J. Ana. Num. Theoi3, No. 2, 79-88 (2015) %N =S¥\ 79

Journal of Analysis & Number Theory
An International Journal

http://dx.doi.org/10.18576/jant/030201

On Asymptotically Ideal ¢-Statistical Equivalent
Sequences of Fuzzy Real Numbers

Bipan Hazarika and Ayhan ESi*

1 Department of Mathematics, Rajiv Gandhi University, RoriblsHDoimukh-791112, Arunachal Pradesh, India
2 Adiyaman University, Science and Art Faculty, Departmei¥athematics,Adiyaman-02040, Turkey

Received: 28 May 2015, Revised: 3 Jun. 2015, Accepted: 42Dirh
Published online: 1 Jul. 2015

Abstract: In this paper we introduce some definitions which are therahttombination of the definition of asymptotic equivalence
statistical convergencap-statistical convergence of fuzzy real numbers and ideakddition, we introduce asymptotically ideal
equivalent sequences of fuzzy real numbers and establsired relations related to this concept. Finally we intredtiee notion
of Cesaro Orlicz asymptotically equivalent sequencesiofy real numbers and establish their relationship witkeothasses.
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1 Introduction been made in this areas after the workSafat B5| and
Fridy [12]. Over the years and under different names
Pobyvancts 33 introduced the concepts of statistical convergence has been discussed in the theory of
asymptotically regular matrices, which preserve theFourier analysis, ergodic theory and number theory.
asymptotic equivalence of two nonnegative numbers
sequences. Marouf 2f] peresented definitions for
asymptotically equivalent and asymptotic regular
matrices. Patterson3]] extend these concepts by
presenting an asymptotically statistical equivalent agall
of these definitions and natural regularity conditions for
nonnegative summability matrices. Patterson and Sava
[32] introduced the concepts of an asymptotically
lacunary statistical equivalent sequences of real number
Braha [l] extend the definitions presented i82] to
AM-lacunary statistical equivalent real sequences. Savas
[38 introduced the concepts of asymptotically A family of setsl c P(N) (power sets oN) is called
generalized statistical equivalent sequences of fuzzyanidealif and only if for eachA B € |, we haveAUB € |
numbers. Kumar and Sharm@9 was introduced the and for eachA € |1 and eachB C A, we haveBe |. A
generalized equivalent sequences of real numbers usingon-empty family of sets# C P(N) is afilter onN if and
ideals and studied some basic properties of this notion. only if ¢ ¢ %, for eachA B € .%, we haveANB € #
and eachA € .# and eachB D A, we haveB € .#. An
Actually the idea of statistical convergence wasideal | is called non-trivial ideal ifl # ¢ and N ¢ I.
formerly given under the name "almost convergence” byClearly | ¢ P(N) is a non-trivial ideal if and only if
Zygmund in the first edition of his celebrated monograph.#% = (1) = {N—-A: A€ 1} is a filter on N. A
published in Warsaw in 193558]. The concept was non-trivial ideall C P(N) is calledadmissibldf and only
formally introduced by Fastlf], Steinhaus41] and later  if {{x} : x € N} C I|. A non-trivial ideall is maximalif
was reintroduced by Schoenbergd0] and also there cannot exists any non-trivial idelys | containingl
independently by BuckZ]. A lot of developments have as a subset. Further details on ideal®@f) can be found

Kostyrko et. al P1] introduced the notion of
I-convergence with the help of an admissible idéal
denotes the ideal of subsets df, which is a
generalization of statistical convergence. Quite regentl
Das et al.f], unified these two approaches to indroduce

ew concepts |-statistical convergence,l-lacunary
tatistical convergence and investigated some of its
onsequences. More applications of ideals we refeBto [
,9,13,14,16,17,18,19,20,23,36,37,43,44,45,46].
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in Kostyrko, et.al 1. Recall that a sequence= (i) of
points inR is said to bd-convergent to a real numbéif
{keN:|x—¢| > ¢} el foreverye > 0 ([21]). In this
case we write | — limx, = /. If we take
| =1 ={ACN:Ais a finite subset. Thenl; is a
non-trivial admissible ideal oN and the corresponding

Let L(R) denote the set of all fuzzy numbers. The
linear structure oL(R) induces the additioiX +Y and
the scalar multiplicatiol X in terms ofa-level sets, by

(X+Y]" = [X]* + Y]

convergence coincides with the usual convergence. If weand

takel =15 = {AC N: 6(A) = 0} whered(A) denote the
asyptotic density of the sek. Thenls is a non-trivial

admissible ideal oN and the corresponding convergence

coincides with the statistical convergence.

