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Abstract: We study some isometric operators, including composition, Volterra type and Toeplitz operators on several different Dirich-
let spaces. Besides, the isometric equivalence of Toeplitz operators on Dirichlet space is also characterized.
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1. Introduction Here, 2 = 4 (o2 — V=142 ) andZ = (2 +V=T52).

Let be the unit disk in the complex plaié andS() be Let (-,-) denote the inner product o8] induced by its
the set of holomorphic self-maps of . The algebra of all"orm as follow
holomorphic functions on domain will be denoted Hy) (f,9) :/ fdv/ gdv
and the set of all holomorphic automorphisms on will be D D
denoted byAut(). Let™ be the unit poly-disk irC", and n of dg  of dg
S(™) be the set of all holomorphic self-maps’af + Z/ (8 5 + 9% 8‘-) dv.

At the beginning, we introduce a generalized Dirich- =1 /D" \9% 9% 0% O%
let space with respect to a general positive measure on the Recall that the Dirichlet space on the poly-diBks a
open unit disk. Ify is a positive measure on , let the nota- subspace ofV1. Each point evaluation is easily verified to
tion Dy (1) denote the space of holomorphic functions on be a bounded linear functional @

with In this paper, the notatio®, is applied to denote the
1/2 Dirichlet space in the unit disk . And the norm @1 is as
I = (1O + [ 17GP ) <o thefollowing
D
and we call it a Dirichlet space with respecttolt is clear £l = {|£(0)]* + ﬁf’(z)f dA(z)}'2.
thatD, (1) is a Hilbert space, and its inner product induced
by its norm has the following formula: Then the inner product 0Rs is defined as:
(F:9)u = 1050 + [ FETEuCz). (f9) = FOF0) + [Fgaace)
D

The Sobolev space of ordéron the unit poly-disk is  For eachz €, there exists an unique reproducing kernel
denoted byV?, and it is a Hilbert space which is the com- R, € D, which has the reproducing property
pleted space of smooth functiofison D™ for which
2 f(z) =({f, Rz)
I1£1? = / fdv for eachf € Ds. It is well known that the formula of the
b reproducing kerneR,, is given by

n 8f 2 8f 2
d .
+;/ (’E)zi +‘5‘z‘i v R.(w) = 1+log(t——=) (we).
* Corresponding author: e-mail: zhgng@tju.edu.cn
@© 2012 NSP

Natural Sciences Publishing Cor.



266

L. Geng, C. Tong, and H. Zeng : Isometric operators on the Dirichlet space

Readers interested in the topic of holomorphic function
spaces can refer to the books [16] and [17].

Let P be the orthogonal projection fro3 onto D,
and

ou
7827;7

ou
0z;
wherei = 1, - - -, n. Givenu € (2, the Toeplitz operatdF,,
with symbolw is a linear operator of® which is defined
by
T.f = P(uf) 1)
for functionsf € D. It is easy to show that the Toeplitz
operatofT;, : D — D is always bounded whenevere (2.

Lety € H(D) andy € S(D), the composition op-
eratorC, induced by is defined as’, f = f o ¢ for
f € H(D); the multiplication operator induced hy is
defined byM, f(2) = ¥(2)f(z). The Volterra operator
Jy is defined by

)= [ s

and another integral operator, nanued\Volterra operatoy
1, is defined by
)= | 1

wherez € and f € H(). The operatot/,, is actually a
generalization of the integral operator (whefz) = z).
The operators/,, andI,, are close companions as a con-

Q—{uecl(D”):u eL“(D",dv)},

Jyf(z ¢)dg;

Ly f(2

sequence of their relations to the multiplication operator

M, f(z) = ¥(2) f(2). To see this, note that integration by
parts gives

My f = f(0)(0) + Jypf + Iy f.

A linear operatorI’ on a normed spac# is said to
be an isometric linear operator il f||x = | f|lx, for
any f € X. Let X andY be two Banach spaces affi
andT, are bounded linear operators dhandY respec-
tively. We say thafl; and7, are isometrically equivalent
if there exists surjective isometriégy andUy on X and
Y respectively such thal xT} = ToUy. ForY = X,
two operatord; andT; are said to be similar if there is a
bounded invertible operatséron X such thatST, = T3 S.

