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Abstract: The purpose of this paper is to study common fixed point thesr®r set-valued and single-valued mappings in different
fuzzy metric spaces, namely; fuzzy metric, fuzzy 2-metmd duzzy 3-metric spaces. We extend some definitions to theeth
aforementioned fuzzy metric spaces. The results of FidjeBharma 2] and Tiwari [3] have been extended throughout the paper. We
prove common fixed point theorems for hybrid mappings inyuzetric, fuzzy 2-metric and fuzzy 3-metric spaces.
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1 Introduction Further, Sharmaiff], Sharma and Tiwari 3] studied
unigue common fixed point for three mappings in fuzzy

The emergence of fuzzy set theory to human knowledge2-metric and fuzzy 3-metric spaces. Likewise, Abu-Donia

has opened the way for advanced methods of reasoningand Abdrabou 16,17] studied unique common fixed

The fuzzy thinking and reasoning is scientifically point for four self and hybrid mappings in fuzzy metric,

appropriate for solving real life problems in various fields fuzzy 2-metric and fuzzy 3-metric spaces. Abdrabd§ [

such as medicine, economic and engineering. The metristudied unique common fixed point for sequences of

functions are used to derive general method for measuringnappings in fuzzy metric spaces. In this paper we extend

similarity between elements. The concept of two metricsnew definitions in fuzzy metric, fuzzy 2-metric and fuzzy

considers two view points for similarities. These concepts3-metric spaces. We also extend the results of Fister [

assist in many directions especially in the process ofSharma 15], Sharma and TiwariJ]. We prove common

information technology where fuzzy concepts play anfixed point theorems for hybrid mappings in fuzzy metric,

important role in decision making. fuzzy 2-metric and fuzzy 3-metric spaces.

Heilpern H], Chang p,6] and others studied fixed

point theorems for fuzzy contraction mappings. Kaleva

and SeikkalaT] studied fuzzy sets and systems on fuzzy fo

metric space. This work was extended to a pair of fuzzy2 Preliminaries

contraction mappings by Bose and Sahd)i Park and S o

Jeong 9] proved the existence of common fixed point for Now we begin with some definitions

fuzzy mappings in complete metric space, which are the

fuzzy extensions of theorems as proved by Beg andPefinition 2.1 [19 A binary operation

Azam [10]. Tantawy and Abu-Donia I[1] presented * : [0,1]* — [0,1]is called a continuoug-norm if

common fixed point for a pair of fuzzy mapping in ([0,1],*) is an Abelian topological monoid with the unit 1

2-metric space. Singh and Chauhdg][and Vasuki 13 ~ such that; xb; < a, x b, wheneveia; < a; andb; < b

introduced the concept oR-weakly commuting and forallas, az, by, by €[0,1].

compatible maps in fuzzy metric space. The notions ofFor examplea; by = a;by orag xby = min{ag, by }.

weak compatible and semi compatible maps in fuzzyDefinition 2.2 [20] The 3-tuple(X, M, ) is called a fuzzy

metric spaces was introduced by Singh and Jai. [. metric space ifX is an arbitrary set, * is a continuous t-
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norm andMis a fuzzy set inX? x (0,) satisfying the
following conditions for allx,y,z € Xandty,t, > 0

(FM-1) M(x,y,0) =0,

(FM-2) M(x,y,t) = 1 for allt > O if and only ifx =y,
(FM-3) M(x,y,t) = M(y,x,1),

(FM-4) M(x,z,t1 +12) > M(X,Yy,t1) * M(y, z,t2),

(FM-5) M(x,y, .) : [0,00) — [0,1] is left continuous.
(FM-6) tIi_}r[JOM(x,y,t) =1, forallx,y € X.

Note thatM(x,y,t) can be thought of as the degree of
nearness betweetandy with respect td.

Definition 2.3 [13 Let (X, M, x) be a fuzzy metric space:
A sequence{xn} in fuzzy metric spaceXis said to be
convergent to a point € X if LimmM(xn,x,t) =1, for all
t>0.

A sequencéx, } in fuzzy metric spaciis called a Cauchy
sequence, if

I|m M(xn+p,xn, ) =1, forallt > 0andp > 0.

A fuzzy metric space in which every Cauchy sequence |s(F3

convergentis said to be complete.

