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Abstract: We study some isometric operators, including composition, Volterra type and Toeplitz operators on several different Dirich-
let spaces. Besides, the isometric equivalence of Toeplitz operators on Dirichlet space is also characterized.
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1. Introduction

Let be the unit disk in the complex planeC, andS() be
the set of holomorphic self-maps of . The algebra of all
holomorphic functions on domain will be denoted byH()
and the set of all holomorphic automorphisms on will be
denoted byAut(). Let n be the unit poly-disk inCn, and
S(n) be the set of all holomorphic self-maps ofn.

At the beginning, we introduce a generalized Dirich-
let space with respect to a general positive measure on the
open unit disk. Ifµ is a positive measure on , let the nota-
tionD2(µ) denote the space of holomorphic functions on
with

‖f‖µ =
(
|f(0)|2 +

∫

D

|f ′(z)|2 dµ(z)
)1/2

< ∞,

and we call it a Dirichlet space with respect toµ. It is clear
thatD2(µ) is a Hilbert space, and its inner product induced
by its norm has the following formula:

〈f, g〉µ = f(0)g(0) +
∫

D

f ′(z)g′(z)dµ(z).

The Sobolev space of order1 on the unit poly-disk is
denoted byW1

2 , and it is a Hilbert space which is the com-
pleted space of smooth functionsf onDn for which

‖f‖2 =
∣∣∣∣
∫

Dn

fdv

∣∣∣∣
2

+
n∑

i=1

∫

Dn

(∣∣∣∣
∂f

∂zi

∣∣∣∣
2

+
∣∣∣∣
∂f

∂z̄i

∣∣∣∣
2
)

dv < ∞.

Here, ∂
∂zi

= 1
2

(
∂

∂xi
−√−1 ∂

∂yi

)
and ∂

∂z̄i
=1

2 ( ∂
∂xi

+
√−1 ∂

∂yi
).

Let 〈·, ·〉 denote the inner product ofW1
2 induced by its

norm as follow

〈f, g〉 =
∫

Dn

fdv
∫

Dn

gdv

+
n∑

i=1

∫

Dn

(
∂f

∂zi

∂g

∂zi
+

∂f

∂z̄i

∂g

∂z̄i

)
dv.

Recall that the Dirichlet space on the poly-diskD is a
subspace ofW1

2 . Each point evaluation is easily verified to
be a bounded linear functional onD.

In this paper, the notationD2 is applied to denote the
Dirichlet space in the unit disk . And the norm onD2 is as
the following:

‖f‖ = {|f(0)|2 +
∫
|f ′(z)|2 dA(z)}1/2.

Then the inner product onD2 is defined as:

〈f, g〉 = f(0)g(0) +
∫

f ′ḡ′dA(z).

For eachz ∈, there exists an unique reproducing kernel
Rz ∈ D2 which has the reproducing property

f(z) = 〈f, Rz〉
for eachf ∈ D2. It is well known that the formula of the
reproducing kernelRz is given by

Rz(w) = 1 + log(
1

1− z̄w
) (w ∈).
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Readers interested in the topic of holomorphic function
spaces can refer to the books [16] and [17].

Let P be the orthogonal projection fromW1
2 ontoD,

and

Ω =
{

u ∈ C1(Dn) : u,
∂u

∂zi
,

∂u

∂z̄i
∈ L∞(Dn, dv)

}
,

wherei = 1, · · · , n. Givenu ∈ Ω, the Toeplitz operatorTu

with symbolu is a linear operator onD which is defined
by

Tuf = P (uf) (1)

for functionsf ∈ D. It is easy to show that the Toeplitz
operatorTu : D → D is always bounded wheneveru ∈ Ω.

Let ψ ∈ H(D) andϕ ∈ S(D), the composition op-
eratorCϕ induced byϕ is defined asCϕf = f ◦ ϕ for
f ∈ H(D); the multiplication operator induced byψ is
defined byMψf(z) = ψ(z)f(z). The Volterra operator
Jψ is defined by

Jψf(z) =
∫ z

0

f(ζ)ψ′(ζ)dζ;

and another integral operator, namedco-Volterra operator,
Iψ is defined by

Iψf(z) =
∫ z

0

f ′(ζ)ψ(ζ)dζ

wherez ∈ andf ∈ H(). The operatorJψ is actually a
generalization of the integral operator (whenψ(z) = z).
The operatorsJψ andIψ are close companions as a con-
sequence of their relations to the multiplication operator
Mψf(z) = ψ(z)f(z). To see this, note that integration by
parts gives

Mψf = f(0)ψ(0) + Jψf + Iψf.

