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1 Introduction

In the last a few years we can see an increasing interest in the Bogolyubov-Born-Green-
Kirkwood-Yvon’s (BBGKY) hierarchy. This interest is quite natural, since this hierarchy is
related to the equation of Liouville, which is describing the evolution of a system interact-
ing many particles with the Boltzmann [1,7] and Vlasov equations. Last equations describe
the evolution of one particle and they are fundamental equations, describing the evolution
of particles in solids, semiconductors, in gas and in plasma. Unlike Liouville’s equation,
the structure of the BBGKY’s hierarchy permits the generalization of the physical results
for one particle to system of many particles.

Since the time, when it was formulated in 1946, the BBGKY s hierarchy was the object
of investigation for physicists as well as mathematicians [2-8, 11-13, 16, 18-22,24-28].

Well known, that charged particles interact via the coulomb potential. Until present,
there is no solution of the BBGKY’s hierarchy of quantum kinetic equations in the case
when the particles interact via a coulomb potential. This is an important problem for many

researchers. The present paper addresses the solution of this problem.
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2 Formulation of the Problem

We consider the hierarchy BBGKY of quantum kinetic equations, which describes the
evolution of a system of identical particles with mass m and charge ¢ interacting via a
coulomb potential [10, 14, 15] ¢(z;, z;) = ¢?/|z; — ;|, which depends on the distance
between particles

1/2
@i —ay] = (@ —2))? + (= a))? + (o} — 2)?)

and charges q. We assume that the charge is a real constant.
The BBGKY’s hierarchy is given by [2-5]

Ops(t,x1,...,25;7%,..., "
i at 3ts L S):[Hs,ps](txl,...,a:s;at’l,...,x's)
N s
ty (1 - N)Trmsﬂ > (¢¢,s+1(|$z‘ — @sy1]) — Gissr(lzi — Is+1\))
1<i<s
Xps+1(tvx17'"7x87x8+1;x/17'"7$/57x5+1)7 (21)

with the initial condition
ps(t, 1, .. w2 im0 = ps(0, 21, .., g3 XY, ., ). 2.2)

In the problem given by equation (2.1) and (2.2) the vector represented by x; gives

the position of ith particle in the 3-dimensional Euclidean space R, z; = (z}, 22, x3),

1=1,2,....,s,and z{*, o = 1, 2, 3 are coordinates of a vector x;. The length of the vector
x; is denoted by
1/2
il = (@) + @D+ @)
The reduced statistical operator of s particles is ps (21, ..., zs; 2], ..., 2%) related by posi-
tive symmetric density matrix of IV particles by [2-5]

ps(mla-"7xs;$/17"'ax;)

s o /
=V Trg oy, an D@1, Ty T, TN XY, T, Tsg 1, -, TN,

where s € N, N is the number of particles, V' the volume of the system of particles. The

trace is defined in terms of the kernel p(z, z") by the formula

Trxp:/p(x,:r)d:v.

In equation (2.1) i = 1 is the Planck constant and [, ] denotes the Poisson bracket.
The Hamiltonian of system is defined as

H, = Z T + Z bi g

1<i<s 1<i<j<s
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where 20 )
gAY
E = - 5 ¢l j = qia
2m ’ |z; — ;]
and A; is the Laplacian
0? 0? 0?
A= + e T 3

The operator given by

(®ps)(T1,y. .. g2y, ... 2h) = Z Gij(|wi — i) ps(@n, ..., xss 2], ..., 2h)
1<i<j<s
is symmetric.
In the present work, the Cauchy problem (2.1)-(2.2) is solved for a quantum system
finite number paricles contained in the finite bounded region (vessel) with volume V' = |A].
A state of this system is described by a density matrix p2(t,21,..., x4 2),...,2%)
that satisfies the Cauchy problem

Opr(t,x1, ..., xe ), ... 2"
i ps (21 ;tﬁs 11 z) :[H;\,pé\](t,ml,...,xs;mll,...,x;)
N s ,
+ (1= )T D2 (Sissalai = wenal) = diena (i) — zea]))
1<i<s
><pé\+1(t,$1,...,.’L’57$3+1;.’L'/1,...,LI?IS,{L'S+1)7 (23)
with the initial condition
A ; / _ A s /
pe(t,xy, . x5 2y, 2 im0 = po (0,21, ..., sy Y, ., 2. 2.4)

In (2.3) a Hamiltonian of a system is defined as
1

HMwn, o) = D (= 5 Do+t @)+ Y il — ),

1<i<s 1<i<j<s

where u” () is an external field which keeps the system in the region A (u’(z) = 0 if
r € Aand u(z) = +ocifx ¢ A).
The trace is defined in the region by the formula

Trmp:/p(x,x)d:r.
A
Introducing the notation

('HApA)S (tyw1,. .. ey, ... 2h) = [H;\,pé\] (t, w1, w2, Th);

