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1 Introduction

This paper gives a class of weak periodic ground states for an Ising model with com-
peting interactions and spin values £1, on a Cayley tree of order £ > 1. One of the key
problems related to the spin models is the description of the set of Gibbs measures. This
problem has a good connection with the problem of the description the set of ground states.
Because the phase diagram of Gibbs measures (see [6, 12] for details) is close to the phase
diagram of the ground states for sufficiently small temperatures. Usually, more simple and
interesting ground states are periodic ones. But for some set of parameters such a ground
state does not exist. In such a case it would be necessary to find some a weak periodic
ground states.

The Ising model, with two values of spin £1 was considered in [9, 13] and became
actively researched in the 1990’s and afterwards (see for example [1-5,7, 8,10, 11]).

The Cayley tree T'* (See [1]) of order k > 1 is an infinite tree, i.e., a graph without
cycles, from each vertex of which exactly k + 1 edges issue. Let I'* = (V, L, i) , where
V is the set of vertices of T'*, L is the set of edges of T'* and i is the incidence function
associating each edge [ € L with its endpoints x,y € V. If i(l) = {z,y}, then z and y are

called nearest neighboring vertices, and we write [ = (x,y).
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The distance d(z,y), x,y € V on the Cayley tree is defined by the formula
d(x,y):min{d :Jr=xo,21,...,24-1,Tq= y € Vsuch that (xo, x1),...,{(x4-1, md>}.
For the fixed 2° € V we set

W, ={xeV: dz,2°) =n},
Vi={xeV: d(x2°) <n}, (1.1)
L,={l=(z,y) e L: z,yeV,},

and we denote |z| = d(x,z2°),z € V.

A collection of the pairs (x, x1), ..., (x4—1, y) is called a path from z to y and we write
7(z,y) . We write 2 < y if the path from z° to y goes through .

It is known (see [S5]) that there exists a one-to-one correspondence between the set V' of
vertices of the Cayley tree of order £ > 1 and the group G}, of the free products of k + 1
cyclic groups {e,a;},i = 1,...,k + 1 of the second order (i.e. a? = e, a; ' = a;) with
generators aq, ag, . . ., Aj41-

Denote S(z) the set of “direct successors” of x € Gj. Let S1(z) be denotes the set
of all nearest neighboring vertices of z € Gy, ie. Si(zx) = {y € Gy : (z,y)} and
x; = S1(x) \ S(x). (see Figure 1.1).

Figure 1.1

2 The Model

Here we shall give main definitions and facts about the model which we are going
to study (see [11] for details). Consider models where the spin takes values in the set
® = {—1,1}. For A C V a spin configuration o4 on A is defined as a function z €
A — o4(x) € ®; the set of all configurations coincides with Q4 = ®4. Denote Q = Qy
and 0 = oy. Also put —o4 = {—oa(z),x € A}. Define a periodic configuration as a
configuration ¢ € ) which is invariant under a subgroup of shifts G, C G|, of finite index.
More precisely, a configuration o € 2 is called G, -periodic if o(yz) = o(z) for any
z € G and y € Gj.

For a given periodic configuration the index of the subgroup is called the period of

the configuration. A configuration that is invariant with respect to all shifts is called
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translational-invariant. Let G /Gy = {Hx,..., H,} factor group, where G is a nor-
mal subgroup of index » > 1. Configuration o(xz),z € V is called G}, weak periodic, if
o(x) =0y forz € H;,z; € H;,Vx € G,

The Hamiltonian of the Ising model with competing interactions has the form

H(o)=J Y o@o)+J- Y, o@o), Q.1)
(z,y) z,y€V: d(xz,y)=2
where J1, J> € R are coupling constants and o € 2.
For a pair of configurations o and ¢ that coincide almost everywhere, i.e. everywhere
except for a finite number of positions, we consider a relative Hamiltonian H (o, ), the
difference between the energies of the configurations o, ¢ of the form

H(o,0) =11 Y (o(@)o(y) —p@)e@) +J1 > (o@)oly) — e@)ey)),
(z,y) z,yeV:id(z,y)=2 (2 2)

where J = (J1, J2) € R? is an arbitrary fixed parameter.

Let M be the set of unit balls with vertices in V. We call the restriction of a configura-
tion o to the ball b € M a bounded configuration oy,.

Define the energy of a ball b for configuration o by

1
Uloy) = Ulon, J) = 51 Yo o@ey+d Y, o@oly), @3
(:n,y), z,y€db z,y€b: d(z,y):Q

where J = (J1, Jo) € R.