Definition
x 1 [0,1]3
([0,1],

2.4 [22,3]A binary operation
— [0,1)is called a continuoug-norm if
) Is an Abelian topological monoid with the unit
such that a; « by *x ¢; < ap * by x ¢ whenever
a; < a,by < by and ¢ < ¢, for all
ap, ap, bla b27 C1, C2 € [07 1]

Definition 2.5 [22,3] The 3-tuple(X,M,x) is called a

fuzzy 2-metric space iX is an arbitrary set, * is a

continuous t-norm andlis a fuzzy set inX3 x (0, )

satisfying the following conditions for al,y,z,u € Xand

t1,to,t3 >0

(FZM'l) M(Xaya Z O) =0,

(F2M-2) M(x,y,zt) = 1 for allt > O when at least two of

the three points are equal,

(F2M-3)M(Xaya Zat) = M(X7Z7y7t) = M(y,Z,X,t),
(Symmetry about three variables)

(F2M-4)M(X,Y,Z t1 + 1t + t3)

> M(X,Y,u,t1) « M(X, U,z t2) * M(u,y, z,t3),

1

Definition 2.7 [31A binary operation
x : [0,1]* — [0,1]is called a continuoug-norm if
([0,1],*) is an Abelian topological monoid with the unit 1
such thataj * by * ¢; x d; < ap * by x ¢, x dp whenever
a; < ap,bp < by,cy < ¢ and dip < dy for all
ai, ag, bla b27 C1, C2, dla d2 € [07 1]
For exampleay « by x ¢y +d; = a;bycpdy orag by x ¢y *
dl = min{al,bl,cl,dl}.
Definition 2.8 [3] The 3-tuple(X,M,x) is called a fuzzy
3-metric space iX is an arbitrary set, * is a continuous
t-norm andMis a fuzzy set inX* x (0, ) satisfying the
following conditions for allx,y,z,w, u € Xandty, tp,t3,t4 >
0
(F3M'1)M(X7y7 Z,W, O) =0,
(F3M-2)M(x,y,zw,t) = 1 forallt > O,

Only when the three simplex x,y,z,w > degenerate,
(F3M-3)M(x,y,zw,t) = M(X,y,w,zt) = M(x,W,y,Z t) =

M-4)M(X,y,Z,w,tg +to +t3+1t1) > M(X, Y,z u,t7)
xM(X, Y, U,W,t2) % M(X, U, Z W, t3) x M(U,Y, Z,W,ts),

(This corresponds to tetrahedron inequality in 3-metric

space)

(F3M-5)M(x,y,z,w, .) : [0,00) — [0, 1] is left continuous.

(F3M-6)tirpo M(x,y,zwt) =1, for allx,y,z,w € X.

In the following example, we know that every metric
induces a fuzzy metric.
Example 2.1 Let (X,d) be a 3-metric space. Define
a;  * b1 *  Cp % dj_ a]_b]_Cldl (OI’
a * by x c1 x dp = min{ay,bs,c1,d1}) and for all
X,¥,ZW € X andt > 0,

t
MOxy,zwt) = t+d(xy,zw)’
Then(X,M, %) is a fuzzy 3-metric space. We call this fuzzy
3-metricM induced by the 3-metrid.
Definition 2.9 [3] Let (X, M, %) be a fuzzy 3-metric space:
A sequence{xy} in fuzzy 3-metric spac&is said to be
convergent to a point

(This corresponds to tetrahedron inequality in 2-metricX € X if lim M(xn,x,zwt) =1, forallz w € X andt > 0.

space)

The function M(x,y,zt) may be interpreted as the
probability that the area of triangle is less than
(F2M-5)M(x,Y,z, .) : [0,0) — [0, 1] is left continuous.
(F2M-6)tILngo M(x,y,zt) =1, forallx,y,ze X.

Definition 2.6 [22,3] Let (X,M,*) be a fuzzy 2-metric
space:

A sequence{xy} in fuzzy 2-metric spac&is said to be
convergentto a point

xe Xif LiTmM(Xn,X,Z,t) =1, forallze X andt > 0.

A sequence{xp} in fuzzy 2-metric spaceis called a
Cauchy sequence, if
Iim M(xn+p,xn,z t)=1,forallze X andt > 0, p> 0.

A sequence{xn} in fuzzy 3-metric spaceXis called a
Cauchy sequence, if
rI&n M (Xn4psXn,Z,W,t) = 1, forallzw € X andt >0, p >

0.

A fuzzy 3-mtric space in which every Cauchy sequence is

convergentis said to be complete.