If S could be chosen to be anisometry as well, thigand
T, are said to be isometrically isomorphic.
The isometric composition operator on analytic func-

Isometric equivalence of composition operators on Hardy
space and several Banach spaces of analytic functions spaces
are investigate in [15,5] and [6], resp..

Base on these foundations, we firstly characterize iso-
metric composition operators on generalized Dirichlet spaces
in the unit disk. Secondly, we study isometric composition
and \olterra type operators on classic Dirichlet space in
the unit disk. Then, we investigate the isometric equiva-
lence of Toeplitz operators on classic Dirichlet space. At
the end of the paper, isometric composition operators on
Dirichlet space in polydisk are also studied to some de-
gree.

2. Isometry on generalized Dirichlet space

Let 1y be a positive Borel measure on the unit interval
[0,1], another positive measuteon is called aradial
measurewith respect tay, if dv = dyy(r)d0/2m where
do represents the Lebesgue measurd.of

Suppose thaty is a positive Borel measure d6, 1],

a real sequencfu,, } is called anoment sequenc# v if
an = fol rdyy forn =0,1,2,....

Let vy be a positive Borel measure ¢i 1] andy €
S() with ||¢||- = 1. If positive measure is a radial mea-
sure with respect toy, andp is another positive measure

n , then the composition operato6t, is isometric from
Do (v) into Do (p) if and only if

/ ¢"om ¢/ dpu =0 for Vn#£m,
D
and the sequendg/,, [¢|" |¢/|* dpu} is @ moment sequence

of 1.

ProofFirstly, assume that’, is an isometric composition
operator fromDy(v) into Dy(1), then

(2", 2™), = (Cpz",Cyz™) . (2)

Puttingn = 1 andm = 0 in equation el, we hawg(0) =
0. Hence

[ @ = [ @y

By the polarization formula, we have the following two
items:

tions spaces has been studied by many authors. In [12, 7}1)fD ¢/ * dpe = [, dvo(r) whenn =m = 1;
the authors characterized the isometric composition op

erator on several classic reflexive spaces just like Hardy
space, weighted Bergman space and analytic Besov spaces
respectively. The isometric composition operators on the
Bloch spaces both in the unit disk, unit poly-disk and unit
ball were discussedin[14,3,1,2,11,4,9,10]. Recently, iso-
metric problems on the spaces of BMOA and Dirichlet
spaces are concerned in [8,13].

1
’nm5(n_1)(m_1)/ r("fl)r(mfl)dyo(r)
0
= [ ey = [ @@
D D

whenn > 1 andm > 1.
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So we have

1
/l(¢”)’\2du:n2/ r?Vdyy  (n=1,2,3,-),
D 0

that is

1
/ 671617 dia = / P20 Ddvy (n=1,2,3,-).
D 0

For0 < z < 1,we have

x=+/1-—(1-22) Zanl—:p

and
Z|an| 1-2z*)"<o0o (0<z<1).
Since
k
> an(1—[g%) <Z|an|
n=0 n=0
and

k 0
Zan(l—TQ)” §Z|an| < 00,
n=0 n=0

by the dominated convergence theorem, we have
/\¢||¢’|2du:/ Zan(1—|¢|2)”|¢’|2du
—Zan/ (1= 161" |¢'F du

n=0

= Zan/ (1 —r3)"dy,
n=0 0
1 o 1
:/ Zan(l—r2)"’du0:/ rdvg.
0 o 0

Similarly, because?*! = /1 — (1 — z4+2), we can get
Ip |6 e P du = [y r2 vy (n = 0,1,2,--).
Thus{ [, [¢|" |¢'|° du} is a moment sequence af.

Conversely if[,, ¢"¢™ |¢'|* du = 0 for Vn # m, and
{5 18" |#')? du} is @ moment sequence af, then

k 2

Y ang”
D n=0

b 2
:Zw/ 1672 12 dy

n=0 D

k 1 k
2
= E |an] / r2"d1/0:/
n=0 0 D {n=0

E apz"

that is, the operataf’y, is an isometric operator.

6'” du

v,

3. Isometric operators onD,

In this section, our discussion starts from the isometric
property for the product of composition and Volterra type
operators.