We shall say that two bounded configurations o, and o}, belong to the same class if
U(op) = U(oy,) and we write o;, ~ 0%,

For any set A we denote by |A| the number of elements in A.

Lemma 2.1 ([11]). 1) For any configuration oy, we have
U(op) € {Uo, U1, ..., Us1},
U, = <k;r1—i>J1+ (k(k;l)%—%(i—k—l))b, 1=0,1,...,k+1. (24)
2) LetC; =, UQ;, i=0,...,k+1, where
Q; = {oy:05(cr) =+1, {z€b\{c}:op(x) = -1} =i},
Q; ={ -0, ={-0u(x),z €b}: 0, € A},

and let ¢y be the center of the ball b. Then for o, € C; we have U(oyp) = U;.

3) The class C; contains
2(k+ 1)
il(k—i+1)!

configurations.
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Definition 2.1. A configuration ¢ is called a ground state for the relative Hamiltonian H
if
U(ep) = min{Uy, Uy, ..., Uxy1}, forany b e M. (2.5)

We set
U;(J)=U(op,J), if o, €C;, i=0,1,...,k+ 1.

The quantity U;(J) is a linear function of the parameter J € R?. For every fixed m =
0,1,...,k + 1 we denote

Ap =1{J € R?: U,,(J) = min{Uo(J), U1 (J),...,Ups1(J)}}. (2.6)
It is easy to check that
Ag={J€R*:J, <0; J +2kJ, <0},
Ap={J€R*: J,>0; 22m —k —2)Jo <.J; <22m —k)Jo}, m=1,2,...,k,
Aps1 ={J€R*: J, >0; J, —2kJy >0},

and R? = UM A,
For any A; and A; with ¢ # j, we have

{JZJ1=2(27;—]€)J2, JQZO} if j=i+1, i=0,1,...,k,
AnA; =< (0,0) it 1<|i—jl<k+1, .7

‘We denote
B=AyNAgs1, Bi=A;NAip1, i=0,...,k,

Ay = Ao\ (BUBy), Api1 = Ar \ (BUBy),
A=A\ (Bi_1UBy), i=1,... .k,

and for fixed J € R? we denote
Ny(ov) = {j: o0 € Cj}.

We let GS(H ) denote the set of all ground states of the relative Hamiltonian H (see (2.3)).
Forany o = {o(z), x € V} € Qwedenote s = —0 = {—0o(x), z € V}.

In [11] the set of periodic ground states for the model (1.1) is described, i.e., the fol-
lowing is proved:

Theorem 2.1. (i) If J = (0,0) then GS(H) = Q.
(i) IfJ € A;, i=0,...,k+1then

GS(H) = {5},
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(i) IfJ € B;\{(0,0)}, i =0,...,k then
GS(H) = {c, 5", o) 701y g,

where S; contains at least a countable subset of non periodic ground states.

(iv) If J € B\ {(0,0)}, then
GS(H) = {0-(0)’5(0)7O-(k+1)76(k+1)}'

Here o0, D 4 =0,....k+1are periodic ground states such that on any b € M
the bounded configurations algl),ﬁl(f) € C;, i.e. 00 5O are translational - invariant and

oW 70 i=1,... k+1are periodic with period 2.

Remark 2.1. We note, that weak periodic (non periodic) ground states belong to the set
S; i.e. for parameters J; = 2(2i — k)Ja,J2 £ 0.

In this paper we explicitly describe the weak periodic (with respect to normal subgroups

of index 2 and 4) ground states.

3 Weak Periodic Ground States

Case 1: index 2.

Let A C {1,2,...,k+ 1}, Ha = {2 € Gi, : 3 ;. o wj(x)—even}, where w;(z)-is
the number of letters a; in the word x. It is obvious that H 4 is a normal subgroup of index
two [5].

Let Gp/Ha = {Ha,Gr \ Ha} be the quotient group. We set Hy = Hu,H =
Gr\ Ha.

The H 4 - weak periodic configurations are of the form

+1, ZL’lEHol'EHO 71, ZiGH()IGHO

+1, x, € Hyx € Hy +1, x, € Hyx € Hy
(1) 1(2) =+ ' (2) o)==+ !

