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1 Introduction

We are interested in the finite element approximation of the noncoercive problem asso-
ciated with Hamilton-Jacobi-Bellman equation (HJB): find u € W?2°°(€2) such that
max (Alu— f1)=0 in Q,

1<i<M

(1.1

u =0 on I’

where €2 is a bounded open set of RY , N > 1 with smooth boundary ", A!, A%,... A/
denote uniformly second order elliptic operators assumed to be noncoercive, and f1, ...,
f M are M regular functions.

Problems of type (1.1) arise in many applications: stochastic control, management and
economy, mechanics and optics, .... For example in stochastic control the solution of
(1.1) characterizes the infimum of the cost function associated to an optimally controlled
stochastic switching process without costs for switching (see [7]).

From the mathematical analysis point of view, this problem has been extensively stud-
ied in the eighties (see [3,6,8,9]). For numerical analysis and computational aspects of HIB
equations and related variational inequalities (VI) and quasivariational inequalities (QVI)
problems, we refer to [1,2,5,10-12].
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In the present paper we propose to investigate furthermore the numerical analysis of the
associated noncoercive problem.

More precisely, we show that both the continuous and the piecewise linear approximate
solutions are fixed points of contractions in L>°(2). As a result of this, we derive L*°-
error estimate of the approximation.

The paper is organized as follows. In section 2, we state the continuous problem and
characterize its solution as the unique fixed point of a contraction. In Section 3, we define
the discrete problem and characterize its solution as the unique fixed point of a contraction.
In Section 4, we derive an L°°- error estimate of the approximation.

2 The Continuous Problem

We begin by laying down some notations and assumptions that will be needed in this
paper.

2.1 Notations and assumptions

We define second order operators
A= " a @)t Y bz(z)i + ap(z) 2.1)
TR Ox;0xy, Pt ox

such that

aly(x), (), ah(z) € C*Q), €
aiy=aj; 5 ah(x)2B>0;2€Q

Y d@)g& Zv] v >0, Vo eQ, VEe RN,

1< j, k< N

and the operators
, , 92 N 9 .
B= Y gy gt M@ HE@ e, e

where A > 0 is large enough so that B* = A* + \I are strongly coercive on H'(2).
We also define the associated bilinear forms

, C ou d
m(u,v)/< > diy a;] 8:ci+ Zbka k’u+a0( z) v)d:r 2.3)

1< j,k<N
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and
b (u, v) = a'(u, v) + Av,v), (24)

where (. ,.) denote the inner product in L?(£2).
Finally, let f1,..., f be nonnegative right-hand sides in 2> ((2).

2.2 Coercive HJB equation
Let g%, ..., g™ be given functions in W2°°(Q), and 3! be the operators defined in

(2.2). The following problem

max (B¢ —¢')=0 in Q
==t 2.5)

u=0 on I
is called coercive HIB equation.

It is shown in [9] that (2.5) can be approximated by the following weakly coupled
system of QVIs
B¢ v = () 2 (¢ v— (') Yve Hg(Q)
C<k+¢H, v<k4+¢H i=1,...,.M (2.6)

M = ¢,
where k is a positive constant. This is, precisely, stated in the following theorem.

Theorem 2.1 (cf. [9]). The system (2.6) has a unique solution which belongs to
W2P(Q)M | 2 < p < co. Moreover, as k — 0, each component of this system con-
verges uniformly in C(S2) to the solution ¢ of HIB equation (2.5), and { € W ().

2.3 Characterization of the solution of noncoercive HJB equation as the unique fixed
of a contraction

One can observe that the noncoercive HIB equation can be solved by considering the
following equivalent formulation
max (Biu— Fi(u))=0 in ©Q,

1sisM 2.7)

u=0 on I’

where
Filu) = f* + M.
This can be achieved by characterizing the solution of HJB equation (1.1) as the unique

fixed point of a contraction.



264 Messaoud Boulbrachene
Indeed, let us introduce the mapping

T: L®(Q) — L(Q) (2.8)

w— Tw=(

where ( is the unique solution of the coercive HIB equations

1212};\/[(8 (—F(w))=0 in Q, 29)
E=0 on I,
with F¥(w) = f* + dw .

Note that the F*(w)’s play the role of the ¢g*’s in (2.5). So, thanks to Theorem 2.1, (2.9)
has a unique solution. It is also clear from the same theorem that (2.9) can be approximated
by the following system of QVIs

(¢t = () 2 (Fr(w),v = (") Vv € Hy(Q)

C<k+¢H, v<k+¢ti=1,....M (2.10)
<M+1 — 51
and we have
. i _ .
lim ¢ CHcm) =0,Vi=1,2,..., M.
Lemma 2.1. Let w, W be in L>=(Q) and (¢, ..., (M) be the corresponding solutions to

system (2.10) with right-hand sides F'(w) = fi4+ w and F*(w) = f*+ b, respectively.
Then we have
ax ||¢* — f K

< - 0 .
1§HZ1§M‘ A (A B) [lw — |

oo

Proof. Let us denote by |||, the norm of the space L>°(£2) and set
' =1/(A+0) | Fi(w) = F (@) loc -
Then
Fl(w) < FH@)+ || F'(w) = F (@) lloo

< FH @) + (ag(2) +A) / (A +0) | Fr(w) — FH(@) [loo
< Fiw) + (ah(x) + AP).