A linear operatorT on a normed spaceX is said to
be an isometric linear operator if‖Tf‖X = ‖f‖X , for
any f ∈ X. Let X andY be two Banach spaces andT1

andT2 are bounded linear operators onX andY respec-
tively. We say thatT1 andT2 are isometrically equivalent
if there exists surjective isometriesUX andUY on X and
Y respectively such thatUXT1 = T2UY . For Y = X,
two operatorsT1 andT2 are said to be similar if there is a
bounded invertible operatorS onX such thatST2 = T1S.
If S could be chosen to be an isometry as well, thenT1 and
T2 are said to be isometrically isomorphic.

The isometric composition operator on analytic func-
tions spaces has been studied by many authors. In [12,7],
the authors characterized the isometric composition op-
erator on several classic reflexive spaces just like Hardy
space, weighted Bergman space and analytic Besov spaces,
respectively. The isometric composition operators on the
Bloch spaces both in the unit disk, unit poly-disk and unit
ball were discussed in [14,3,1,2,11,4,9,10]. Recently, iso-
metric problems on the spaces of BMOA and Dirichlet
spaces are concerned in [8,13].

Isometric equivalence of composition operators on Hardy
space and several Banach spaces of analytic functions spaces
are investigate in [15,5] and [6], resp..

Base on these foundations, we firstly characterize iso-
metric composition operators on generalized Dirichlet spaces
in the unit disk. Secondly, we study isometric composition
and Volterra type operators on classic Dirichlet space in
the unit disk. Then, we investigate the isometric equiva-
lence of Toeplitz operators on classic Dirichlet space. At
the end of the paper, isometric composition operators on
Dirichlet space in polydisk are also studied to some de-
gree.

2. Isometry on generalized Dirichlet space

Let ν0 be a positive Borel measure on the unit interval
[0, 1], another positive measureν on is called aradial
measurewith respect toν0 if dν = dν0(r)dθ/2π where
dθ represents the Lebesgue measure of∂.

Suppose thatν0 is a positive Borel measure on[0, 1],
a real sequence{an} is called amoment sequenceof ν0 if
an =

∫ 1

0
rndν0 for n = 0, 1, 2, . . ..

Let ν0 be a positive Borel measure on[0, 1] andϕ ∈
S() with ‖ϕ‖∞ = 1. If positive measureν is a radial mea-
sure with respect toν0, andµ is another positive measure
on , then the composition operatorCϕ is isometric from
D2(ν) intoD2(µ) if and only if

∫

D

φnφm |φ′|2 dµ = 0 for ∀n 6= m,

and the sequence{∫
D
|φ|n |φ′|2 dµ} is a moment sequence

of ν0.

Proof.Firstly, assume thatCφ is an isometric composition
operator fromD2(ν) intoD2(µ), then

〈zn, zm〉ν = 〈Cφzn, Cφzm〉µ. (2)

Puttingn = 1 andm = 0 in equation e1, we haveφ(0) =
0. Hence

∫

D

(zn)′(zm)′dν =
∫

D

(φn)′(φm)′dµ.

By the polarization formula, we have the following two
items:

(1)
∫

D
|φ′|2 dµ =

∫ 1

0
dν0(r) whenn = m = 1;

(2)

nmδ(n−1)(m−1)

∫ 1

0

r(n−1)r(m−1)dν0(r)

=
∫

D

(zn)′(zm)′dν =
∫

D

(φn)′(φm)′dµ

whenn > 1 andm > 1.
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So we have
∫

D

|(φn)′|2 dµ = n2

∫ 1

0

r2(n−1)dν0 (n = 1, 2, 3, · · ·),

that is
∫

D

∣∣φn−1
∣∣2 |φ′|2 dµ =

∫ 1

0

r2(n−1)dν0 (n = 1, 2, 3, · · ·).

For0 ≤ x ≤ 1,we have

x =
√

1− (1− x2) =
∞∑

n=0

an(1− x2)n

and ∞∑
n=0

|an| (1− x2)n < ∞ (0 ≤ x ≤ 1).

Since ∣∣∣∣∣
k∑

n=0

an(1− |φ|2)n

∣∣∣∣∣ ≤
∞∑

n=0

|an|

and ∣∣∣∣∣
k∑

n=0

an(1− r2)n

∣∣∣∣∣ ≤
∞∑

n=0

|an| < ∞,

by the dominated convergence theorem, we have
∫

D

|φ| |φ′|2 dµ =
∫

D

∞∑
n=0

an(1− |φ|2)n |φ′|2 dµ

=
∞∑

n=0

an

∫

D

(1− |φ|2)n |φ′|2 dµ

=
∞∑

n=0

an

∫ 1

0

(1− r2)ndν0

=
∫ 1

0

∞∑
n=0

an(1− r2)ndν0 =
∫ 1

0

rdν0.

