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Abstract: This paper considers a two commodity continuous reviewrtory system with Markovian demands. The two commodities
are assumed to be both way substitutable. That is, if thentove level of one commodity reaches zero, then a demandhfer t
commodity will be satisfied by an item of the other commodityoint order is placed when the inventory level reaches tpame of

the reorder levels in the set of reorder levels with somexadfprobability. The limiting probability distribution fdhe joint inventory
levels is computed. Various operational characteristickthe expression for the long run total expected cost ratelerived.
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1 Introduction

With the advent of advanced computing systems, many orgaais have increasingly use multi commodity inventory
systems. Further, models were proposed with independestifyplished reorder points. When several products compete
for limited storage space, or share the same transporityaal items are produced on (procured from) the same
equipment (supplier), the above strategy overlooks theriat savings associated with the joint replenishmentcarsd
reduction in the ordering and setup costs.

In continuous review inventory systems,Balintfy and Sil{/& 2] have considered a coordinated reordering policy
which is represented by the triplet of vectdc,s), where the parametef, c; ands(the components o, ¢ ands
respectively) are specified for each itémith 5 < ¢; < S. In this policy, if the level of commodityat any time is below
s, an order is placed fd§ — 5 items and at the same time, for any other itgg# i) with available inventory at or below
its can-order levet;j, an order is placed so as to bring its level back to its cap&;itSubsequently many articles have
appeared with models involving the above policy. Anothéicke of interest is due to Federgrue3] et al., which deals
with the general case of compound Poisson demands and notead times. A review of inventory models under joint
replenishment is provided by Goyal and Sdfir[

Kalpakam and Arivarigna®] have introduced ais,S) policy with a single reorder leved defined in terms of the
total number of items in the stock. This policy avoids sefmmardering for each commodity and hence a single
processing of orders for both commodities has some advesiagsituation where the procurement is made from the
same suppliers, items are produced on the same machinent fitave to be supplied by the same transport facility.

Krishnamoorthy ] et al. have considered a two commodity continuous reviexgritory system without lead time.
In their model, each demand is for one unit of the first comryoali one unit of second commodity or one unit of each
commodity 1 and 2, with prefixed probabilities.Krishnantbgrand Varghes@] have considered a two commodity
inventory problem without lead time and with Markov shift temand for the type of commodity namely
“commodity-1”, “commodity-2” or “both commodities”, usinthe direct Markov renewal theoretical results. For the
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same problem, Sivasamy and Pandighhjave derived various results by applying filtering teclusis|.

A natural extension ofs,S) policy to two-commodity inventory system is to have two @&nrlevels and to place
orders for each commodity independent of the other. Butgbiey will increase the total cost as separate processing o
two orders is required.

Anbazhagan and Arivarignaf][have considered a two commaodity inventory system with peaelent reorder levels
where a joint order for both commodities is placed only whenlevels of both commaodities fall below their respective
reorder levels. The demand points for each commodity fordependent Poisson processes and the lead time is
distributed as negative exponential. They have also assumiédemands for both commodities. Yadavalld[11] et al.
have analyzed two commodity inventory system under varwdering policies. Sivakumatp] et al. have considered a
two commodity coordinated and individual ordering policieith renewal demands. Anbazhagan and Vigneshwagan[
have considered a two commaodity markovian inventory systémjoint reorder levels.

In this article we considered a two commaodity continuousawinventory system with independent reorder levels
s —kk=0,1,--- ;r where a joint order for both commaodities is placed only whas levels of both commaodities fall
below their respective reorder levels. It is assumed thatdtmand for commoditiyis of unit size and the time points
of demand occurrences form a Poisson process with parameter 1,2). The two commodities are assumed to be
substitutable. That is, if the inventory level of one comiitypdeaches zero, then any demand for this commodity will
be satisfied by an item of the other commodity.The lead tinsssimed to be distributed as negative exponential with
parametegy, k= 0,1,---,r. The joint probability distribution of the two inventoryels is obtained in the steady state
case. Various measures of systems performance in the stetdyare also derived.