The concepts of fuzzy sets and fuzzy set operations

were first introduced by Zadelb?] and subsequently

[AX]¥ =A[X]% for eachO< o < 1.

The sefR of real numbers can be embeddedL{iR) if
we definer € L(R) by
- 1, ift=r;
r(t):{o’ if t £r

several authors have discussed various aspects of the
theory and applications of fuzzy sets such as fuzzy The additive identity and multiplicative identity of
topological spaces, similarity relations and fuzzy L(R) are denoted b and1, respectively.

orderings, fuzzy measures of fuzzy events, fuzzy

mathematical programming. Matloka27] introduced

Forr in R andX in L(R), the productX is defined as

bounded and convergent sequences of fuzzy numbers arfdllows:

studied their some properties. Later on sequences of fuzzy
numbers have been discussed by Diamond and Kloeden

[5], Mursaleen and Basari2f], Mursaleen 28], Nanda
[30], Canak f], Savas B9, Roy and Sen 34|, Tripathy
and Dutta #8,49], Tripathy and Baruahd0], Tripathy et
al [47], Tripathy and Senq1] and many others.

LetC(R") = {AC R": Ais compact and convex get
The spaceC(R") has a linear structure induced by the
operations

A+B={a+b:acAbeB}
and
yA={ya:ac A} for AB<cC(R") andy € R.
The Hausdorff distance betweé@nandB in C(R") is
defined by
00 (A,B) = max{supinf [la—b||,supinf ||la— b||} .
acAbeB beBacA

It is well-known that(C(R"), &) is a complete metric
space.

A fuzzy number is a functiorX from R" to [0,1]

X(r=%), if r £0;

rX() 0, ifr=o

{

Define amaml : L(R) x L(R) — R by

d(X,Y) = sup 3 (X%, Y%).

0<a<l

ForX,Y € L(R) defineX <Y if and only if X <Y?
forany a € [0,1]. It is known that(L(R),d) is complete
metric space (sef)).

A sequencel = (ux) of fuzzy numbers is a functiol
from the setN of natural numbers intb.(R). The fuzzy
numberu, denotes the value of the functionlka€ N (see
[27]). We denote byw" the set of all sequences= (uy)
of fuzzy numbers.

Definition 1.[27] A sequence &= (uy) of fuzzy numbers is
said to be bounded if the sét : k € N} of fuzzy numbers
is bounded.

We denote by, the set of all bounded sequences
(uk) of fuzzy numbers.

which is normal, fuzzy convex, upper semicontinuous andDefinition 2.[27] A sequence &= (uk) of fuzzy numbers

the closure of{X € R": X(x) > 0} is compact. These
properties imply that for eachQ a < 1, thea-level set

X9 ={XeR":X(x) >a}

is a non-empty compact, convex subset RF with
supportX®

If R"is replaced by , then obviously the s&(R") is
reduced to the set of all closed bounded interdais|A, A|
onR, and also

0 (A,B) = max(|A—BJ,[A—B]).

is said to be convergent to a fuzzy numbgififor every
€ > Othere is a positive integenksuch that dug,up) < &
for k > ko.

We denote byc" the set of all convergent sequences
u = (ux) of fuzzy numbers. It is straightforward to see
thatc™ c /F c wh

Throughout the paper, we dendtas an admissible
ideal of subsets dff, unless otherwise stated.

Now we recall the following difinitions.
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Definition 3.A real or complex number sequence-Xx)
is said to be statistically convergent to L if for every 0

Iim%|{k§n:|xk—L|2£}|:0.

In this case, we write Slimx =L or xx — L(S) and S

denotes the set of all statistically convergent sequences.

Definition 4.[26] Two non-negative sequences=x(xx)
and y= (y) are said to be asymptotically equivalent if
lim % =1,
K Yk
denoted by x-y.

Definition 5.[31] Two non-negative sequences=x(xx)
and y= (yx) are said to be asymptotically statistical
equivalent of multiple L provided that for every> 0

] o

Iim}Hk<n:
nn Yk

denoted by xSvL y and simply asymptotically statistical
equivalent if L= 1.