Definition 2.10 [2]Any two mapsSandT from a fuzzy

metric spacéX, M, x) into itself are said to be compatible

if ”m M(STx, T Sx,t) =1 for allt > 0, wheneverx,}
—>00

is a sequence iX such that limSx = lim Tx, =r and

n—oo n—-o0
reX.
Definition 2.11 [16]Any two mapsS andT from a fuzzy

A fuzzy 2-metric space in which every Cauchy sequence2-metric  space(X,M,x) into itself are said to be

is convergent is said to be complete.

compatible if I|mM(STx, TSw,zt) = 1 for all
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ze X,t > 0, wheneve{x,} is a sequence iX such that
lim S» = lim Tx, =r andr € X.

n—oo n—oo

Definition 2.12 [16] Any two mapsSandT from a fuzzy
3-metric space(X,M,x) into itself are said to be
compatible if nirQM(STm,TSm,z,W,t) =1 for all

z,w € X,t > 0, whenever{x,} is a sequence iX such
that limSx = lim Tx, =r andr € X.
n—oo n—o0

Definition 2.13 [16] Any two mapsSandT from a fuzzy

There exists a numbére (0,1)such that
M(Sx Ty, kt)

> M(AX Ay, t) * M(SxAxt) « M(Ay, Tyt)
*M(Ay, Sxt) « M(AX, Ty, (2— a)t)

forall x,y e X,t > 0,a € (0,2). ThenS, T andA have a
unique common fixed point.
Sharma and Tiwari]2] also extended Theorem 3 in

metric space or fuzzy 2-metric space or fuzzy 3-metricfuzzy 2-metric and fuzzy 3-metric spaces.

space (X,M,x*) into itself are said to be weakly
compatible [12] if they commute at their coincidence
points.

Remark 2.1 [16]. Since * is continuous, it follows from
(FM-4), (F2M-4) and (F3M-4) that the limit of a sequence

3 Main Results

in a fuzzy metric space or a fuzzy 2-metric space or a fuzzy-€t CB(X)be the class of all nonempty bounded closed

3-metric space is unique.

Lemma 2.1 R3] Let {yn}be a sequence in a fuzzy metric
space(X,M, x). If there exists a numbec € (0,1) such
thatM (Yn+2, Yn+1, kt) > M(Yn+1,¥n,t), forallt > Oandn=
1,2,.... Then{yn}is a Cauchy sequence ¥

Lemma 2.2 [2] If for all x,y € X, t > 0 and for a number
ke (0,1),

M(x,y,kt) > M(x,y,t). Thenx=y.

Remark 2.2 [16]. Lemma 2.1 and Lemma 2.2 hold for
fuzzy 2-metric spaces and fuzzy 3-metric spaces.

Fisher [l] proved the following theorem for three
mappings in complete metric space:

Theorem 1 Let Sand T be continuous mappings of a
complete metric spacéX,d) into itself. ThenSand T
have a common fixed point irX iff there exists a
continuous mappingAof Xinto S(X)NT(X) which
commute with S and T and satisfy
d(Ax Ay) < ad(SxTy)forall x,y € X, 0 < a < 1. Indeed
S, T andA have a unique common fixed point.

Sharma 8] extended Theorem 1 to fuzzy metric as the
following.

Theorem 2 Let (X,M,x) be a complete fuzzy metric
space and lesandT be continuous mappings of in X,
thenS and T have a common fixed point iX if there
exists a continuous mappingof Xinto S(X)NT(X)
which commute wittSandT and

M(Ax Ay,qt)

> min{M(Ty,Ay,t), M(SxAxt) ,M(SxTy,t)}

forallx,ye X,t >0and 0< q< 1. ThenS T andA have
a unique common fixed point.

Sharma 8] also extended Theorem 2 in fuzzy 2-metric
and fuzzy 3-metric spaces.

Sharma and Tiwari 121 improved
Sharma 8] and proved the following.
Theorem 3 Let (X,M,x) be a complete fuzzy metric
space witht «t > tfor all t € [0,1]. Let A, SandT be
mappings from X into itself such that:
SX)UT(X) € A(X),

The pairs{A, T} and{A, S} are weakly compatible,

results of

subsets oK.

Definition 3.1 The mappings!| : X — X and
F : X — CB(X) in fuzzy metric spac€X,M, ) are said to
be compatible ifIFx € CB(X) for all x € X and
lim M(IFxn, FIxn,t) = 1 for allt > 0, whenever x, >

n—oo

is a sequence in X such that
lim Ix,=r € A= lim Fx,, A€ CB(X).

ni}m. .. nN—oo .