2 Problem for mulation

Consider a two commodity inventory system with capa&tynnits for commodityi, (i = 1,2). It is assumed that the
demands for-th commodity are of unit size and having Poisson distridjutivith parameteh; (i = 1,2). The demand
process of the two commodities are further assumed to bepémtkent. The two commodities are assumed to be
substitutable. That is, if the inventory level of one comiitypteaches zero, then any demand for this commodity will be
satisfied by the item of the other commodity. The reorderialicp is to place order for both commodities when both
inventory levels are less than or equal to their respectader levelss — k,k = 0,1,---,r, with probability py,
Sk =1, (0 <r < min{s; — 2,5, —2}andS — s + k > s + 1i = 1,2). The ordering quantity is

;,k(z S —s+k),i =12. The lead time initiated at leve] — k is assumed to be distributed as exponential with
parameteyp (> 0). The demands that occur during stock out periods are lost.

Let Li(t) denote the net inventory level of commodiitst timet. Then the process

L ={(L4(t),L2(t)),t > O} has the state space
E= {0717 7Sl}x {0717 7&}

The space of inventory levels of commodity 1 and 2 is showriguife 1.

Notations

0 : zero maitrix
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In : identity matrix of ordeiN

o] : Kronecker delta

i gl — a’+al+-.-+4d, if i is nonnegative integer
ZO a 0, otherwise

[Aljj (i, ])—th element of the matrik

1ifx>0
H(X):{o it x < 0

-5 (5.9)
(0,s2)
(052 - 1)
(0,52 —K)
(07 O) (Sl - k7 0) (5170) (5170)

Fig. 1. Space of inventory levels of commodity 1 and 2

From the assumptions made on demand and the replenishnoeesspes it follows thdt is a Markov process. To
determine the infinitesimal generatde= ((a((i, j); (k,1)) )), (i,]), (k1) € E, of this process.
Theorem 1: The infinitesimal generator of this Markov proces§, j), (k1)) is given by,
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)\l+60])\27 k:|_17 |:J’

i:1527 '7817 J:0717 "a&
do)\1+/\27 k:|, |:J_17
i:O,l, '7817 J:1727"'a&

_(/\1+/\2)7 k:l, |=],
|:Sj_+1, aSlv J:0717 "7&

_(/\1+/\2)7 k:l, |=],
i:O,l,' ,S1, J_SZ+17 752

—(A1+ A+

. . 2|
Hisi—i—9+j-1) 2 HnPnt
n=
- - slil - -
H(—j—s1+1i) zounpn), k=i, =]
n=
i=s1—r-.8 j=01-.%
—((1— &idoj) (A1 +A2)+
. . S
Hsi—i—s+j-1) 2 HnPnt
n=
r
H(s—j—si+1i) zounpn), k=i, =],
n=
i:O,l,"',S_]_—r—l jzovlv"'aSQ
usz—mpszfm k=i +Q1 —Sp+-S1 7 | = J +Qr2n
i:Sj_,S_]_—l,"',S_]_—r j:mvm_la"'ao
withm=s—s+i,--,%

Hs,—mPs—m k=i "’Q%Fserslv =] +Q%1
i=sg—r—1.---,0 j=mm-1---.0
withm=s,—-r,---.,5

0, otherwise

Pr oof:

The infinitesimal generata((i, j), (k,1)) of this process can be obtained using the following argument

(Leti >0 andj > 0. A demand takes the inventory le\&lj) to (i — 1, j) with intensityA; the demand being for the
first commodity or tq(i, j — 1) with intensityA, the demand being for the second commaodity.

(iFrom the statgi, j), (< (s1 —k,s2 — K)) a replenishment takes the joint inventory levelite- Qél_k,j + ng_k) and
the intensity of transition is given by, k=0,1,--- ,r.

(ili)We observe that no transition other than the above sspie excepti, j) # (k).

(iv)Finally the value ofa((i, j), (i, j)) is obtained by

a(('v])v('v])):_ ZZ a(('v])v(kvl))
(kD#(.))
Hence we get the infinitesimal generadd(i, j), (k,1)). O

In order to write the infinitesimal generatArin matrix form, we arrange the states in lexicographic oatet group
S, + 1 states as
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i=((1,0),(i,1),---,(i,%)),i =0,1,---,S.