Definition 6.[25] Two non-negative sequences=x(xx)
and y= (yx) are said to be strongly asymptotically
I-equivalent of multiple L provided that for eaeh> 0

&—L‘>s}el

1 n
neN:—z
& Y

k
_ L
denoted by >|< Gl y and simply strongly asymptotically

I-equivalentif L= 1.

Definition 7.[24] A sequence &= (uy) of fuzzy numbers is
said to be I-convergent to a fuzzy numbaeritufor each
€ > 0the set

A={ke N:d(uup) > e} €l.

In this paper we define asymptoticallystatistical
equivalent, asymptotically |-¢@-statistical equivalent

sequences of fuzzy real numbers and establish some basic

Definition 8.[38] Two non-negative sequences=u(u)
and v= (w) of fuzzy real numbers are said to be
asymptotically statistical equivalent of multiple L
provided that for everg > 0

Iimﬂ{kgn:d(ﬁ,L) Zs}‘zq
nn Yk

oL
denoted by & y and simply asymptotically statistical
equivalent if L= 1.

Definition 9.A sequencéu) of fuzzy real numbers is said
to be I-statistically convergent to a fuzzy real numbgr u
for eache > 0andd > 0,

{neN:%|{k§n:d(uk,uo)28}|25}el.

In this case we write(1) — lim ux = up.

Definition 10.Two non-negative sequenc@g) and (V)
of fuzzy real numbers are said to be asymptotically
I-equivalent of multiple L provided that for evegy> 0

{keN:d<%,L) >£}el,
Vi

denoted by (uk) N (v) and simply asymptotically
I-equivalentif L= 1.

Lemmallet | ¢ P(N) be an admissible ideal. Let

(u), (V) € ffo with | —limyug = 0= I — limy v such that
L

(UuQ) ~ (Vo). Then there exists a sequene,) < £F with

| — limewi = 0 such that(ue) ~ (wi) ~ (vi).

Definition 11.Two non-negative sequenc@s) and (Vi)

of fuzzy numbers are said to be asymptotically I-statistica
equivalent of multiple L provided that for evegy> 0 and

for everyd > 0,

{neN:}Hk<n:d(%,L> >£}‘>6}el,
n Vk

results regarding the notions. In last section we introduce

the concepts of Cesaro Orlicz
I-equivalent,Orlicz asymptoticallg-statistical equivalent

sequences of fuzzy real numbers and establish som

relationships with other classes.

2 Asymptotically statistical equivalent
sequences using ideals

In this section, we definel-statistical convergence,
asymptotically I-equivalent and  asymptotically

| -statistical equivalent sequences of fuzzy real numbers
and obtain some analogous results from these newdenoted by (uK) ~

definitions point of views.

. ()"
asymptotically denoted by(ux) "~

(v) and simply asymptotically
|-statistical equivalent if = 1.

Befinition 12.Two non-negative sequenc@s) and (Vi)

of fuzzy real numbers are said to be strongly
asymptotically Cesaro I-equivalent (or

| — [C4]-equivalent) of multiple L provided that for every

0>0,
n
{neN:EZd(%,L>>5}eI
nk:l Vi

_ L
S (w) and simply strongly

asymptotically Ceo I-equivalent if L= 1.
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Theorem 1Let (uy), (vk) be two non-negative sequences Now for n > mg we have

(o)t
of fuzzy real numbers. Ifu) € /5 and (u) ~ (V).
y |7[C1]L (fuk) (k) (k) 1“{0<k<n_1d(%’|_>>8}‘
Then(u) ~° (W). n Vk
Pt 1 Uy
ProofSuppsoe thatt) € ¢F and(ug) X (). Then we =5 {0< k<my—1:d (V_k’ >¢€ ‘

can assume that

supd <%L) <K for all k.
k Vi

1 Uy
— <k<n-1: — >
+nHrrb_k_n 1 d(vk,L)_e}‘
>

M i <k<n-1:d( %L MO
Let e > 0. Then we have = nlMesksnm g Erl=m Ty
n n Thus for sufficiently largea
PRICOIEPRIC
- k = k
k=1 k=1 }Hmogkgn—l:d<%,L)28}‘§M+§<6.
1 n Ui 1 n Ui n Vi n 2
< n k; d (V_k’l‘> + n kZl d (V_k’l‘> This established the result.
d(uT‘:,L)zs d(\u,T‘:,L)<s
- K 1 k<n: d %’L Sella e 3 Cegarq Orlicz _asymptotlcally ideal
n Vi (-statistical equivalent sequences

