2 * 2 . *
MSE (t)) = 6S) [Ado+Af (Aga+4CE — 4A0sCx) + 24} (A3, — 2A21Cy)] 7
i . X2 2 2 A
wherei =2,3,4andj=1,2,3. A1 = — (%) A= — (%),/\3 = ()\ch“gjp) (S§%°4>
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3 The proposed Estimator

On the lines of I], we proposed the following exponential-type estimatings$ransformations on both the study as well
as the auxiliary variable, when variance of the auxiliargiatale is known.

S aS+(1-a)]
AN g a ®)

Here s ands? denote the population variances of the transformed vasabhndv respectively. where? = s§ +a,

& =b& +dS andS = (b+d) S Also a, b,d anda are constants and the valueafs to be determined for the purpose
of minimum mean squared error.
Rewriting equatior8, we have

tm = SLZJEXp

_ (b+d)35 a (bsf+dS) +(1—a) (b+d) S
tm‘(§+a)e"p[ b 1dD)r1-a)brd)S (b+d)S

In order to study large sample propertiespf we write
S = (1+40), 8 =S (1+ 1), X=X (1+ ), SuchthaE ({o) = E({1) =E({2) =0,E (&) = 0A}o, E ({Z) = 6Ag,,

E (¢3) = 6C2, E (od1) = 6 (A22— 1), E ({od2) = BA21Cx andE ({1.02) = BAoaCx
In term of £, we have

tm =S¢ (1 2aAl1 +3a%A%{E + {o— 20 A%l ) +a— 2aaAls + 3aa’A%lf — a (9)

The bias and minimum mean squared error up to first order abappation are given by

Bias(tm) = 6aA [3aAMG, (S —a) — 2575, (10)
)\2*

MSE (tm),y, _e$/\40<1— 22 ) (11)
40)‘04

After finding the MSE of the proposed estimator the consthat® no role but it provided to us Minimum MSE. Where
the optimum value ofr is given by.

sy
ont 2A (S +a) Agy

4 Efficiency Comparison

In this section we have compared the efficiency of the prappesématoty, with the usual estimatdg, tr, tp, t1,t2, t3 and
ta
(1)- By 1and11,
2%
MSE (to) — MSE (tm) i, > O if A% >0

)‘04

(2)- By 3and11,
MSE (tr) — MSE (tm) in > 0if [Ags— A22(2A04— A22)] >0

(3)- By 5and11,

MSE (t;) — MSE (tm) i, > O if lAz* (Ao~ 2nC)* ]>0

A& Ada+4CE —4MoCx
(4)- By6and1l,

)\2*
MSE (t) — MSE (tm) yip, > O if <)‘04+4Cx AAoCx — 2/\22+4)\21Cx+)\2*:| >0
04
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(4)- By 6 and11,

) . . )\2*
MSE (tr) ~ MSE (tm)in = O1f |A7 (A -+ 4CS — 440dCx) + 24 (A3, — 24A21Cy) + 522 | 20
04

fori =2,3,4 andj = 1,2,3. The proposed estimator is more efficient than the otheriegigstimator, if the above
conditions are satisfied.

5 Numerical

For percent relative efficiency (PRE), we use the followiogriula.

PRE (K,to) = % x 100,

wherek = to,tr, trp,ta, 12,13, 14 .

To look closely the gain of the proposed estimator, we cardige following real data sets from the literature of survey
sampling.

Population-1: [17]

It consists of 142 cities of India with population (numbepefsons) 100,000 and above. The variates considered are:
X: Census population in the year 1961 and Y: Census populatithe year 1971.

N =142 n=15Y = 40152183 X = 29003872 S, = 84793380 S, = 36724407,Cy = 2.1118C, = 2.1971 pyy =
0.9948 A40 = 40.8536 Agg = 48.1567 Agz3 = 40.2179 Ao = 437615 A1 = 5.9786

Population-2: [18]

Y: Number of rooms per block and X: Number of persons per hlock

N =100n=10Y = 1011,X = 588,S, = 1465955, = 7.53228C, = 0.145Q0C, = 0.1281 pxy = 0.6500 A40 =
2.3523 A0q=2.2387,A93=0.4861 A39g= 0.3248 Ao, = 1.5432 A1 = 0.5714

6 Conclusion

Table 1 clearly indicates that the mean squared error of thpgsed estimator is less than the mean squared errors of
the existing estimators. Table 1 also shows that the prabesémator had the largest gain in efficiency over the usual
unbiased estimator , the usual ratio estimator suggesté¢d]tand the estimators suggested 1y. Having the largest
gain in efficiency the proposed estimator appeared to bedsiedne among all the estimators and would work very well
in practical surveys.
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