Then the rate matri& has a block partitioned form with the following sub matrﬁqiﬁ at thei-th row andj-th column

position.

where

[Mia, = {

B if

A if

As i1 if
Mjj-iqy if

Mij—iqqy) i T=Si—(s=1)+r,--

0 otherwise
A1 if b=a,a=%,%-1,---,1
AM+Aif b=a a=0

0 otherwise

A2 if
~(A+A)if b=a,

0 otherwise

pi i if

0 otherwise

withi =0,1,---,r

A if
—(A1+A2) if b=a,
—(Ar+ A2+
. $-a
Hi-s+b-2) 5 pect
i1
H(—b—i+1) 5 p) if b=a,
k=0

0 otherwise

withi=121,2,---,r+1

b=a-1a=%,$%-1,---
a=9,9-1,--

b=Q,+i+aa=s—i,---,1,0,

1

3

0

b=a-1,a=%,%-1,--

a=%%-1,

a=9,9-1

aSl_(Sl_I)vlzsl_r_la

S +1

..’1’0

ST

1,0
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A2 if b=a-1,a=%,%-1,---,1
_(/\1+)\2) if b:a7 a:$782_1’...752+1
— (A1 + At

. %-a
Hi-s+b-2) 5 Peict

r
H(—b—i+1) 5 pi) if b=a a=s,5-1--,10
k=0

0 otherwise
withi=r+2....5
A1+Az if b=a-1,a=%,%-1,---,1

—(A1+A2) if b=a, a=59,9-1,5+1
—(A1+ A2+
s—a
H(st—s+b—1) 3 putl+
[AS1+1]ab: r k=0 )
H(Sz—sl—b)kgopkuk) if b=a a=s,9%-1--,1
;
> PrHk if b=a, a=0
k=0
0 otherwise

3 Steady state Results

It can be seen from the structure of A that the homogeneoukdvarocesq (L1(t),L2(t)),t > 0} on the state space E is
irreducible. Hence the limiting distribution

®— (¢S, S ¢0)

with @@ = (@) @21 ... ¢@0) where @) denotes the steady state probability for the stat¢) of the
inventory level process, exists and is given by

1)
(i,))eE

Theorem 2: The steady state probabilitp is given by
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. , 42—
o = (-1'¢® Q0 AR =125 +1
m=s;+1
. . 1 .
m=s;+1
. . 1 .
QO(') = qg(o) {(_1)' ( 0 AmBl) (ABfl)Hslfl_'_
m=s;+1
R E s+2k
> 2 (1) 30+ (1-80)(-1)* Q AwBT
I=QC+1 k= m=s;+1
M[IfQéi—lfk]B_l(AB_l)i_l} i=Qs+1--,Q+r+1
. . 1 .
q;(') = q;(o) {(_1)| ( 0 Aﬁ]B—l) (AB_l)'_Sl_1—|—
m=s+1
QL +r+11-Q4 -1 - 2k )
Z > (DT A0+ (1-30)(-1)" Q AnBTY
|:Qsl+l K=0 m=s;+1
Mi—qt ~1-« B~ H(ABY) "+
i 1-Q -1 _ o2k
; Z (_1)I—|+k+l[ Q AmB_l]
1=QL Fr+2 k=1-Qf —r-1 m=s;+1
M[l—le—l_k]Bfl(ABfl)ifl} i=QL+r+2-.S
The value ofp®) can be obtained from the relatiog 5 @) =1, as
(i.))€E
sitl [ st2i Q3 _ 1 _
90 =01+ 3 (-1 ( Q Ams—1> + 3 (-1 (( Q AmB—l) (AB‘l)'—Si*) +
i=1 m=s;+1 i=s1+2 m=s;+1
Q%1+r+1 ‘ 1 .
2 <(_1)I < o) AmB—1> (AB—1)|—51—1+
i=QL +1 m=s; +1
I ST 141 Sk 1 1 1yi-|
(=17 oo+ (1-80)(-1)* Q AnBIM|_qr 1B (ABT)" | +
I=Qf +1 k=0 me=s;+1
S . 1 :
z ((_1)| ( fo) Aﬁ]B—l> (AB_l)'_Sl_1+
i=Qf +r+2 m=s;+1
QL +r+11-Qf -1 _ 512k _
(~1) B0+ (1-80) (-1 " Q  AmB My oz 1 B L(AB )1+
|:Q%1+1 k=0 m=s;+1 1
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1
i 1-Q5 -1