Consequently for ang > £ > 0, 5 ande are independent, In this section we define the notion of Cesaro Orlicz

we have asymptotically ¢-statistical equivalent and Orlicz
10 Uk asymptotically idealp-statistical equivalent sequences of
neN: - z d (—,L) >0 fuzzy real numbers and established some interesting
& Wk relationship between these notions.
cC {n eN: 1 Hk <n:d (%J_) > EH > ﬁ} cl Let P denote the space whose elements are finite sets
B n o Vi o K of distinct positive integers. Given any elemenof P, we
. -yt denote byp(o) the sequencépn'(a)} suchthapy(o) =1
whered; = 6 — € > 0. This shows thatuy) ~" (). for n € o andpn (o) = 0 otherwise. Further
Theorem 2Let | be a non-trivial admissible ideal. o
Suppose for gived > 0 and everye > 0 Ps= {0 eP: z pn(0) < s} ,
n=1

1 Uk
{n eN:— HO< k<n-1:d (v_k’L> > EH < 5} €Z  je.Psis the set of those whose support has cardinality
at mosts, and we get

()t
then(u) < (w). O={p=(@):0< @ < ¢h < Gho1 andngh.1 < (N+ 1)}
ProofLet d > 0 be given. For everyg > 0, choosen; such ~ We define
that Ts = i Ug-
1 @ keo,oePs

—Hogkgn—l:d(%,q Z£H<é, foralln>n;.
n Vk 2

@) Definition 13.A se
. - . quence &= (uy) of fuzzy real numbers
It is sufficient to show that there exists such that for is said to bep-summable td if lims s — ¢.

Now we give the following definitions.

n>ny
Definition 14.A sequence = (uk) of fuzzy real numbers
1 Ho <k<n-1:d (% L) > g}‘ < § is said to be stronglyp-summable td if
n - v )~ 2
1
Let np = max{ny,n,}. The the relation (1) will be true for slm o Z d(ug,€) = 0.

. 03
n > no. If mg chosen fixed, then we get kea,0€hs

- (]
HOS K<mo_1:d (%,L) > g}’ M. In this case we write uy— ¢ and [¢] denote the set of all

strongly g-summable sequences.
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Definition 15.Let E C N. The number Definition 20.Two non-negative sequenc@s) and (Vi)
1 of fuzzy real numbers are said to be Orlicz asymptotically
0p(E) =lim —|{ke 0,0 € Ps: ke E}] ideal g-equivalent (or |- [¢]-equivalent) of multiple L
s s provided that for everg > 0

is said to be thep-density of E It is clear thatdy(E) <

6(E). {seN:1 )3 M(d<%,L>>25}el
Definition 16.A sequence u- (uk) of fuzzy real numbers P ved'Ger, Vk

is said to beg-statistical convergent té € R if for each )

£>0 denoted by (u) 2™ (w) and simply Orlicz

mine 0.0€P: d(ucl) > £} = 0. asymptotically Ifg]-equivalent if L= 1.

® Definition 21.Two non-negative sequenc@g) and (V)
of fuzzy real numbers are said to be asymptotically
@-statistical equivalent of multiple L provided that for
everye >0

. . . 7,
In this case we write/, — lim u = £ or uy Ly and.”,
denote the set of afp-statisticallly convergent sequences.

An Orlicz function is a functiorM : [0,0) — [0, ) L
which is continuous, nondecreasing and convex with im=|lkecog.ocecpr:d Uk LY>ell—o
M (0) = 0, M (x) > 0 for x > 0 andM (x) — © asx — c. s ’ 5 )=
An Orlicz functionM is said to satisfy thél, — condition

for all values ofu, if there exists a constamt > 0 such T . .
thatM(2u) < KM(u), u > 0. Note that, if 0< A < 1,then ~ denoted by (u) ~ (v and simply asymptotically
M (AX) < AM (x), for all x > O(see R2)). @-statistical equivalent if = 1.

Definition 22.Two non-negative sequenc@g) and (V)
of fuzzy real numbers are said to be asymptotically- I-
statistical equivalent of multiple L provided that for eyer
€ > 0and for everyd >0

Now we define the following asymptotip-statistical
equivalence sequences of fuzzy real numbers.