Let o € S() andy € H(). Then neither the prod-
ucts of composition and Volterra type operatoisl,, and
C,Jy, nor the products of Volterra type and composition
operatorsl,C, and.J,,C, can be isometric on Dirichlet
spaceD;.

Proof We here just prove the front half of the theorem, and
it is similar for the back half. Note that the Dirichlet norm
of f € Dy has the following formula:

1£1%, = |f(0)|2+/f’(2)|2dA(Z)- (3)

We assume the operat6, I, to be isometric orD,. And
makingC,, I, acting on a holomorphic functiofi € D,
we have

»(z)
Clu(NE) = [ PO
0
Next we take the Dirichlet norm of the operat@y I, ( f),

) »(0) .
1CoIy fI3, = / 7

2

Ov(¢)d¢

+f @
L (@ ()9 (0(2))¢" (2) PdA().
The formulas V1 and V2 are equal by the assumption on
isometry ofC, 1. By putting f = 1 in both V1 and V2,
we have VE 1 and V2= 0. That is a contradiction, so the
operatorC, I, can not be isometric.
Now assume thaf', .J; is isometric orD,. By making
C,Jy acting onf € Dy, we obtain

»(z)
Cody(£)(2) = / FOV (),

and then take its Dirichlet norm,

»(0)
1Codufll, = ’ ARG
0

2

(€)d¢

+ / (5)
[£(p(2)¥ (0(2)¢’ (2)|2dA(2).

Similarly, formulas V1 and V3 are equal from the isomet-
ric assumption olC,,J,. Putting f = 1 in both V3 and
V1, we have

(0) 2
/0 V(Q)dc| + 6)

/Iw’(w(Z))v’(Z)sz(Z)—L
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Let f(z) = 2™ forn = 1,2,... andz € in both V3 and

V1, then

ORI 2
[ oo
0
+f
[ ()% (¢(2))¢' (2) 2 dA(2)

o+ [
[nzn—1|2dA(z)

27 1
= n2/ d@/ 2= rdr = nw — oo,

asn — oo. But from the formula of V5, it is obvious that

2

©(0)
/O ¢y (Q)de

<
lom (2)9' (w(2))¢’ (2)|7dA(2)

(0) 2
< ¢ (¢)d¢| +
/o /w'<w<z>>so'<z>2dA<z>
(0) 2 (0) 2
- / ¢y (Q)d¢| — / $(Q)de
0 0
(0) 2
v /
0 ¥ (0(2))¢’ (2)[2dA(z)
(0) 2 (0) 2
- / cy(Q)de| - / $(©0dc| | +1
0 0
— OQ.
Hence’f“’(0 )dg‘ — oo asn — oo. Consider-

ing that the line mtegral is independent on the integration
path, we assume that the line integral betweamd(0)

is taken along the straight complex line frairto ¢(0),
and here we denote this straight line [8y(0)] and the

notationL[0, ¢(0)] as its Lebesgue length. So

‘/«p(o) O

»(0)
s/o <1 (O]
< swp [(2)] L[0, 0 (0)] < oo,

2€D)p(0))

In the remaining text of this section, we will look into
the properties of quasi-isometric composition operator. A
bounded linear operatd’ on a Hilbert spacé{ is called
a quasi-isometry iff*2T2 = T*T. We will characterize
the quasi-isometric composition operator®gin the fol-
lowing theorem. Lep € S(), thenC,, is a quasi-isometry
on D, if and only if  is a rotation.

ProofSince the composition operator induced by a rota-
tion is clearly a quasi-isometry, it suffices to show that if
C, is a quasi-isometry, thep is a rotation.

Suppose that the composition operafdy is quasi-
isometry. By the definition of quasi-isometry, we have

(C2C2f,9)py = (CCof,9)Dy

forVf,g € Dy. Thatis

(C2f,C29)p, = (Cof, Coog) D, (7)
If we put f = id,g = 1in 1, thenyp(p(0)) = ¢(0),

thatisyp(0) = 0.
Putf(z) = g(z) = 2" forVz € in 1, then

(@" 0@, " o @)p, = (", 0" ),

From the definition of inner product di,, we get

/Is@ o o2 |/ dA(z /\w ¢/ dA(2)

that is
n n 2
[ gm0l = 1o I aAe) =
From Schwarz lemma, we obtain that
o™ 0 pf* — o™ * = 0. 8)
Noting thaty € S() andp(0) = 0, supposez an2

the Taylor expansion af(z), and we put it |n equatlon 2,
thena; = A\, |\ = 1,a, = 0forn > 2, thatisy is a
rotation.