-1
) s1+2—k )
(_1)|7I+k+1[ Q AmBil]M[lnglflfk] Bfl(ABfl)lfl
1=Q% +r+2 k=1-Q} —r-1 m=s;+1

Pr oof:

The first equation of (1) yields the following set of equaton

B+ VA i1, =0, =12 ,5+1
PVB+ @ VA=0 i=s5+25+3,Q
i-Qf -1
eVB+ pli-DA+ % fp(k)M[i—le—l—k] =0, i=Q§1+1,--- ,Q§1+r+1
K=
_ . i-Qf -1
PB4+ @i~ VA+ Z (p(k)M[i—Qgi—l—k] =0, i:Qg-l+r+27...7Sl
k=i—QSl—r—1

S
and @SVA+ > oMMy, g =0,
k=s1—r

Solving the above set of equations we get the required result O

4 System Performance M easures

In this section, some performance measures of the systedesved under consideration.

4.1 Mean Inventory Level

Let B; denote the average inventory level of the commodity 1 in thady state. Then we have
<if < (i)

o= eV (2)
2'\2

Let 3, denote the average inventory level of the commaodity 2 in thady state. Then we have
< < (i)
Bo=5 | V. 3)
22

4.2 Mean Reorder Rate

Let 33 denote the mean reorder rate then we have

r s1—k ) sk .
Pa= 3 < Z}(doA1+Az>cp<'*ka“>+ 2 (ot 60Mz><p<31k+l-">> )
k= i= i=
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4.3 Mean Shortage level

Let B4 denote the mean shortage level, then we have

Ba = (A1+2A2)9%0. (5)

5 Cost Analysis

We assume a specified cost structure for the proposed inyeytstem as follows:

k : ordering cost per order.
h; : holding cost for the commoditiyper unit item per unit time.
c : shortage cost per unit item.

Under the above cost structure, the expected total costrpetime(expected total cost rate ) in the steady state for
this model is defined to be

TC(S1,S2,81,%,1) = 11+ o2+ kB3 + CBs.
Substituting the values fg8’s we can compute the value (S, S, 51, ,1).

6 Numerical Illustration

As the expected total cost rate is obtained in a complex forexzonvexity of the expected total cost rate cannot beetludi
analytically. Hence, numerical search procedures aretodatt the local optimal values fdfS;, S) with fixed (s1, S, 1),
s with fixed (Sy, S, 1) , S with fixed (Sp, S, r) andr with fixed (S;, S, 51, S2). With a large number of numerical examples
it is found that the expected total cost rate in the long rugitiser a convex function of bot andS, or any one of the
variables and(s;,s).

Table 1 gives the expected total cost rate as a functid® ehdS, by fixing constant values for the other variables
and costs. After obtaining the local opting®,andS;, the sensitivity analysis are carried out to see how thegéainS,
and$, affect the expected total cost rate(see figure 2). For teisdtues of

TC(S1,%,8,7,5)
TC(S;,S;,8,7,5)

. r—1
by fixing the parameters and costs &s= 1.5;A2 = 1.5;p; = (0.6)(0.4)",i =0,1,---,;r—Lipp=1— 5 pi; i =
i=0

5.2+i(0.2),i=0,1, -

,r;hy = 3.85;h, = 3.0;k = 1400;c = 13.2, are computed.

S 21 22 23 24 25
S
31 1.004901 1.003075 1.002683 1.003793 1.006230
32 1.003084 1.001339 1.000775 1.001521 1.003%99
33 1.002129 1.000584 1.000000 1.000514 1.002224
34 1.001902 1.000635 1.000150 1.000569 1.002011
35 1.002304 1.001361 1.001060 1.001499 1.002789

Table 1. Sensitivity ofS; andS, on expected total cost rate

Here S = 33 andS; = 23 andTC(33,23,8,7,5) = 18171435. It appears that the expected total cost rate is more
sensitive to the changes $ than$;.