Similarly, becausex2l+1 =
√

1− (1− x4l+2), we can get∫
D
|φ|2n+1 |φ′|2 dµ =

∫ 1

0
r2n+1dν0 (n = 0, 1, 2, · · ·).

Thus{∫
D
|φ|n |φ′|2 dµ} is a moment sequence ofν0.

Conversely if
∫

D
φnφm |φ′|2 dµ = 0 for ∀n 6= m, and

{∫
D
|φ|n |φ′|2 dµ} is a moment sequence ofν0, then

∫

D

∣∣∣∣∣
k∑

n=0

anφn

∣∣∣∣∣

2

|φ′|2 dµ

=
k∑

n=0

|an|2
∫

D

|φn|2 |φ′|2 dµ

=
k∑

n=0

|an|2
∫ 1

0

r2ndν0 =
∫

D

∣∣∣∣∣
k∑

n=0

anzn

∣∣∣∣∣

2

dν,

that is, the operatorCφ is an isometric operator.

3. Isometric operators onD2

In this section, our discussion starts from the isometric
property for the product of composition and Volterra type
operators.

Let ϕ ∈ S() andψ ∈ H(). Then neither the prod-
ucts of composition and Volterra type operatorsCϕIψ and
CϕJψ, nor the products of Volterra type and composition
operatorsIψCϕ andJψCϕ can be isometric on Dirichlet
spaceD2.

Proof.We here just prove the front half of the theorem, and
it is similar for the back half. Note that the Dirichlet norm
of f ∈ D2 has the following formula:

‖f‖2D2
= |f(0)|2 +

∫

|
f ′(z)|2dA(z). (3)

We assume the operatorCϕIψ to be isometric onD2. And
makingCϕIψ acting on a holomorphic functionf ∈ D2,
we have

CϕIψ(f)(z) =
∫ ϕ(z)

0

f ′(ζ)ψ(ζ)dζ.

Next we take the Dirichlet norm of the operatorCϕIψ(f),

‖CϕIψf‖2D2
=

∣∣∣∣∣
∫ ϕ(0)

0

f ′(ζ)ψ(ζ)dζ

∣∣∣∣∣

2

+
∫

|f ′(ϕ(z))ψ(ϕ(z))ϕ′(z)|2dA(z).

(4)

The formulas V1 and V2 are equal by the assumption on
isometry ofCϕIψ. By puttingf ≡ 1 in both V1 and V2,
we have V1= 1 and V2= 0. That is a contradiction, so the
operatorCϕIψ can not be isometric.

Now assume thatCϕJψ is isometric onD2. By making
CϕJψ acting onf ∈ D2, we obtain

CϕJψ(f)(z) =
∫ ϕ(z)

0

f(ζ)ψ′(ζ)dζ,

and then take its Dirichlet norm,

‖CϕJψf‖2D2
=

∣∣∣∣∣
∫ ϕ(0)

0

f(ζ)ψ′(ζ)dζ

∣∣∣∣∣

2

+
∫

|f(ϕ(z))ψ′(ϕ(z))ϕ′(z)|2dA(z).

(5)

Similarly, formulas V1 and V3 are equal from the isomet-
ric assumption ofCϕJψ. Puttingf ≡ 1 in both V3 and
V1, we have
∣∣∣∣∣
∫ ϕ(0)

0

ψ′(ζ)dζ

∣∣∣∣∣

2

+
∫

|ψ′(ϕ(z))ϕ′(z)|2dA(z)=1.

(6)
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Let f(z) = zn for n = 1, 2, . . . andz ∈ in both V3 and
V1, then

∣∣∣∣∣
∫ ϕ(0)

0

ζnψ′(ζ)dζ

∣∣∣∣∣

2

+
∫

|ϕn(z)ψ′(ϕ(z))ϕ′(z)|2dA(z)

= 0 +
∫

|nzn−1|2dA(z)

= n2

∫ 2π

0

dθ

∫ 1

0

r2(n−1) · rdr = nπ →∞,

asn →∞. But from the formula of V5, it is obvious that
∣∣∣∣∣
∫ ϕ(0)