If ¢ is a rotation of the open unit disk, th&rn, is an
isometry. Hence i’ is a quasi-isometry of,, thenC,
is an isometry orDs.

4. Isometric equivalence of Toeplitz operators

In this section, we will study the isometric equivalence of
two Toeplitz operators on the Dirichlet space of the disk.

where D, represents the closed disc with the origin as itsLet f, g € W2 (), if two Toeplitz operatord’s and7, are
center andr as its radius. Thence this contradiction im- isometric equivalent o, then there exists a constant
plies that the isometric assumption 6fy.J,, on D, must  with modularl and an automorphism of the unit disk
be false. such that

The proof of last two negative isometric assertion is
left to the interested readers.

(@© 2012 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.6, No. 1, 265-270 (2012) / www.naturalspublishing.com/Journals.asp

N SS 269

ProofSuppose\ and x are two complex numbers with 5. Isometric composition operators orD

modularl ando is an automorphism of the disk, we define

an integral operata) onh € Wi () as the following:
Qh(:) = M(0) + [ (o) (6)d¢

forany h € W1(). It is easy to see thad is a surjec-
tive isometry onWi () andQD, = D,. SupposeP is the
Bergman projection fromwj () to Dy, then we have

h = (h — Ph) 4+ Ph, and

P(h— Ph) = Ph— PPh=Ph— Ph=0

for anyh € W3 (). Hence
PQh = P[Q(h — Ph) + QPh] = PQPh = QPh.

Then it follows from the above equation that) = QP.
Forh € Wi, we have

QTrh = QP(fh) = PQ(fh)
= P(Af(0)h(0) + F»/O (f'h+ 1 f)(0(£))o’ (£)dE)

and

T,Qh = T,(0(0) + 5 [ (o)’ (©)d8

0

— P(gAh(0) + rg /O W (0(6))0" (€)de).

Suppose two Toeplitz operatdfy and7, are isomet-
ric equivalent orD,, then we hav&)Tyh = T,Qh, where
Q is the surjective isometry of?, as above and is an
arbitrary function inD,. From the formula of), we have
the following equation

AF(O)R(0) + 5 / PR DEE)©d (©)
— gAR(0) + rig / W (0(6)o" (©)de (10)
0
Leth = 1in to, then

+n/f

Taking derivative of both sides, we gef’(c(z2))o’(z) =
A¢’. Hence

§)d§ = Ag(z).

Since) andx are two complex numbers with modular
there exists a complex numbemith modularl such that

f(a(2)) — f((0)) = v(g(2) — 9(0)).

Recall that a self-map of is said to be a univalent full

map if it is one-to-one and[\¢()] = 0. In the following,

we will characterize the isometric composition operator on
Dirichlet space on the poly-disk. Let= (21, 22, ..., 25) €"

andr be a permutation of1,...,n}. Forj = 1,...,n
suppose thap; € S(), ¢;(0) = 0 and allp,’s are univa-

lent fullmaps on . Denote by p(2) = (01(2-1)), - - -, Pn(2rmn)))-
ThenC,, is isometric composition operator Gh

ProofFor simplicity, we shall assume thatj) = j for
eachj = 1,...,n. Let us set aside the trivial case for each
@, € Aut(). Then

fl) = flei(z1), ...

for eachf € D, wherez; € Dwithi =1,... n.
From the definition of the Dirichlet norm and the fact

) %pn(zn))

thaty;(0) =0for j =1,...,n, we have:
of 9pi°
2
ICof I = 17 O)F +Z/n e 50
= |£(0)]? +Z/ n%dv.

Howevery; is univalent self mapy,,, = 1 for eachj =
1,...,n,S0

ICatl? = 1fOF +3 [
i=1

3 871]1'

thatis||C, f|| = |||/, thenC,, is an isometry orD.

From the expression of inner product @) we can
easily get the following proposition: Far € S(™), if the
composition operatof’, is isometric orD, theny(0) =
0.

The converse of Theorem 5 is still an open question.
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