Definition 17.Two sequencefuy) and (v) of fuzzy real

numbers are said to be Ca® Orlicz asymptotically 1 W
equivalent of multiple L provided that SGN'@ keog,o0eh:d v_k’L €20 €l

_ oL
| </w

.12 Uy

Iim=$YM{d{—,L]))=0 . .

' k; ( (vk’ )) denoted by(ux) ~" (v) and simply asymptotically ¢-
statistical equivalent if 1= 1.

L
denoted by(u) ““~™ (v and simply Cearo Orlicz

asymptotically equivalent if & 1. Definition 23.Two non-negative sequenc@s) and (Vi)

of fuzzy real numbers are said to be Orlicz asymptotically
Definition 18.Two non-negative sequenc@g) and (vx)  ¢@-Statistical equivalent of multiple L provided that for
of fuzzy real numbers are said to be @es Orlicz everye >0

asymptotically I-equivalent of multiple L provided that

for everyd >0 Iipé’{kea,ae%:M(d(%,L))ze}’:O

Vi
10 Uy
=3 = >
{neN nklM(d<vk,L)> 5}el Z5M)

denoted by (w) '~ (w) and simply Orlicz

I—[Ca]t (M) asymptoticallyp-statistical equivalent if l= 1.
denoted by(ux) ~ " (v) and simply Cesro Orlicz
asymptotically I-equivalent if & 1. Definition 24.Two non-negative sequenc@g) and (V)

of fuzzy real numbers are said to be Orlicz asymptotically
|- p-statistical equivalent of multiple L provided that for
everye > 0 and for everyd > 0

Definition 19.Two non-negative sequence@s) and (k)
of fuzzy real numbers are said to be Orlicz asymptotically
@-equivalent of multiple L provided that

1
Iimi z M(d(%,L>>:O {SENZ(T%HKEO',UEPSZM<d(\lj—:,L>>28}‘25}6|
s (pskemaePs Vk

L -5 (M) . .
denoted by (i) P (w) and simply Orlicz denoted by (u) £ (w) and simply Orlicz
asymptoticallyp-equivalent if L= 1. asymptotically lg-statistical equivalent if = 1.
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oL
Theorem 3Let (uy), (vk) be two non-negative sequences Suppose thaiu) < (w), then for everye > 0 and
of fuzzy real numbers and M be an Orlicz function. Then sufficiently larges we have

1—[Cq]t (M ()t
@' L™ vy = )L w).
Ci]-(M)

)u) "L () implies(u) ' L™ (v, if Mis finite.

_ L
Proof(a) Suppose thauy) =G ™

given, then we can write
170 1
2 (o) 3
nk:1 Vk n

_ Me)
n

(v) and lete > 0 be

3, M)

Consequently for any > 0, we have

{neN:%Hkgn:d(\u/—E,L) 25}‘2%}

2\L
(b) Suppose that! is finite and(uy) < (v). Since

M is finite then there exists a real numier- 0 such that
sup M(t) < K. Moreover for anye > 0 we can write

L5nG() 4§ ne(3)

< EHkgn:d(%,L> ze}
n Vk

Now applyinge — 0, then the result follows.

Theorem 4Let (uy), (vk) be two non-negative sequences
of fuzzy real numbers andg) be a nondecreasing

sequence of positive real numbers such thpat> o as
s— o andgs < s for every <= N. Then
:yL yq%
(U) ™~ (Vi) = (Ui) ~ (Vi)

ProofBy the definition of the sequencesit follows that
infsgpS > 1. Then there exists a> 0 such that

S1+a
a

Flo

inea,aePS:d<%,L) 28}’
03 Vk

:} i {k<s:d(%,L> >£H
03 Vk

)

S CEICOR]

a S Vk
) 2¢f]

L)>
! koe{1,2,..s}—0,0€Ps:d Yo
% 3y e 9 S - Vko
Theorem 5Let (uy), (vk) be two non-negative sequences
of fuzzy real numbers and let M be an Orlicz function
satifies the Ar-conditions. Then

(Vk)-

ProofBy the definition of the sequencesit follows that
infsﬁ > 1. Then there exists a> 0 such that

1 Uk
——|kke{1,2,..s} — Ps:d| —

%‘{ e{ it S} O-,O-E S d<vk7
&

This completes the proof of the theorem.