0

ζnψ′(ζ)dζ

∣∣∣∣∣

2

+
∫

|ϕn(z)ψ′(ϕ(z))ϕ′(z)|2dA(z)

≤
∣∣∣∣∣
∫ ϕ(0)

0

ζnψ′(ζ)dζ

∣∣∣∣∣

2

+
∫

|ψ′(ϕ(z))ϕ′(z)|2dA(z)

=




∣∣∣∣∣
∫ ϕ(0)

0

ζnψ′(ζ)dζ

∣∣∣∣∣

2

−
∣∣∣∣∣
∫ ϕ(0)

0

ψ′(ζ)dζ

∣∣∣∣∣

2



+

∣∣∣∣∣
∫ ϕ(0)

0

ψ′(ζ)dζ

∣∣∣∣∣

2

+
∫

|ψ′(ϕ(z))ϕ′(z)|2dA(z)

=




∣∣∣∣∣
∫ ϕ(0)

0

ζnψ′(ζ)dζ

∣∣∣∣∣

2

−
∣∣∣∣∣
∫ ϕ(0)

0

ψ′(ζ)dζ

∣∣∣∣∣

2

 + 1

→∞.

Hence
∣∣∣
∫ ϕ(0)

0
ζnψ′(ζ)dζ

∣∣∣ → ∞ as n → ∞. Consider-

ing that the line integral is independent on the integration
path, we assume that the line integral between0 andϕ(0)
is taken along the straight complex line from0 to ϕ(0),
and here we denote this straight line by[0, ϕ(0)] and the
notationL[0, ϕ(0)] as its Lebesgue length. So

∣∣∣∣∣
∫ ϕ(0)

0

ζnψ′(ζ)dζ

∣∣∣∣∣

≤
∫ ϕ(0)

0

|ζ|n|ψ′(ζ)||dζ|
≤ sup

z∈D|ϕ(0)|
|ψ′(z)| · L[0, ψ(0)] < ∞,

whereDr represents the closed disc with the origin as its
center andr as its radius. Thence this contradiction im-
plies that the isometric assumption onCϕJψ onD2 must
be false.

The proof of last two negative isometric assertion is
left to the interested readers.

In the remaining text of this section, we will look into
the properties of quasi-isometric composition operator. A
bounded linear operatorT on a Hilbert spaceH is called
a quasi-isometry ifT ∗2T 2 = T ∗T . We will characterize
the quasi-isometric composition operator onD2 in the fol-
lowing theorem. Letϕ ∈ S(), thenCϕ is a quasi-isometry
onD2 if and only if ϕ is a rotation.

Proof.Since the composition operator induced by a rota-
tion is clearly a quasi-isometry, it suffices to show that if
Cϕ is a quasi-isometry, thenϕ is a rotation.

Suppose that the composition operatorCϕ is quasi-
isometry. By the definition of quasi-isometry, we have

〈C∗2ϕ C2
ϕf, g〉D2 = 〈C∗ϕCϕf, g〉D2

for ∀f, g ∈ D2. That is

〈C2
ϕf, C2

ϕg〉D2 = 〈Cϕf, Cϕg〉D2 (7)

If we put f = id, g ≡ 1 in 1, thenϕ(ϕ(0)) = ϕ(0),
that isϕ(0) = 0.

Putf(z) = g(z) = zn for ∀z ∈ in 1, then

〈ϕn ◦ ϕ,ϕn ◦ ϕ〉D2 = 〈ϕn, ϕn〉D2 .

From the definition of inner product onD2, we get
∫

D

|ϕn ◦ ϕ|2 |ϕ′|2 dA(z) =
∫

D

|ϕn|2 |ϕ′|2 dA(z)

that is
∫

D

(|ϕn ◦ ϕ|2 − |ϕn|2) |ϕ′|2 dA(z) = 0.

From Schwarz lemma, we obtain that

|ϕn ◦ ϕ|2 − |ϕn|2 = 0. (8)

Noting thatϕ ∈ S() andϕ(0) = 0, suppose
∞∑

n=1
anzn is

the Taylor expansion ofϕ(z), and we put it in equation 2,
thena1 = λ, |λ| = 1, an = 0 for n ≥ 2, that isϕ is a
rotation.

If ϕ is a rotation of the open unit disk, thenCϕ is an
isometry. Hence ifCϕ is a quasi-isometry onD2, thenCϕ

is an isometry onD2.

