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This paper presents new definitions which are a natural combination of the defini-
tion for asymptoticall equivalence and A—statistical convergence of sequences. Let
0 = (k) be a lacunary sequence. Then the sequences x and y are said to be

[w]g A —asymptotically equivalent of multiple L provided that for every € > 0
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1 Introduction

Let I, and ¢ be the Banach spaces of bounded and convergent sequences x = ()
with the usual norm ||z|| = supy, |zx|- A sequence z = (x) € [ is said to be almost con-
vergent if all of its Banach limits coincide. Let ¢ denote the space of all almost convergent
sequences. Lorentz [8] proved that

¢ = {x = (2) €l : 1i]£n tim (x) exists uniformly in m},

where
Tm + Tm41 + -+ Ttk

kE+1
The space of strongly almost convergent sequences was introduced by Maddox [9] as

tem () =

[¢] = {z = (z1) €l : li]ICn tem (| — le]) exists uniformly in m, for some l},

wheree = (1,1,1,...).
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The notion of difference sequence space was introduced by Kizmaz [7] as
X (A)={x=(zr): (Axy) € X}

for X =1, ¢, cg, where Axy, = xp — xpyq forall k.

The idea of statistical convergence was introduced by Fast [4] and studied by Fridy [5]
Fridy and Orhan [6], Connor [2], Salat [13], among others. A sequence = = (xy) is said to
be statistically convergent to number L if for every € > 0

1
lim—{k<n: |z, —L|>¢e}| =0,
n n

where the vertical bars indicate the number of elements in the enclosed set. In this case, we
write S — limz = L or 2, — L (S) and S denotes the set of all statistically convergent
sequences.

A complex number sequence x = (x) is said to be A—statistically convergent to the
number L [3] if for every € > 0

1
limg\{kgn: |Az, — L] > e} =0,

in this case, we write SA — limz = L or z;; — L (Sa) and Sa denotes the set of all
statistically convergent sequences, where

1 0
A kaAIkZ.lik—xk+1, Amk:xk,

forallk € N.

By a lacunary sequence § = (k,); = 0,1,2,... where k; = 0, we shall mean
an increasing sequence of nonnegative integers with k, — k,_; — oo as r — oo. The
intervals determined by 6 will be denoted by I, = (k,_1,k,| and h, = k. — k._1. The
ratio k. /k,._, will be denoted by g,..

In 1993, Marouf [10] presented definitions for asymptotically equivalent sequences and
asymptotic regular matrices. In 2003, Patterson [11] extended these concepts by presenting
an asymptotically statistical equivalent analog of these definitions and natural regularity
conditions for nonnegative summability matrices. In 2006, Patterson and Savas [12] ex-
tended these definitions by using lacunary sequences. In 2008 Altundag and Basarir [1]
defined and studied new definitions which are natural combination of the definition for
asymptotically equivalence and [w], —statistically convergence.

2 Definitions and Notations

Definition 2.1 ([10]). Two nonnegative sequences x and y are said to be asymptotically
equivalent if

lim 28 — 1 (denoted by x ~ y).
k- Yk
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Definition 2.2 ([1]). Two nonnegative sequences x, y are said to be st-[w] L asymptotically
equivalent of multiple L provided that for e > 0

{kgn: t’””(x)—L‘ze}

1
lim —
thm (Y)

n n

—|w L
= 0, uniformly in m (denoted by x L )

and simply st-[w] asymptotically equivalent, if L = 1.

Definition 2.3 ([1]). Let # = (k,) be a lacunary sequence, the two nonnegative sequences
z and y are said to be st- [w]g asymptotically equivalent of multiple L provided that for
every € > 0

t m . . st—[w]g
{k €l : tm (7) — L‘ > 5}‘ = 0, uniformly in m (denoted by x el Y)

1
lim —
tk:m (y)

r T

and simply st-[w] jasymptotically equivalent, if L = 1.

Definition 2.4 ([1]). Let § = (k,) be a lacunary sequence, the two nonnegative sequences

x and y are said to be [w]g‘ -asymptotically equivalent of multiple L provided that
1 t
r T kel tiem (y)

I

— L| =0 (denoted by x vl Y)

and simply [w], — asymptotically equivalent, if L = 1.

Following the above definitions, we shall now introduce some new ones.
Let (Azy) and (Ayy,) be first order difference sequences of x and y, respectively.

Definition 2.5. The sequences = and y are said to be wa —asymptotically equivalent if

lim Lm (Azy)
ko trem (Ayg)

Example 2.1. Let

= 1 uniformly in m (denoted by z " y).

z=(xx)=(-1,-2,-3,...) and y = (yx) = (1,0,-1,2,1,0,—1,2,1,0,—1,2,...).
Then Az, = Ay, = 1 for all &, so

A
lim Lm ()

=1
b thm (Ayk)
uniformly in m, i.e., = % Y.

Definition 2.6. The sequences x and y are said to be st — [w]i —asymptotically equivalent
of multiple L provided that for every € > 0

t ™m A . . st—[w]X
{k <n: bom (Awk) _ L‘ > 5}’ = 0 uniformly in m (denoted by x blld )
tkm (AYk)

and simply [w] , —asymptotically statistical equivalent, if L = 1.

