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In this paper, we establish exact solutions for the Davey-Stewartson (DS) equation. The
rational expansion method is used to construct periodic and solitary wave solutions of
the Davey-Stewartson equation. Moreover, we extend the analysis of this method to

solve different types of nonlinear system of Davey-Stewartson.
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1 Introduction

Searching and constructing exact solutions for nonlinear partial differential equations
(NPDEj5) is an ongoing research. These exact solutions when they exist can help to un-
derstand the mechanism of the complicated physical phenomena and dynamically pro-
cesses modelled by these nonlinear partial differential equations (NPDEs). During the past
decades, quite a few methods for obtaining explicit traveling and solitary wave solutions
of nonlinear DS equations have given rise to a variety of powerful methods, such as homo-
geneous balance method [4], the tanh-sech method [3, 6-8], inverse scattering method [1],
bilinear transformation [5], etc.

The motivation of this paper is to extend the analysis of a new compound Riccati equa-
tions rational expansion method to solve different types of nonlinear system of partial dif-
ferential equations (NPDEs). The higher-dimensional nonlinear wave fields have richer
phenomena than that of one-dimensional case since various localized solitons may be con-
sidered in higher-dimensional space. The DS equation has four kinds of soliton solutions:
the conventional line, algebraic, periodic and lattice solitons. The conventional line soliton
has an essentially one-dimensional structure. On the other hand, the algebraic, periodic and

lattice solitons have a two-dimensional localized structure.
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The Davey—Stewartson equation may be written as

‘ 1
ige + 50" (aa +0%q) + X | aP 4= dpa=0, (L.1)
¢x:r - 02¢yy —2A (| q |2)1 = 07
A= +1, 0% =+1.

When ¢ = 1 (1.1) is called the DS I equation, while when ¢ = ¢ (1.1) is the DS II
equation. The parameter \ characterises the focusing or defocusing case.

Davey and Stewartson first derived their model in the context of water wave, with purely
physical considerations. In this context,q(t, z, y) is the amplitude of a surface wave packet,
while ¢(t, z,y) is the velocity potential of the mean flow interacting with the surface wave
[2].

The Davey-Stewartson I and II equations (Denoted by DSI and DSII) are two well-
know examples of integrable equation in two dimensions space, which arise as higher di-
mensional generalizations of the nonlinear Schrodinger (NLS) equation, as well as from
physical considerations [2]. Indeed, they appear in many applications, for example in the
description of gravity-capillarity surface wave packets in the limit of shallow water.

2 New Compound Riccati Equations Rational Expansion Method

The Known Riccati equation is used as sub-equation to set up many algorithms to con-
struct particular travelling solutions for a large number of NPDEs. Generally speaking, the
various extensions and improvement of the Riccati sub-equation methods focus mainly on
presenting more general answer. Recently, Wang [9, 10] claimed that solutions of two dif-
ferent Riccati equations with different parameters are used as two variables in the compo-
nents of finite rational expansion. In this work,we further develop the method Wang [9,10],
named the compound Riccati equations rational expansion (CRERE) method, to construct
new styles solutions of NPDEs. For illustration, we apply the new method to the (2+1)-
dimensional Davey-Stewartson system and successfully construct new solutions.

In the following we outline the main steps of our method:

Step 1. Consider a given NPDEs system with some physical fields u; in three variables

x,y,t, where ¢ numbers the physical field and the subscripts x or ¢ indicate differentiation,
P)i (u iy Wity Wi oy Wi gy Wi tty Ui xy Uity Ui ty, Ui xyy Ui yys - - ) =0. (21)
By using the wave transformation

ui(w,y,t) =U(E), E=k(x+1ly—At), (22)
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where k,[ and )\ are constants to be determined latter, the nonlinear partial differential
equation (2.1) is reduced to a nonlinear ordinary differential equations (ODEs)
Q.U ul,ul’,ul”,...)=0. 2.3)

Step 2. We introduce a new solutions in terms of finite rational formal expansion in the
following form

m; N a;] . (;5// Tj1 '@[/ Tj2
Ui(g) = ag +Z Z 1+r2=j Jl//]2 ( )/ - ( ) ’ (2.4)
=1 (Hl ¢+ pg )
where a%lrﬂ,ul and py (rj, =1,2,3,...,7j; n=1,2) are constants to be determined
and the new variables ¢ = ¢(&) and 1 = (&) satisfy the Riccati equation, i.e.,
d d
£ = hy + hao”, dfqg = hs + hat®, (2.5)

where hi, he, hg and hy are arbitrary constants.