Definition 3.2 The mappings! : X — X and

F : X — CB(X) in a fuzzy metric spacéX,M, x) are said
to be weakly compatible if they commute at their
coincidence points, i.e., IFx = FIx whenevetx € Fx.
Theorem 3.1Let (X,M,x) be a fuzzy metric space with
txt >t for all t € [0,1]. Let| andJ be mappings from
X into itself andG,F : X — CB(X) set-valued mappings
such that

UFX C JXandGX C IX. Q)
Also, the mappingd,J,F and G satisfy the following
inequality

M(Fx, Gy, kt)

> M(Ix,dy,t) « M(IX,Fx,t) « M(Jy, Gy, 1)
«M(Ix, Gy,t) «M(Jy, Fx,t) 2
forallx,y € X, t >0 andk € (0,1). Suppose that the pairs
{F,1} and {G,J}are weakly compatible. If the range of
one of the mappingk J,F andG is complete subspace of
X. Thenl,J,F andG have a unique common fixed point.
Proof. Let xg € X be an arbitrary point and by using (1),
there exists a point; € X such thatlxy € Fx; , for this
pointxy, we can choose a poirt € X such thatx; € Gx
and so on. Inductively, we can define a sequeygé in X
such that
I¥ni1 € FXon = Yon andixzni2 € Gny1 =Yoni1  (3)
We shall prove thafyn }is Cauchy sequence K.
On using (2) and (3), we obtain

M (y2n7 YZn+1a kt) = M (FXZm GX2n+17 kt)

> M(Ix2n, I%n+1,1) *M(IX2n, FXon, t) * M(IXon11, GXony1,t)
*M(|X2na Gx2n+17t) * M(JX2n+1, FXZnat)
> M(Yan—1,Y2n;t) ¥ M(Yon—1,Y2n,t) * M(Y2n,Yoni 1,1)
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*M(Yon-1,Y2n+1,t) * M(Y2n, Yon, t)
2 M(YZn—LYZnat) * M(YZnaYZn+1at)
*M(Yon—1,Y2n,t/2) * M(Yon, Yon+1,t/2)

> M(Yzn-1,Y2n,t) * M(Y2n, Yani1,1).
Similarly, we have also

M(Yon+1,Yons2, Kt) > M(Yon, Yont1,t) * M(Yant1, Yont2,t)

Thus,M(Yn+1,Ynt2, kt) > M(Yn, Ynt1,t) * M(Ynt1, Ynro,t)
foralln=1,2,... and so for positive integers p

M (Ynt1Yns2,Kt) > M(Yn, Yni1,t) % M(Yns1, Yny2,t/KP)

SinceM (Yni1,Yni2,t/kP) — 1 asp — co.
Then,M(Yn:1,Ynt2,kt) > M(Yn,Yni1,t).

On using Lemma 2.1, we obtain the sequergg}is
Cauchy sequence. Suppose th4tis complete, therefore
by the above, the sequent&e,1} is Cauchy and hence
Jxoni1 — z = Jv for somev € X. Hence, the sequence
{yn} converges also toz and the subsequence
{Ixont+2}, {FXonr1} and {Gxpni1} converge toz. We
shall prove thaz = Jv e Gv. On using (2), we obtain that

M(szna GV? kt)

2 M(|X2anVvt) * M(|X2n7 FXvat) * M(JV, vat)
*M(IX2n, GV t) x M(JV, FXon, t).

Taking the limitn — oo, we obtain
M(z,Gv,kt)

>M(z,zt)xM(z,zt) * M(z, Gy t) «M(z, GV t) * M(z,zt)
> M(z,Gvt).

On using Lemma 2.2, we obtain thav = {z} = {Jv}.
Since JGX C IX, sou € X exists such thaflu} = Gv=
{z} = {Jv}. Now if Fu # Gy, so that we have

M(Fu,Gv,kt)

> M(lu,Jvt) « M(lu,Fu,t) « M(Jv,Gvt)
*M(lu,Gvt) * M(Jv, Fu,t)

Hence,
M(Fu,zkt)

>M(z,zt)«M(z Fu,t) «M(zzt)
*M(z,z,t) * M(z Fu,t)
> M(z,Fu,t).