1
lim —
nn
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Definition 2.7. Let § = (k,.) be a lacunary sequence. Then the sequences z and y are said
to be st — [w}g A —asymptotically equivalent of multiple L provided that for every € > 0

tem A . . st—[w]¥
{k I.: M — L’ 25}’ = 0 uniformly in m (denoted by x [N]G’A Y)
thm (Ayr)

and simply st-[w], , —asymptotically equivalent, if L = 1.

lim —
1,1:n hr

Definition 2.8. Let § = (k,) be a lacunary sequence. Then the sequences = and y are said
to be are —asymptotically equivalent to multiple L provided that

.1 tim (Azy) . . [w]§ A
lim — ——————= — L| = 0 uniformly in m (denoted by x ~'
r hr ICEZL tlmn (Ayk) Y Y y)

and simply [w], » —asymptotically equivalent, if L = 1.

3 Main Results

Theorem 3.1. Let 0 = (k) be a lacunary sequence, then
[m]L, t—[w]E
@ Ifz iAythenxs gs’Ay,

[w]§ A [w]g

(b) Ifz,y €l (A) and x ik y thenx vls.a Y,
(@) [w]éA Nlso (A) = st — [u)]GL’A Nl (A),
where loo (A) = {z = (z1) : (Azg) €lx}.

[wl A

Proof. (a). Ife >0andx ~ vy, then

Z ‘tkm (Azxy) L’ > Z tem (Azy) 7L‘

= e (Ayk) Pt tim (Ayk)
amay
amry, ~ L2
trem (A
>¢ {ke]r ’ km (A2) —L‘ >5H
km (Ayk)
St—|w L
Therefore x o [N}Q’A
st—[w]F
(b). Suppose that z,y € I, (A) and = [N]G’A y . Then we can assume that
A
bim (D) —L‘ < M for all k and m.
tim (Ayk)
Givene > 0
trm (A 1 tem (Al‘k) ‘
L‘ = — " L
h ICEZI ’tk'm k hr k;h tk‘,m (Ayk)

tem (Beg) _L|>e
f’lﬂn(Ayk) -
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1 tk’m (Axk)
Loy B
hr kel, tk:m (Ayk:)
t Az
et <
tkm (Axk) }
<2 Nlkel: ‘7—425 te.
hr { tkm (Ayk)
[wI§ A
Therefore x ~ y.
(c). This immediately follows from (a) and (b). O
Theorem 3.2. Let 0 = (k) be a lacunary sequence with liminf ¢, > 1, then
st—[w]g . st*[w}g,A
€T ~

y impliesx  ~

Proof. Suppose that liminf g, > 1, then there exists a 6 > 0 such that ¢, > 1+ ¢ for
sufficiently large r, which implies

>

(s

0
>
kr — 146

9—“)L
Ifx‘t[ I3

~

1y, then for every € > 0 and for sufficiently large r, we have

tkm (A.’Ek) 1 tkm (A(L‘k)
k<k,: |22 Ll > > Rkel : |2 =% >
{— ’tkm(Ayk) |2ef| 2 5 |{ke ‘tkm(Ayw B

1
=

r

5 1 tkm(Aﬂjk)
> kel,: |————= —L| > ,
—1+5h,{ < ’tkm(Ayk) BX:

which completes the proof.

Theorem 3.3. Let 0 = (k) be a lacunary sequence with limsup ¢, < 0o

St*[w]g,A

st—[w] X
€T ~

S 1<
y impliesx ~ " y.
Proof. Suppose that lim sup ¢,

< o0, then there exists B > 0 such that ¢, < B for all
st—[w]gA
r>1. Letx ~

and € > 0. There exists R > 0 such that for every j > R

tkm (A{Ek)
kel;: | ———= — L’ > .
{ 4 thm (AY) =ef=e

We can also find K > O such that A; < K forall j = 1,2

Aj=

hy

,2,....Now let n be any integer
with k._1 <n < k,, where r > R. Then
n thm ( kr 1 tkm (Ay/@)

k)
tkm(AIk
: —L| >
{ h tem (Ayk) ‘ 8}’
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1

r—1

kr—lkl

ko — k1
+
k1)

Ekp —
+...+ R

. Liem (
{k; el : ‘ (B
)

= Gl {kEIli

kr—l (kZ -
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tk'm. (A$k) ’

tem (Ayr)

Al‘k)
)

L‘za}
24

tem (A.Z‘k
tkm (Ayk)

tem (Axy)

kel : | ——=

H > tm (D)
kr_1

-1

v
™
——

PR,
k1 (k

:klA

kelg:
kr—1 (kr — kr-1) H "

_kr—l
_ I, :
- r_krl)‘{ke '

tk:m (A(L’k) _ L’
tem (Ayr)

tem (Azg) o

thm (Ayk)

ko — k1

(R R
kr —

A
(ko —ky) 2

kJR 1 kr —k}T,1

kr 1(kR

<bupA >
j>1

+ebB.

r—1

This completes the proof.

k. —
+ (sup Aj)
>R kr—1

Ap+---+

7kR 1) kr—l (kr*kr—l)

kr

O

Theorem 3.4. Let 0 be a lacunary sequence with 1 < liminf g, < limsup g, < oo, then

xT

st— [w]g,A
~

st—[ulk
r ~ "y.

Proof. This immediately follows from Theorem 3.2 and Theorem 3.3.
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