L (M)

()~ () = (W)~

1+a
a

<

Flo

Suppose thatuy) z (w), then for everye > 0 and

sufficiently larges we have
1 Uk
—|skeog,oePs:M(d| —,L) ) >¢
(3 Vi
ilen(e(z)=1)
S & Vk
—ine{1,2,...3}—0,06PS:M<d(—,L>>>£H
3 k
2 fresm(o(3.) 2o
a s Vi
—inoe{l,z,...s}—a,oePs:|v|(d(“—"O,L>)ze}‘.
@ Vio

)

c
=

SinceM satisfies the\,-conditions, it follows that

‘(o3 w3

for some constantk > 0 in both the cases where

d (3—:L) <1 andd (%L) > 1
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n
In first case it follows from the definition of Orlicz S 1 z M (d <%,L)>
function and for the second case we have ® S Vk
1 Uk
Uk 1 2 (2 sy (s -= M{d[—,L
d( X L) =21l® =22 @ =  —2510 ( ( ))
(vk’ ) (pske{l,z,...sz}fa‘oeps Vk
such thatL(® < 1. Using the A,-conditions of Orlicz < 1+a} i ( ( ))
functions we get the following estimation

1 u
Uk Uk _ - ko
M(d(=,L))<T.LOM@) =K.d (—,L), 3 Z M (d< L))
< (Vk >> B ( ) Vk ( ) (pskoe{l,z,...s —0,0¢Ps Vio

whereK andT are constants. The proof of the theorem

. [C1]-(M) . . .
follows from the relations (2) and (3). Since(ux) ~ " (v) andM is continuous, letting — c

on the last relation we get

Theorem 6Let (uy), (v) be two non-negative sequences 1
of fuzzy real numbers. Let M be an Orlicz function ard k = M (d < L)) 0
SEM) B keo'Geps
Z such thatp < [@] +k, sug K < oo, Then(uy)
L L(m
(Vi) = (u) = (Vk)- Hence(u) ™ (vy).
Prooflf supS K < oo, then there exist& > 0 such that (b) Suppose that sg@s% < oo then there existd > 0

o] +k L
o, <K for aII s> 1. Letnbe aninteger such thet_; < such that% < Aforall s> 1. Supposduy) [9]-(M) (Vi)
n < @. Then for everye > 0, we have Then for everye > 0 there exist® > 0 such that for every

s>R
afkenia(fn) 2e) Lo () e
%kemaePs Vi’
1 .
=% { ( < Vi L)) > M(s)}‘ We can also find a constakit> 0 such that
1 [+ k M(d L M L z M<d(uk L>><Kfora|lseN
< < > — —, .
N [%]"’k G2 { ®: < (Vk >> o (8)}‘ (pskea,aePs Vk
S [(,,S]l+k- [qitk {ke 0,0 €Pgyik 1M (d (%L)) > M(s)}‘ Let n be any integer withp,_; < n < [@] for everys> R.
K . Then we have
. Uy
= W‘{keo’ge%”k"\n(d(v_k’L)) EM('S)} ' 1N U 1 1o U
i ' “yYM(d{=L))<— d =L
This established the result. nk; ( <Vk )) Pl ( <Vk ))

Theorem 7Let (uy), (v) be two non-negative sequences

of fuzzy real numbers. Let M be an Orlicz function. Then 1 @] ( <u;< )) N [@]M <d (uk L>>
L o Z [Z(n] Vi’

Ci-(M M
(@)(uk) SNLY (Vi) = (ug) [l (M) (Vi)
(b)sup, -&- < oo for every sc N, then(uy) [0l (M) (Vi) = (] U
b ’ +.4+ S M <d( |_>>
() SR (. @

Proof(a) From definition of the sequence) it follows

< ! M
that inf =+ S > 1. Then there exista > 0 such that “ei\o Z ’

keo,oepPl

s 1+a
- e s

keo,oeP(2)

B

Then we get the following relation
1 u
ik )3 M(d(%,L>) o B > M(d(—k,L))
@ keo,0ePs Vk -1\ &R keo,ocP(®) Vk
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1
FRNI Chy
G1 \ &

3 ()
kea,oeP(® Vk

whereP® are sets of integer which have more tHar
elements fott € {1,2,...s}. By taking limit asn — c on
the last relation we get

n
}ZM (d <%L)) )
nk:1 Vk

It follows that (ue) <™ (v).

Theorem 8Let (uk), (V) be two non-negative sequences
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