Then,Fu={z} = {lu} = Gv={Jv}.
SinceFu = {lu} and the paifF,|} is weakly compatible,
we obtain

Fz=Flu=IFu={lz}

On using inequality (2), we have
M(Fz Gvkt) > M(Fzzkt)

> M(lz,dvt) « M(Iz,Fzt) « M(Jv,Gvt)
*M(lz,Gvt) * M(Jv,Fzt)
> M(z,Fzt).

Hence{z} = Fz= {Iz}. Similarly, {z} = Gz= {Jz}where
the pair{G, J} is weakly compatible. Therefore, we obtain
that{z} = {1z} ={Jz} =Fz=Gz

To seezis unique, suppose thép} = {Ip} ={JIp} =
Fp=Gp.
If p+# z then

M(FzGp,kt) > M(z p,kt)

>M(1z,dpt)«M(Iz,Fzt)«M(Ip,Gp,t)
*M(1z,Gp,t) * M(JIp,Fzt)
> M(z p,t).

Thusz= p. Then,l,J,F andG have a unique common
fixed point.

Theorem 3.2Let (X, M, *) be a fuzzy metric space with
txt >t forallt € [0,1]. Letl be mapping fronX into itself
andG,F : X — CB(X) set-valued mappings such that

UrxUJ(Uex) < 1

Also, the mappings,F and G satisfy the following
inequality
M(Fx, Gy, kt)

> M(Ix,ly,t) « M(Ix,Fx,t) « M(ly, Gy,t)
*M(IX,Gy,t) «* M(ly, Fx,t)

forallx,y € X, t >0 andk € (0,1). Suppose that the pairs
{F,1} and{G, | }are weakly compatible. If the range of one
of the mappingd,F and G is complete subspace .
Thenl,F andG have a unique common fixed point.
Proof. It is obvious if we také = J in Theorem 3.1
Remark 3.1 Theorem 3.2 is extension for Theorem 3
(Sharma and Tiwari [21]) in fuzzy metric space.
Theorem 3.3Let S be mapping from fuzzy metric space
(X,M,x) into itself and T : X — CB(X) set-valued
mapping such that) TX C SXand

M(Tx Ty, kt)

> M(SxSyt) «M(SxTxt)«M(SyTyt)
*M(SxTy,t) * M(SyTxt)

forall x,y € X, t > 0 andk € (0,1). Suppose that the pair
{T,S} is weakly compatible, if the range of one of the
mappingsT andSis complete subspace ¥f ThenT and
Shave a unique common fixed point.

Proof. Itis obvious if we takd= = G =T andl = J = Sin
Theorem 3.1.
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Now we prove thatl,J,F and G have a unique
common fixed point in fuzzy 2-metric space.
Definition 3.3 The mappings| : X — X and
F : X — CB(X) in fuzzy 2-metric spacéX,M, ) are said
to be compatible iflFx € CB(X) for all x € X and
AmM(IFX“’FIX“’Z’t) = 1forallze X,t > 0, whenever

< X, > is a sequence in X such that
lim Ixp =1 € A= lim Fx,, A€ CB(X).

n—>oc' .. N—oo .

Definition 3.4 The mappings! : X — X and

F : X — CB(X) in a fuzzy 2-metric spac€X,M,x) are

Thus,

M(Yn+l;Yn+27W7 kt) > M(Yn7Yn+l7W7t) * M(Yn+l7Yn+27W7t)

foralln=1,2,... and so for positive integers p

M(Yn+l7Yn+27W7kt) 2 M(Yn;Yn+l7W7t) * M(Yn+l;Yn+27W7t/kp)

SinceM (Yni1,Yni2, Wt /kP) — 1 asp — co.
ThenvM(Yn+17Yn+27Wa kt) 2 M(yn7yn+lvvv7t)'

On using Lemma 2.1, we obtain the sequekgg}is Cauchy
sequence. Suppose thBX is complete, therefore by the above,
the sequencdJxpn.1} is Cauchy and hencédpni1 — z=Jv

said to be Weakly Compatible if they commute at their for somev € X. Hence, the Sequean/n} converges also ta

coincidence points, i.e., IFx = FIx whenevetx € Fx.