Step 3. The parameter m; in Eq. (2.4) can be found by balancing the highest nonlinear
terms and the highest-order partial derivative term in (2.1) or (2.3).

Step 4. Substituting Eq. (2.4) into Eq. (2.3) along with Eq. (2.5) and then seting all
coefficients of ¢’ and 1, (1t =1,2,...;5 =1,2,...) in the resulting system’s numerator
zero to get an over-determined system of nonlinear algebraic equations with respect to A
anda . (rjn =1,2,3,...,5;n =1,2).

Step 5. Solve the over-determined system of nonlinear algebraic equations by us-
ing Maple program and we would end up with the explicit expressions for A and
afgilrﬂ (rin=1,2,3,...,4; n=1,2).

Step 6. It is well known that the general solutions of the Riccati equation

dF
ag A Fie,

are

1
2
F(§) = tanh(€) =+ sech(), F(§) = coth(§) + csch(&);

L R = esc (6) £ cot():

if rH = Tro = ii’
ifry=1,r=-1, F()=tanh(f),  F() = coth(¢);

)
)
). ifri=ra=1,  F(£) = tan(€);
)
)

1
1) if’l‘l = 5, Ty = —

DO

T o= W

ifry =ry = —1, F(&) = cot(&);

_ -1

N rof + 1o’

where £ = k (x + ly — \t), i = v/—1 and 7 is arbitrary constant.

6). ifry=0,r9 #0, F(¢)
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3 Application to the (2+1)-Dimensional Davey-Stewartson System

Let us consider the (2+1)-dimensional system DS (1.1). With the transformations

q(z,y,t) =u(€) e, gla,y,t) =V(E), (3.1)

where
E=k(z+1ly— ), 0 = k1x + koy + kst,

the system (1.1) is converted to the system
1
{ — kgu — i Mo’ + 502 | = fu -+ 20 ko' + K2 (—K?u + 2ikkl o + k% 2u”)}
+)\u37k\/"}ei9:0, (3.2)
k(1 — o212 ) V" —2X\(u?) =0. (3.3)

With straightforward calculations, Eq. (3.2) and Eq.(3.3) give

(0% (k1 + 0%kal ) = A k =0, (3.4)
o?k* (14 o®)u” 4 20u® — 02 (k} + 0%k3 + 2k3)u — 2k V' = 0, (3.5)
k(1 — o)V —2xu? = 0. (3.6)

By balancing the highest nonlinear terms and the highest-order partial derivative terms
in (3.5) and (3.6) we have n1 = ny = 1.
Thus, we obtain the following formulas as solutions of (3.5) and (3.6), respectively,

ard” + by’ azd” + bay)’
M1¢” + le/)” N1¢H + M2¢”

where ¢ and v satisfy Eq. (2.5).
Substitution of (3.7) and (2.5) into equations (3.5) and (3.6) gives a set of algebraic

u(é) = ao + V() =bo+ 3.7

equations in d)i and wj (1 =1,2,...;5 =1,2,...). Setting the coefficients of these terms
with ¢° and ¢ to zero yields a set of over-determined algebraic equations with respect to

ag, a1, az, bg, by, be, and I. Now, solving the over-determined algebraic equations, we get

— e+ 249 —
ap = Ho My + ,Ulluz7 4y = 21 1, (3.8)
2011 112 — gy F /3 Ay o
1
bo :bo, a = ag, bQ:bQ7 l=4—. (39)
o
Thus briefly ,we can write (3.8) and (3.9) in the following form
-1
a=0oa, a=—+1, b =—au,, (3.10)
Qfhg

1
b0:b07 a2 = az, b2 :an l:iia (311)
g
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where
o= MotV A

24 1o
From (3.1), (3.7), (3.10) and (3.11), we obtain a new type of solutions for the system

(1.1) as the following:

Family 1.