+1, zycHixe€ Hy +1, zy € Hizx e Hy

+1, zy € Hixe€ Hy, +1, zy € Hixe€ Hy,

+1, {L‘lEH():UEHQ +1, LL'lGHol'GHO

—1, =y € Hyxz € Hy +1, x, € Hyx € Hy
(3) ps(a) =+ ! (4) pa(2) == '

+1, l'lEHll'EHO -1, xlEHl.I‘EHO

+1, I‘lEHlI’EHl, +1, xiGHleHl,

+1, J}lGH()J?GHO -1, .’L‘lGH()Q?GHO

+1, z, € Hyx € Hy -1, zy € Hyx € Hy
(5) s (2) =+ ' (6) po(w) == '

+1, zy € Hiz€ Hy +1, z, € Hixzec Hy

-1, 2z € Hize€ Hy, +1, zy € Hize Hy,
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-1, xl€H0$€H0 +1, xl€H0$€H0

+1, x; € Hyx € Hy -1, zy € Hyz € H
(M prm)==¢ "7 " (8) s(x) == l

—1, l‘lEHlﬂfEHo -1, JflEHl.I‘EHo

+1, zy € Hize€ Hy, +1, xz € Hyxec H.

Hence, we must choose weak periodic ground states among these 16 configurations.

The following theorem gives the result.

Theorem 3.1. Let |A| =4,i€ {1,2,...,k+ 1}

1) If |A| # (k+ 1)/2 then each H s-weak periodic ground state is a H s- periodic or
translational-invariant i.e. belongs to the set {+p1(x), o7 (x)}.

2) If |A] = (k+1)/2 then there are at least two two H, - weak periodic (non-
periodic) ground states which are of the form +g(x).

Proof. By (2.7) one can see that a configuration ¢ is a ground state if and only if there is
j €{0,...,k} suchthat ¢, € C; UC; 41 forany b € M. Thus we must check this property

for above mentioned configurations.
1) Let

p1(z) =

(ELGH()IGHO
CULEH(){,CEHl
l‘lEHll‘EHQ

QflEHlZ‘EHl.

It is obvious, that H 4 weak periodic ground states are translational-invariant.

2) Let
_17
+1,
+1,
+1,

pa(z) =

JilEHQ,TEHQ
Z‘lEHol‘EHl
Z‘LGHllﬂeHo

(ELEHlt’EEHl.

Vb e M wehave [{z € S1(cp) : x € Ho}| =i, [{x € Si(ep) :z € Hi}| =k +1—14.

Denote A_ = {z € S1(z) : wp(z) =
@i,b = ((pi)b,i = 1, 2, ey 8.

Assume ¢, € Hy. The possible cases are:

a) ¢y € Hpand 2 p(cpy) = +1, then
pap(cp) =—1 and |A_|=1i—1,
b) ¢ € Hp and @3 p(cpy) = —1, then
wap(cy) =—1 and |A_| =1,
¢) ¢p; € Hyand @g5(cp)) = +1, then

wab(cp) =41 and

A =4,

-1} Ay = {z € S1(z) : vp(x) = +1}, and

Ay =k+2—14, pop € Cryos.

Ay =k+1—14, pop € Cry1-s.

|A+| :k+1_27 P20 6Ci~
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If ¢, € H; then we have
d) if ¢p; € Hp and @3 5(cp)) = —1, then

pap(cy) =+1 and [A_[=1, [Ay|=k, o€ Ch.
e) Ifey) € HO?()OQJI(Cbl) = +1, then
<p27b(cb) =41 and A_‘ =0, ‘A+| =k+1, ©Y2.b € Ch.

By (2.7) we find that Cy 10 ; N Crp1—; NC; =P if i # (k+1)/2,(k+2)/2. If i =
(k+1)/2, fromd) and e) we get i = 0 and k = —1, which is impossible. If i = (k + 2)/2,
then ¢ = 1 and k = 0, which also is impossible. Thus, ¢ () is not a ground state.

3) Let
+1, zy € Hyx € Hy
-1, zy € Hyx € Hy
+1, CELEHlt’EEHO
+1, zycHixzec H.

p3(r) =

Let ¢, € Hy. We consider several cases:
a) ¢y € Hpand @34(cp)) = +1, then

w3p(cy) =41 and |A_|=k+1—14, [AL|=1, @34 € Chyi_i.
b) ¢, € Hy and @3 (cp)) = +1, then
wsp(cp) =41 and [A_|=k—i, |AL|=i+1, @35 € Cry.
¢) ¢p; € Hyand ¢3,(cp) = —1, then
wsp(cp) =41 and |[A_|=k+1—1i, |AL|=14, @3 € Cht1—

Let ¢, € H,. We have
d) ¢y € Hpand @3 4(cp;) = +1, then

w3p(cy) =—1 and [A_|=0,|A4|=k+1, ¢35 € Ciia.
e) cp, € Hyand ¢3,(cp)) = —1, then
wsp(cy) =41 and |A_|=1, |A4|=k, @35 € Ch,
f) ¢y € Hi and 34(cpy) = +1, then
wsp(cp) =41 and [A_|=0, |A4|=k+1, @3 € Co.