4. Isometric equivalence of Toeplitz operators

In this section, we will study the isometric equivalence of
two Toeplitz operators on the Dirichlet space of the disk.
Let f, g ∈ W1

2 (), if two Toeplitz operatorsTf andTg are
isometric equivalent onD2, then there exists a constantγ
with modular1 and an automorphismσ of the unit disk
such that

f(σ(z))− f(σ(0)) = γ(g(z)− g(0)).
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Proof.Supposeλ and κ are two complex numbers with
modular1 andσ is an automorphism of the disk, we define
an integral operatorQ onh ∈ W1

2 () as the following:

Qh(z) = λh(0) + κ

∫ z

0

h′(σ(ξ))σ′(ξ)dξ

for any h ∈ W1
2 (). It is easy to see thatQ is a surjec-

tive isometry onW1
2 () andQD2 = D2. SupposeP is the

Bergman projection fromW1
2 () toD2, then we have

h = (h− Ph) + Ph, and

P (h− Ph) = Ph− PPh = Ph− Ph = 0

for anyh ∈ W1
2 (). Hence

PQh = P [Q(h− Ph) + QPh] = PQPh = QPh.

Then it follows from the above equation thatPQ = QP .
Forh ∈ W1

2 , we have

QTfh = QP (fh) = PQ(fh)

= P (λf(0)h(0) + κ

∫ z

0

(f ′h + h′f)(σ(ξ))σ′(ξ)dξ)

and

TgQh = Tg(λh(0) + κ

∫ z

0

h′(σ(ξ))σ′(ξ)dξ)

= P (gλh(0) + κg

∫ z

0

h′(σ(ξ))σ′(ξ)dξ).

Suppose two Toeplitz operatorsTf andTg are isomet-
ric equivalent onD2, then we haveQTfh = TgQh, where
Q is the surjective isometry onD2 as above andh is an
arbitrary function inD2. From the formula ofQ, we have
the following equation

λf(0)h(0) + κ

∫ z

0

(f ′h + h′f)(σ(ξ))σ′(ξ)dξ (9)

= gλh(0) + κg

∫ z

0

h′(σ(ξ))σ′(ξ)dξ (10)

Let h ≡ 1 in to, then

λf(0) + κ

∫ z

0

f ′(σ(ξ))σ′(ξ)dξ = λg(z).

Taking derivative of both sides, we getκf ′(σ(z))σ′(z) =
λg′. Hence

κ(f(σ(z))− f(σ(0))) = λ(g(z)− g(0)).

Sinceλ andκ are two complex numbers with modular1,
there exists a complex numberγ with modular1 such that
f(σ(z))− f(σ(0)) = γ(g(z)− g(0)).

5. Isometric composition operators onD
Recall that a self-mapϕ of is said to be a univalent full
map if it is one-to-one andA[\ϕ()] = 0. In the following,
we will characterize the isometric composition operator on
Dirichlet space on the poly-disk. Letz = (z1, z2, . . . , zn) ∈n

andτ be a permutation of{1, . . . , n}. For j = 1, . . . , n,
suppose thatϕj ∈ S(), ϕj(0) = 0 and allϕj ’s are univa-
lent full maps on . Denoteϕ byϕ(z) = (ϕ1(zτ(1)), . . . , ϕn(zτ(n))).
ThenCϕ is isometric composition operator onD.

Proof.For simplicity, we shall assume thatτ(j) = j for
eachj = 1, . . . , n. Let us set aside the trivial case for each
ϕj ∈ Aut(). Then

f(ϕ) = f(ϕ1(z1), . . . , ϕn(zn))

for eachf ∈ D, wherezi ∈ D with i = 1, . . . , n.
From the definition of the Dirichlet norm and the fact

thatϕj(0) = 0 for j = 1, . . . , n, we have:

‖Cϕf‖2 = |f(0)|2 +
n∑

i=1

∫

Dn

∣∣∣∣
∂f

∂ϕi

∂ϕi

∂zi

∣∣∣∣
2

dv

= |f(0)|2 +
n∑

i=1

∫

Dn

∣∣∣∣
∂f

∂wi

∣∣∣∣
2

nϕidv.

Howeverϕj is univalent self map,nϕj = 1 for eachj =
1, . . . , n, so

‖Cϕf‖2 = |f(0)|2 +
n∑

i=1

∫

Dn

∣∣∣∣
∂f

∂wi

∣∣∣∣
2

dv,

that is‖Cϕf‖ = ‖f‖, thenCϕ is an isometry onD.

From the expression of inner product onD, we can
easily get the following proposition: Forϕ ∈ S(n), if the
composition operatorCϕ is isometric onD, thenϕ(0) =
0.

The converse of Theorem 5 is still an open question.
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