So, making use of monotonicity result with respect to right-hand side for system of
QVIs related to HIB equation (see [5]), we get

¢ <+l
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Similarly, interchanging the roles of w and w, we also get
Gl < ¢l g ol
Thus
[ ¢" =" Nop=@< @
which completes the proof. O
Theorem 2.2. Under conditions of Lemma 2.1, the mapping T is a contraction.

Proof. Indeed, Let ( = Tw and C~ = Tw be solutions to HIB equation (2.9) with right-
hand sides F/(w) = f* 4+ Aw and F(w) = f? 4+ A\, respectively. Then, making use of
both Theorem 2.1 and Lemma 2.1, we have

ITw —Tal,. = ¢ -]
(o)

6= Gl e =+ =]
< o=l o=+ =<]
< Jim o= ¢+ gm0+ g o]

<M A+ [w =l

Thus, T is a contraction, and therefore, the solution of HIB equation (1.1) is its unique
fixed point. O

3 The Discrete Problem

Let €2 be decomposed into triangles, 7, denote the set of all those elements, and & > 0
be the mesh size. We assume that the family 7, is regular and quasi-uniform. Let
Vi, = {veC(Q)nH"(Q) such thatv/x € P}

be the finite element space, where K is a triangle of 73, and P; is the space of polynomials
with degre < 1. Let {®;}, i = 1,...,m(h), be the basis functions of V},, and A’ the
matrices with generic coefficients

(A = a'(pr,05), L=1,...,m(h); 1<i<M. 3.1)
Let us also define the discrete right-hand sides
Fi=(f o), l=1,..mh); 1<i<M (3.2)

and the usual restriction operator 7,

m(h)
Yo e C(QNHG(Q), rv= 3 v 3.3)
=1
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3.1 The discrete HJB equation

Given the matrices A?, and the discrete right-hand sides F* defined above, the discrete
Hamilton-Jacobi-Bellman equation consists of solving the following problem: Find ujp
€ V}, solution to

i iy
12&;}3/[ (A Uup, F) 0. (3.4)

As in the continuous case, we shall handle the noncoercive problem by transforming (3.4)
into

1g%§4(B up, — F*(up) =0, (3.5)

where
(Fz(uh))l = (fl +A’U/h, @l)) l= 1a"'7m(h)a 1 S 1 S Ma

and B? are the matrices defined by
(B =0'(p1, @s), l=1,....m(h),1<i< M. (3.6)

In the sequel of the paper a discrete maximum principle (d.m.p) assumption will be needed.
More precisely, the matrices B’ will be assumed to be M-matrices (see [4]).

As in the continuous case, we shall characterize the solution of the discrete HIB eqution
as the unique fixed point of a contraction. Let us first define the discrete counterpart of (2.5)
by

max (B'Gy —G) =0 (3.7)
with
G'=(¢' ), l=1,....mh); 1<i<M. (3.8)

It is shown in [5] that (2.5) can be approximated by the following discrete weakly coupled
system of QVIs

V(v —¢) 2 (v () YeeV,

C<k+GH, v<k+¢t,i=1,....M (3.9)
=g,

Theorem 3.1 (cf. [S]). Let the dmp hold. Then, the system (3.9) has a unique solution.

Morover, as k — 0, each component of the solution of this system converges uniformly in

C () to the solution , of (3.7).
3.2 Characterization of the discrete solution of noncoercive HJB equation as a fixed
point of a contraction
Let (Fi(w)); = (f' + Mw, ¢;), L = 1,...,m(h). We introduce the mapping

’]Th : LOO(Q) — Vh (310)
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w— Trw = (
where (j, is the unique solution of the following discrete coercive HIB equation

122’5\4(3 Ch— F'(w)) =0 (3.11)

with (F(w)); = (f* + Mw, ¢1), 1 = 1,...,m(h).
Note that the F*(w)’s play the role of the G%’s in (3.7). So, thanks to Theorem 3.1,
(3.11) has a unique solution. It is also clear from the same theorem that (3.11) can be

approximated by the following system of QVIs

b (Cv—¢) 2 (F(w),v—G,) YveV,

G<k+GH, v<k+GH,i=1,...,M (3.12)
]ilijrl:C}L

and we have limy,_¢ ||, — ¢i || = 0.