Fixing all parameters and other cost values exsg@nds,, the expected total cost rates are computed as shown
in tables 2 and 3 respectively. The four curves in figures 34ndrrespond tdS;,S) = (38,38), (S1,S) = (38,40),
(S1,S) = (40,40) and(S1,S) = (40,38) represent the different convex functionsspfands, respectively.
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183
Total Cost

182847

182

181.5
2

Commadity-1

Cammodity-2

Fig. 2: Effect of §; andS, on total expected cost rate

(S,S) (38,38) (38,40) (40,40) (40,38)
S1
10 97.994613 96.139090 96.431995 98.081569
11 97.994360 96.023943 96.289144  98.065952
12 98.000400 95.923640 96.151807 98.035658
13 98.025336 95.843428 96.028996  98.012370
14 98.075970 95.786353 95.925645  98.008380
15 98.155708 95.754412 95.844185 98.028728
16 98.267247 _95.749442 95.786557  98.07706(
17 98.412948 95.773273 95.754432  98.155900
18 98.595169 95.827835 _ 95.74942698.267220
19 98.816480 95.915211 95.773260 98.412886

Table 2: Effect of s; values on Expected total cost rate

(S,S) (38,38) (38,40) (40,40) (40,38)
S
7 102.231805 102.480491 101.029476 100.907859
8 102.085301 102.077340 100.840682 ~ 100.870128
9 102.109983 101.909026 _ 100.778083.00.924047
10 102.253535 _101.908423 100.804334 101.04431%2
11 102.480068 102.023224 100.894234 101.215964
12 102.768004 102.216954 101.032716 101.431622
13 103.106375 102.466501 101.212020 101.688819
14 103.492655 102.763268 101.430368 101.988307
15 103.927836 103.104920 101.688470 102.332150

Table 3: Effect of s, values on Expected total cost rate

In Table 4 the expected total cost rates by fixing constanteglor all variables and costs excejaire presented. The
four curves in figure 5 correspond (8;,S) = (45,47), (S1,S) = (45,45), (S1,S) = (47,45) and (S, S,) = (47,47)
represent different convex functions of r.

Next the impact of the holding costs andh, on the optimal valuesS;,S;) and the corresponding expected total
cost rate are studied. For the parameters and the propatigitributions; = 8;sp = 7r = 5;A1 = 1.5;A, = 1.5;p; =

(0.6)(0.4)",i = 0,1,- —1pp=1- Z pi; i = 5.2+1i(0.2),i =0,1,--- ,r;k = 1400c = 13.2, the total cost rate

increases whehy andhz increase(see table 5). The impact of ordering cost per amtthe shortage cost per unit item
on the optimal value€S;, S2*) and the corresponding expected total cost rate are stuglifiximg the parameters and the

probability distributions; = 8;8, = 7;r = 5;A; = 1.5;A, = 1.5;p; = (0.6)(0.4)",i =0,1,--- ,r —1;py = 1— Z pi i =
5.2+i(0.2),i=0,1,---,r;h; = 3.85;h, = 3. Table 6 shows that the total cost rate increases Wlzenic i mcrease
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98.5 _;-v"":.«l
98 == ==.'.-~a.ut:::tli:‘-"""'

97 ---+---51-38,52-38
---8---51=38,52=40
-2 - 51=40,52=40

---m--51=40,52=38

Total Cost

10 11 12 13 14 15 16 17 18 19

sl-values

r=5; s2=12; ,=1.9; ho=1; pi= (0.6)(0.4)} i=0,1,...r-1; h1 = 1.5;
-1

h2=1; p,= I*Zp, ymp=32+i(0.2),i=0,1,...r; k=1800; ¢ =13.2
=0

Fig. 3: Effect of s; on total expected cost rate

104.5
104 .
1035 | o
103 S
1025 n oot e
8 ; s e .
& 102 A e o --e--(38.38)
= e =k
£ 1015 e e --m--(38,40)
-] DS SOPTS. a
101 LRI TR et --&--(40,40)
100.5
~--0--(40,38)
100
99.5
99
7 8 9 10 11 12 13 14 15
s2-values

r=5; s1=12; hy=1; h=1.9; p;i= (0.6)(0.4), i=0,1,...r-1; hl =1;