2L [9 tanh €(sech?E F iseché tanh €)% isech€] — i, [esch?E+ csche coth €]

)
1y [2 tanh &(sech?¢ T isech¢ tanh £) & isechf] + o [cschzf =+ csché coth ﬂ
(3.12)

u= o+

. q =u ei (klm +k27] +kst )

d(x,y,t) =V (E)
as [2 tanh &(sech®¢ F iseché tanh &) + isech¢] + by [csch’¢ + csché coth ]
p11 [2tanh &(sech?¢ F iseché tanh &) & isech¢] + puy [csch®€ + esché coth (]

=bo +

Family 2.

O‘;‘—;j [2 tanh &(sech®¢ F isech tanh €) = dseché] +ayu, [sec & tan € £ sec? ¢]

v=a f11 [2 tanh &(sech’¢ F iseché tanh &) & isech¢] — pu, [sec & tan € =+ sec? ¢]
(3.13)

g=u et (k1w +kay +kst )

o(z,y,t) = V(¢)
as [2 tanh &(sech?¢ T isech tanh ¢) & isechg] — bs [sec Etan € £ sec? f] .
1 [2 tanh &(sech?¢ F isech tanh &) & isechg] — puy [sec € tan & + sec? ¢] '

Family 3.

“5—;2_1 [2 tanh € (sech®¢ F iseché tanh €) = isech] —ay, [esc € cot & + esc? €]

e p1y [2 tanh €(sech?¢ F isechg tanh &) & iseché] + pu, [esc € cot € & esc? ¢]
(3.14)

q=u ei (k1x +koy +kst )

Pz, y,t) = V(§)
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az 2 tanh &(sec h?€ F iseché tanh €) + isech] + by [csc € cot € £ csc? €] _
Ly [2 tanh £(sech?¢ F iseché tanh €) + isechf] + 11y [csc € cot € £ cse2 €]’

— Y0

Family 4.

oty [2 coth £(csch?¢ + csché coth &) F csché] +ayp, [CSChQ‘f =+ csché coth ¢]

u=a+ —2 5 5
Ly [2 coth &(csch*E + csch coth &) F cschf] — [y [csch & £ csché coth ﬂ
(3.15)
- g=u ei (k:lzv +koy +kst )

P(z,y,t) = V(E)
as [2coth §(csch®€ & cschg coth €) F csch¢] — by [esch?¢ + csché coth €]
pi1 [2 coth &(csch?¢ = csché coth &) F esché] — py [esch®¢ & csché coth €]

=by +
Family 5.
ag—zgl 2 coth &(csch®¢ + csché coth &) F csché| — apuy [sec & tan € + sec? ¢]

1 [2 coth &(csch?¢ + csché coth &) F csché] + puy [sec € tan & + sec? €]
(3.16)

L g=ué (k12 +kay +kst )

Pz, y,t) =V(S)
as [2 coth &(csch?€ + csché coth &) F csch{] + by [secftan{ + sec? §] .
1y [2 coth &(csch?€ + csché coth &) T csch{] + p1g [sec  tan € £ sec2 €]

Family 6.
O‘a“—l‘gl 2 coth &(csch®€ + csché coth &) F esche] + ap, [esc € cot € £ ese? ¢]

fq [2 coth €(csch?€ + csché coth &) T csché] — iy [esc € cot € + cse? €]
(3.17)

u=oa+

. g=u ei (kl.L +koy +kst )

Pz, y,t) =V (E)
as [2 coth £(csch®¢ & csch coth €) F esché] — by [esc € cot € £ ese? €]
fi1 [2 coth &(csch?¢ = csché coth &) F esché] — py [esc € cot € + esc2 €]
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Here £ = k‘[Iiy/O’—O’2 (k1—|-0'k‘2)t], k, M, Ho, bo, b2, as, ki, ko and k3 are

arbitrary constants,

o= MotV A

(3.18)
24 1o
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