Theorem 3.4Let (X, M, x) be a fuzzy 2-metric space with
txt >t for all t € [0,1]. Let| andJ be mappings from
X into itself andG,F : X — CB(X) set-valued mappings
satisfying condition (1). Also, the mappings), F andG
satisfy the following inequality

M(Fx, Gy, w, kt)

> M(Ix,Jy,w,t) « M(Ix, Fx,w,t) « M(Jy, Gy, w, t)

*M(Ix, Gy,w,t) « M(Jy, Fx,w,t) 4)

for all x,y,w € X, t > 0 andk € (0,1). Suppose that the
pairs{F,|} and{G, J}are weakly compatible. If the range
of one of the mappings J,F andG is complete subspace
of X. Thenl,J;F and G have a unique common fixed
point.

Proof. We can define a sequenf} in X such that

I¥en+1 € FXon = Yon andlixon 2 € GXeny1 = Yoni1
Now, we shall prove thafy, }is Cauchy sequence X.
On using (4), we obtain

M(y2n7)’2n+l7W7kt) = M(FX2n7GX2n+17W7 kt)
> M(IXan, Deni 1, Wit) ¥ M(IXan, FXan, Wit)
*M(JX2n+17GX2n+l7W7t) *M(|XZH7GX2FI+17VV7I)

*M (I%on+1, FXon, W, t)
> M(Y2n—1,Y2n,Wit) # M(Y2n-1,Y2n, Wi t) * M(Y2n, Yon+ 1, W, t)
*M(Yan-1,Y2n+1, W, t) * M(Y2n, Yan, Wit)
> M(Yan—1,Y2n, Wi t) * M(Yan, Yon+1, Wi t) M(YZn—l7YZn7W7t/3)
*M (Yan, Yon+1, Wit /3) * M(Yan_1,Y2n+1, Yon,t /3)
> M(Y2n—1,Y2n, Wit) % M(Y2n, Yon i1, W, t) * M(Yon_1, Yon, Wit /3)

*M(y2n7)’2n+l:W7t/3) * M(yl7y37y27t/9k2n)

*M(Y1,Y27YZ7I/9|<2”) * M(YZ,Y37YZ7I/9|<2”)-

SinceM (y1, Y3, Y2,t/9k%") — 1 asn — o.
Thus, we have

M (yZn:YZn+17W: kt) 2 M (YZn—17y2n7W7t) *M (YZmYZnJrl:W?t)
Similarly, we have also

M (YZn+l:YZn+2: W, kt) > M (y2n7YZn+l7 W, t) *M (y2n+1:YZn+27 W, t)

and the subsequenc€lxoniz}, {FXonr1} and {Gxon:1}
converge t@ We shall prove that = Jve Gv. On using (4), we
obtain that

M (Fx2n, GV, w, kt)

2 M(|X2n7JV7W:t) * M(|X2n7 FXZI’h\N?t) * M(JVGVW7t)
*M (IX2n, GV W, t) « M (JIV, F Xon, W, t).
Taking the limitn — o, we obtain
M(z GV, w, kt)
> M(z,z,w,t) «M(z zw,t) «M(z,Gv,w,t)
*M(z,Gv,w,t) «M(z,z,w,t)

> M(z,Gywt).

On using Lemma 2.2, we obtain thav = {z} = {Jv}.
SinceJGX C IX, sou € X exists such thaflu} = Gv= {z} =
{Jv}. Now if Fu # Gy, so that we have

M(Fu,Gv,w, kt)

> M(lu,Jv,w,t) * M(lu, Fu,w,t) « M(Jv, Gy, w, t)
«M(lu,Gv,w,t) =« M(Jv, Fu,w,t)

Hence,
M(Fu,z w,kt)
>M(z,z,w,t) «M(z,Fu,w,t) «M(z z w,t)
«M(z,Z,w,t) x«M(z, Fu,w,t)
> M(z,Fu,wt).
Then,

Fu={z} = {lu} = Gv={Jv}.

SinceFu = {lu} and the paif{F,|} is weakly compatible, we
obtain
Fz=Flu=IFu={lz}

On using inequality (4), we have
M(Fz Gv,w,kt) > M(Fzzw,kt)

> M(lz,dvw,t) «M(lz,Fz,w,t) « M(Jv, Gy, w,t)
«M(1z,Gvw,t) « M(Jv, Fz w,t)
> M(z,Fz,wt).

Hence{z} = Fz = {lIz}. Similarly, {z} = Gz= {Jz}where the
pair{G,J} is weakly compatible. Therefore, we obtain tha} =
{1z} ={Jz} =Fz=CGz

To seezis unique, suppose thép} = {Ip} = {Ip} =Fp=
Gp.
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