=1
h2 =1.5; p,= lfzp, ;=52+i(02),i=01,...r; k=1800; ¢ =132

=0

Fig. 4. Effect of s, on total expected cost rate

260

B e e 1
i St e~y

250 | @-—o "

245

--&--51=45,52=47
240
--m--51=45,52-45

Total Cost

235

----51=47,52-45

230 -=4=-51=47,52=47
225

220
11 12 13 14 15 16 17 18 19 20

r-values

$1=22; $2=22; }4=1.5; 22=L.5; p; = (0.6)(0.4)}, i=0,1,...r-1; h1 = 3.85;
r=1

h2=3; p,= lfzpl ;m=52+i(02),i=0,1,..r; k=1400; c=13.2
=0

Fig. 5. Effect ofr on total expected cost rate
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(S1,S) (45,47) (45,45) (47, 45) (47, 47)
r
11 233.665264632532280 252.592956907586910 250.1369202080 254.204713535347680
12 233.665264624049230 252.592956903543780 250.136998G6080 254.204713531245800
13 233.665264622816750 252.592956902972840 250.13694839250 254.204713530661730
14 233.665264622637580 252.592956902892440 250.1369803260 254.204713530578770
15 233.665264622611800 252.592956902881010 250.1369883980 254.204713530567120
16 233.665264622608160 252.592956902879620 250.1369883960 254.204713530565530
17 233.665264622607680 252.592956902879450 250.1369883080 254.204713530565240
18 233.665264622607540 252.592956902879370 250.136940395583990 254.204713530565160
19 233.665264622607590 252.592956902879420 250.1369883030 254.204713530565160
20 233.665264622607590 252.592956902879420 250.1369883030 254.204713530565270
Table 4: Effect ofr on Expected total cost rate
hy 2.9 3.0 3.1 3.2 3.3
hy
3.75 | 178.7545| 179.5042| 180.2539| 180.9377| 181.5953
3423 [34]23 [34[23 | 34]22 |[35]21
3.8 | 179.8534| 180.6229| 181.3726| 182.0617| 182.7397
33[23 [34]23 [34[23 | 34]22 [34]22
3.85 | 180.9400| 181.7144| 182.4887| 183.1857| 183.8637
33[23 [33]23 [ 3323 [34[22 [34]22
3.90 | 182.0266| 182.8010| 183.5753| 184.3097| 184.9877
33[23 [33]23 [ 3323 [34[22 [34]22
3.95 | 183.1132| 183.8876| 184.6620| 185.4032| 186.1021
3324 [33]23 [ 33[23 [33[22 [33]22
Table 5: Effect of holding cost$; andh, on optimal values
c 13.0 13.1 13.2 13.3 13.4
k
1300 | 176.370606| 176.370608| 176.370610| 176.370612| 176.370613
33] 23 33] 23 33] 23 33] 23 33] 23
1350 | 179.042477| 179.042479| 179.042481| 179.042483| 179.042485
33] 23 33] 23 33] 23 33] 23 33] 23
1400 | 181.714348| 181.714350| 181.714352| 181.714354| 181.714356
33[ 23 33 23 3323 33] 23 33[ 23
1450 | 184.386219| 184.386221| 184.386224| 184.386226| 184.386228
33[ 23 33 23 3323 33] 23 33] 23
1500 | 187.058091| 187.058093| 187.058095| 187.058097| 187.058099
33[ 23 33 23 3323 33] 23 33[ 23
Table 6: Effect of ordering cost and shortage cost on optimal values
7 Conclusion

In this paper, a substitutable inventory system of two cowmlitiess with reorder levels of band widthhas been studied.
The joint probability distribution of the inventory levels the steady state and the stationary measures of system
performances have been derived. An example has also beeidguido prove the existence of local optima when the
total cost function is treated as a function of two varialdesnd$S, or a single variable, or s, or r. Future work will
consider the demand process as renewal type.
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