By (2.7) CoNCy N Cry1 = 0 if k # 0. Thus, ¢3(z) is not a ground state.
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4) For ¢;(x), j=4,5,6 one similarly can prove that they are not ground states.

5) Consider now

71, ’JJLEH()IL’EHQ

+1, zy € Hyze H; -1, z € Hy,
pr(z) = =

-1, z, € Hyx e Hy +1, x € H;.

+1, xlEHl.ﬁEHl

Consequently ¢7(x) is a periodic ground state which is not interesting for us.
6) Consider

+1, M Hyxz € Hy

-1, zy e Hyxec Hy

-1, z € HizcHy

+1, z € Hixzec H.

ps(T) =

Let ¢, € Hy. The possible cases are:

a) ¢ € Hoand @gp(cp)) = +1, then
wsp(cp) =—+1 and [A_|=k+1—14, |AL|=1i,08p € Cry1—i-
b) ¢y € Hpand pgp(cp;) = —1, then
wsp(cp) =41 and [A_|=k+2—4, |AL]|=i— 1,085 € Cryo_i.
¢) ¢p; € Hyand pgp(cp) = —1, then
wgp(cp) =—1 and |[A_|=k+1—1, |[AL| =108 € C.
d) ¢y € Hy and g p(cp)) = +1, then
wsp(cp) =—1 and [A_|=k—i, |[Ax] =i+ 1,085 € Cit1.

For ¢, € H; we have
e) ¢y € Hoand pg p(cp)) = +1, then

wsp(ep) =—1 and |A_|=k—1i, [AL| =i+ 1,08 € Cit1.
f) ¢p € Hp and g p(cp)) = —1, then
wgp(cp) =—1 and |[A_|=k+1—14, |[AL|=1,085 € C;.
g) ¢y € Hy and g p(cp)) = —1, then

wsp(cy) =41 and |[A_|=k+2—1i, |[Ay|=1—1,p8p € Crya_;.
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h) Cp| € Hy and (p&b(cbl) = +1, then

esp(cp) =41 and [A_[=k+1—i, [A4|=14,98p € Cry1i.

If
i A k+1—1, o itk
i+ 1#£k+2—1, i+ 1#£k+1—14,
We obtain C; N C;y1 N Cry1—; N Crio_; = (). Only following system has solution
i=k+1—1 . k+1
=i=—.
i+1=k+2—1 2

Thus the configuration s is a ground state iff i = (k 4 1)/2. The theorem is proved. [

Corollary 3.1. If k is a even number then each weak periodic ground state is a periodic
one.

Case 2: index 4.
We take
Ac{L,2,...,k+1}, Ha= {x € Gy : Zw](x) —even}7
JeEA
Gf) = {x € Gy : |z] —even}, where w;(x) is the number of a; in wordz;
G;f) =HaN G,(f) — normal subgroup of index 4 [5],
Gi/GYY = {Ho, Hy, Hy, H},

where

Hy = {x € Gy : ij(ac) —even, |z| — even},
JEA

H, = {x € Gy : ij(x) —odd, |z| — even}7
jEA

Hs = {x € Gy : Zw7(x) — even, |x| — odd},
jeA

H; = {:c € Gy : ij(x) —odd, |z| — odd}.

JEA

The Ggl) —weak periodic configuration is of the form
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a3, x| € Hyx € Hs,
ag1, | € Hyx € Hy,
ap3, x| € Hopx € H3,
o(z) = aso, x| € Hyx € Hy, 3.1
az1, x| € Hyx € Hy,
a2, | € Hyx € Hy,
ap2, | € Hyx € Hy,
azo, x| € Hyx € Hy,

where a,, = £1 and p, ¢ € {0,1,2,3}.
Thus we have to determine which of them are ground states.