Lemma 3.1. Let the dmp hold. Then we have

i _Fi < - . ().
Jnax §h —&h o= AMA+B) |lw=d, , Yw,weL*()
Proof. Exactly the same as that of Lemma 2.1. O

Theorem 3.2. Under conditions of Lemma 3.1, the mapping T}, is a contraction.

Proof. Exactly the same as that of Theorem 2.2. O

3.3 L°°-error estimate

Now, we show that the fixed point approach developped in this paper leads to an L*>°
quasi-optimal convergence of the approximation. For that end, let us first introduce the
following coercive discrete HIB equation

12%}1(\/[(Bi§h — F'(u)) =0, (3.13)

where (Fi(u)); = (f' + \u, ¢;), 1 = 1,...,m(h), and u is the continuous solution of the
HIJB equation (1.1). So, in view of (3.10), we clearly have

¢ = Thu. (3.14)

Therefore, as problem (3.13) is the discrete counterpart of problem (2.7), making use of [2],

we have the following error estimate.
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Theorem 3.3 (cf. [2]).
1 Ch—ulloe < Ch2|loghl?, (3.15)

where C'is a constant independent of h.

Theorem 3.4. Let u and uy, be the solutions of HIB equations (1.1) and (3.4), respectively.
Then

lw—wn [l < Ch* [log h*,
where C'is a constant independent of h.

Proof. Since (;, = Tyu and wuj, = Tjuy, making use of Theorems 2.2, 3.2 and estimate
(3.15), we obtain

| w—un L) < lu—Chlle@ + 1| ¢h— un oo

<llw—=Cn lloo + | Thre — Thup oo

A
< Ch? Nogh’ + ~2— | u—up [oo -

A0
Thus,
Ch? [log h|?
— B ——. O
References

[1] M. Boulbrachene and B. Chentouf, The Finite element approximation of Hamilton-
Jacobi-Bellman: The noncoercive case, Appl. Math. Comput 158 (2004),585-592.

[2] M. Boulbrachene and M. Haiour, The Finite element approximation of Hamilton-
Jacobi-Bellman equations, Comput. Math. Applic 41 (2001), 993—-1007.

[3] H. Brezis and L. C. Evans, A variational approach to the Bellman-Dirichlet equation
for two elliptic operators, Arch. Rational Mech. Anal. 71 (1979), 1-14.

[4] P.G. Ciarlet and P. A. Raviart, Maximum principle and uniform convergence for finite
element method, Comp. Meth. Appl. Mech. Eng. 2 (1973), 1-20.

[5] P. Cortey Dumont, Sur I’ analyse numerique des equations de Hamilton-Jacobi-
Bellman, Math. Meth. in Appl. Sci 2 (1987), 198-209.

[6] L. C. Evans and A. Friedman, Optimal stochastic switching and the Dirichlet problem
for the Bellman equations, Transactions of the American Mathematical Society 253
(1979), 365-389.

[7] W. H. Fleming and R. Rishel, Deterministic and Stochastic Optimal Control,
Springer, Berlin, 1975.

[8] P. L. Lions, Resolution analytique des problemes de Bellman-Dirichlet, Acta Mathe-
matica 146 (1981), 151-166.



Hamilton-Jacobi-Bellman Equations 269

[9] P. L. Lions and J. L. Menaldi, Optimal control of stochastic integrals and Hamilton
Jacobi Bellman equations (part I), SIAM J Control and Optimization 20 (1982) 59—

81.
[10] P. L. Lions and B. Mercier, Approximation numerique des equations de Hamilton-
Jacobi-Bellman, RAIRO, Analyse Numerique/Numerical Analysis 14 (1980), 369—

393.
[11] M. Aslam Noor, Some developments in general variational inequalities, App. Math.

Comput. 152 (2004), 199-277.
[12] S. Zhou and Z. Zou, An iterative algorithm for a quasivariational inequality system

related to HJB equaltion, J. Comput. Appl. Math. 219 (2007), 1-8.

Dr. Messaoud Boulbrachene is currently an Associate Pro-
fessor in the Department of Mathematics and Statistics, at Sultan
Qaboos University, Oman. He received his Master of Science in
Mathematics in 1983 from the University of Dijon, France, and
a Ph. D. in Numerical Analysis in 1987 from the University of
Franche-Comte Besancon, France. Dr. Messaoud Boulbrachene’s
research interests include: Numerical Analysis of Variational and

Quasi-Variational Inequalities, Hamilton Jacobi-Bellman equa-

tions, and Domain Decomposition Methods for PDEs. Dr. Mes-
saoud Boulbrachene has more than 50 publications in refereed
journal, books chapters and conference papers. He has also supervised 9 Master Theses, 2
PhD Theses, and served as external examiner in more than 20 Master and PhD Theses.