Theorem 3.2. Let |A| =14, i € {1,2,...,k+ 1}.
i) Ifi# (k+1)/2 then each G,(:l)-weak periodic ground state is a periodic.
il) Ifi = (k+1)/2, then there are periodic and four G;:l)-weak periodic ground states:

+1, .’ITLEH]A.’IZ‘EH?, -1, xlEHl.’EEH?,
+1, zy € Hyxec Hy +1, zy € Hyxec Hy
-1, z) € Hyxz € H; +1, x € Hyxc H;
-1, € Hs x € H -1, € Hs x € H,
+¢'(z) = T 3 0 and +¢"(x) = T 3 0
-1, JJLGHQLEGH]_ -1, .I’lGHQ.’BGHl
-1, z e Hixc H +1, zyc Hixec Hy
+1, IELGHO‘TGHQ 71, SCLGHO"EEHQ
+1, =z, € Hyx € Hy, +1, z, € Hyx € Hy.
Remark 3.1.

a) Using Theorems 1-3 we can give the phase diagram of the ground states for any k. For
k = 3 it is shown in Figure 3.1.

'
[
o

Figure 3.1: Only on the line J; = 2.J> there are weak periodic ground states.

b) By Remark 2.1 and our theorems we get J; = 2J5, Jo > 0. Consequently, for ordinary
Ising model (i.e. Jo = 0) there is no weak periodic ground state. Since for J; = 2J3 = 0

the Hamiltonian equals to zero.
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c) For cases of index other than 2 and 4 the description of weak periodic ground states
becames a technically difficult problem.

d) We note that any normal subgroup of index two has a form H, for a suitable A C
{1,2,...,k+1}. But there are many normal subgroups of index four which do not coincide

with G,(:l), for example, Hy N Hp for A,B & {1,2,...,k + 1} with A # B is a normal

subgroup of index four but it does not coincide with G,(:L).

Proof of Theorem 3.2. Consider several cases of configurations (3.1).

1) Let apq = +1(ap, = —1),Vp,q € {0,1,2,3}. Obviously, G,(:l)—weak periodic
ground states are translation invariant.
2) Vb € M we have

{x € Si(cp) : ¢p € Hy,x € H3}| =1, |{x € Si(c):cp € Hy,x € Hy}| =k +1—14,

{x € Si(cp) : cp € Hy,x € Hy}| =1, |{x€Si(e):cp € H,z € H3}|=k+1—1,
{x € Si(cp) : cp € Hy,x € Hi}| =1, |{x €Si(cp):cp € Ho,o € Hy}| =k +1—14,
{z € Si(cp) : ey € Hy,x € Hy}| =1, |[{z € Si(e):cp € Hy,x € Hi}|=k+1—1.

We denote A_ = {x € Si(z) : gp(x) = -1}, AL = {z € Si(x) : pp(x) = +1}.

and we put a3 = —1, and ap, = +1 for others. Assume ¢;, € Hy, then the following cases

are possible:

a) Cp| € Hs and (Pb(cbl) = a3 = —1, then
eo(cp) =aso =+1, [A_|=1, [Ay]=k.

Consequently ¢, € Cf.
b) ¢y € Hs and pp(cp)) = aps = +1, then

@b(cb):a30:+1a |A—| :Oa; |A+| =k+1

Thus ¢, € Cy.
If ¢, € Hs, then we have
<) Cp| € H, and gob(cbl) = a31 = +1, then

ng(Cb) = a13 = —]., |A7‘ :07 |A+| :k+1

Consequently o, € Cly1.

By (2.7) one can see that a configuration ¢ is a ground state if and only if there is
j €{0,...,k} such that ¢, € C; UCj4 for any b € M. Thus it is enough to check this
property for above mentioned configurations. We have CoNCy1 NCry1 # O forany k& > 1.
Thus ¢ is not a ground state. Similarly one can prove that if pg, go, ap,q, = —1 and others

apq = +1, then the configuration is not a ground state.
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3) Letais = az1 = —1 and others a,, = +1.
If ¢, € Hy, we have

a) ¢p) € Hg and pp(cp)) = a13 = —1, then
wb(cb) = agg = +1, |A,| =1, |A+| = k.

Thus ¢, € C.
b) ¢y € Hs and @b(cbi) = ap3 = +1, then

op(cy) =azp=+1, |A_|=0, |A |=Fk+1.

Consequently ¢, € Cj.
If ¢, € Hq then
¢) ¢y € Hs and p(cp)) = aps = +1, then

op(ep) =as1 =—-1, |A_|=k—i, [|A4]=i+1.

Thus ¢, € Ci41.
d) Cp| € Hj and Sﬁb(cbo = a3 = —1, then

po(cp) =as1 =—1, [A_[=k—i+1, [A4|=1i

Consequently ¢, € C;.
e) Cp| € Hs and (Pb(cbl) = a2 = +1, then

op(cp) =as1 =+1, |A_|=k—i+1, JAL]=1

Thus pp € Ci—it1-

By 2.7) ConCiNC;NCiyr1 NCryq # O forall k > 1. Thus ¢ is not a ground state.
All other cases can be checked similarly.

Now we shall prove (ii) for configurations ¢’. Let ai3 = as1 = ag2 = a0 = —1, and
apq = +1 for others. If ¢;, € Hy, we consider the cases:

a) ¢ € Hs and ¢y (cp)) = a13 = —1, then
@Z(Cb):a30:+1» |A*‘:k+2_7’7 |A+|:Z_1

Thus QDZ S CkJeri.
b) ¢ € Hs and ¢} (cp)) = aps = +1, thus

op(cp) =azo=+1, [A_|=k+1—14, |Ay]=1.

Thus (pg) S Ck+1—i~
¢) ¢y € Hy and @} (cp)) = age = —1, then

py(er) =az=~-1, |A_|=k+1—i, [A4|=1.
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Consequently ¢} € C;.
d) ¢y € Hyand )(cp) = a12 = +1, then

@g(cb) :a20:_1a ‘A*| :k_iv |A+| =i+1

Consequently ¢} € Cit1.
Assume ¢, € Hq, then
al) ¢y € Hz and ¢} (cp)) = aps = +1, then

‘PZ(Cb) =az = -1, ‘A*| :k_i7 |A+| =i+ 1

Consequently ¢} € Cit1,
bl) ¢y € Hzand ¢} (cp)) = a1z = —1, then

wé(cb) = asi :_1u ‘A7| :k+l_l, ‘A+| =1.

Consequently ¢} € C;.
cl) ¢ € Hy and ¢} (cp)) = a2 = +1, then

@g(cb) =ag = +1, ‘A*| =k+1-—1, ‘A+| =1

Thus (p;) S Ck+1—i~
dl) ¢ € Hyand ¢} (cp) = apz = —1, then

ppcp) =an =+1, [A_|=k+2—i, [A4]=i-L

Thus (p;) S CkJrQ,Z‘.
If ¢, € H5, we consider:
a2) ¢y € Hpand @} (cp)) = ago = —1, then

oh(ep) =app=—1, [A_|=k+1—i, |A|=i.

Thus ¢}, € C;.
b2) Cp| € Hy and wg(cbl) = azp = +1, then

gpler) =aoe=—1, |A_|=k—i, |Ai[=i+1

Hence ¢} € Ciy1.
c2) ¢ € Hy and ¢} (cp)) = a1 = +1, then

gp(er) =arz=+1, [A_|=k+1—i, [A4|=1.

Thus (p;) S CkJrl,Z'.
d2) ¢ € Hy and ¢} (cp) = ag1 = —1, then

gpler) =arz=+1, [A_|=k+2—1i, [A4]=i-L
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Consequently ¢} € Cyya_;.
Suppose ¢, € Hs, then
a3) ¢y € Hpand ¢} (cp)) = ago = —1, then

Ghler) = aom = +1, |A_|=k+2—i, |Ay[=i—1

Consequently ¢} € Cyya_;.
b3) Cp| € Hy? épg(cbl) = azp = +1, then

ehlcy) =ags =+1, [A_|=k+1—1i, [Ay]=1i.

Thus QO;; S Ck+1—i~
c3) ¢ € Hy and ¢j(cp)) = a1 = +1, then

hle) =ais=—1, |A_|=k—i, |[Ay]=i+L.

Thus ¢}, € Cit1.
d3) ¢y € Hy and ¢} (cp) = ag1 = —1, then

() =a3=—1, [A_|=k—i+1, [Ai]=1.

Hence ¢} € C;.
If
ikl ik,
{i+1#k+2—@ o {i+1#k+1—m

We have C; N Cijy1 N Cry1—; N Cria_; = 0. Thus it is easy to see that the configuration

is a ground state iff i = (k + 1)/2. Similarly one can prove that ¢’ (x) is a ground state iff

i = (k + 1)/2. The theorem is proved.
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