A A R/ ry A R/ ’ .
(Dzs+1p ) (1, Ts32Y, ..., 2y) = Ps+1 (T1, X, T 1520, 5 Ty Ts 1) 5
S
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(AQHI/)A)S(Lxh...,xs;x’l,...,x',s)
N s
= V(l_ﬁ) > <¢i,s+1(|xi_‘rs+1‘)_¢i,s+1(|$;_‘rs+1‘))
1<i<s
-pA(t 1 T T xl);
s \Uy gy dbgy gy ey dg)y

/

P = {pNMt w2, 2, ), s =1,2,..,

we can cast (2.3) and (2.4) in the form

.0
i—pMtxy, . g, 2l) = (HApA)S (t,w1,. . ey, .. k)

ot
+ / (AQHIDQHI/JA) (t 1y Ty Ty 13T e ey Ty Ts1 ) AT g1,  (2.5)
A S

Py, ..z a2 im0 = P20, 2, . xg 2, 1)
Ep?(xla"wxs;x/lv'“vx;)' (26)
3 Solution of the Cauchy Problem for BBGKY Hierarchy of Quantum
Kinetic Equations with Coulomb Potential

To obtain the solution of the Cauchy problem defined by (2.3) and (2.4) or by the
reduced form in (2.5) and (2.6), we use a semigroup method [9, 17,19-21].

Let L5(A) be the Hilbert space of functions ¢ (z1,...,2,), =, € R3(A),
and B} be the Banach space of positive-definite, self-adjoint nuclear operators
oMy, .. w2y, ..., 2h) on L(A)

(pgwé\)(xl"’xs):/pls\(ml’7583;1:/17"z;)wg\(xll"7x;)dzll"d'r;
A

with norm
oM, =sup > [(ehvs, @),
1<i<oo
where the upper bound is taken over all orthonormalized systems of finite, twice differen-
tiable functions with compact support {t)?} and {¢7} in L§(A), s > 1 and |p6\|1 = |pb]-
We’ll suppose that the operators p” () and H2 act in the space L3(A) with zero bound-
ary conditions.

Let B* be the Banach space of sequences of nuclear operators
A A A A
p = {pOapl (xl;mll)a"wps (.’171,...,Z‘S;Z‘/l,...,l';),...},
h A A A
where p; are complex numbers, pi C B,

A o A
Ps (X1, ., Ts52, ..., x5) =0, when s > sg,

»s
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Sg 18 finite and the norm is

", = Z!p?h

The coulomb potential ¢; ; = ¢*/|r; j| can be represented as
1 2
¢i,j = @i + ¢i,ja

where

2 2

q
) C Ly(R?), 22] = T [l C Loo(R?),
0.

1 _ 4 (7
g N1+

E E 1/2
rig = (@ —2))? + (@2 —ad)? + (af —a})?)"”.

Therefore the coulomb potential satisfies the conditions of Theorem X.15 in [23] and
the Hamiltonian with coulomb potential

HC (@i, 25) Z Aml—k Z

1<’L<é 1<z<_7<s

is a self-adjoint operator on the set D(HE

<) of finite, twice differentiable functions with

compact support [10].
Let B2 be a dense set of “good” elements of B2 of type BAND(HS) @ D(HE), where
D(HE) is the domain of the operator HS [10] and ® denote the algebraic tensor product.

Consider the operators
A A
(wA(t)pA)s(xl,...,xs;m’l,...,x;): (e letpAe’Hst> (T1,. .., xs; 2], ...,2)),
S

A R / A
on p(zy,...,xs; 2, ..., 7)) C B

Theorem 3.1. The operators w™(t) define a strongly continuous group of isometries on
B the generators of which coincides with —iH» on BA everywhere dense in BM.

Proof. The prove is summarized in the following four steps:
Step 1. The operator w” (#) is an isometry in the nuclear norm on B*:

|wA(t)pA|1 = |exp( (—iH ) p™ exp(iHMt) |1

—iHt A ctH M A A
=sup » ‘ ©is z)‘
1<i<oo
_ zH t ’LH t A
o Y| o] = 1
1<i<oo

where the upper bound is taken over all orthonormalized systems of finite, twice differen-

tiable functions with compact support {17} and {¢7} in L§(A).
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Step 2. Operator w’ (t) is strongly continuous on t in the nuclear norm on B*:

The strong continuity of w” (¢) on B* follows from the relations
‘ exp( — iH*t)p" exp(iH t) — pA‘l = ‘ exp(—iH ) p" exp(iH t) — pt
+ exp(—iH ) p exp(iH™t) — pb — exp(—i H ) p2 exp(i Ht) + pi )
< (|exp(=im ) (0" — o) exp(iH™)|

+’pA*p£

+ ‘ exp(—iHM) plexp(i H M) — pP
1

)

:2’pA—p,f; . G.1)

+ | exp(=iH ) pl exp(iHM) —
1

The term 2|p® — p2|; in (3.1) can be made as small as desired because the p? is dense in
the space of nuclear operators [19,21]. Therefore

’exp(fiHAt)pA exp(iHM) — pA‘l < ‘exp(fiHAt)pQ exp(iHM) = ph| . (32)
It follows from (3.2) that
lim [wA ()" = p*| = lim |exp(=iH )" exp(H™) = p|
< lim ( exp(—iH )y exp(iH ) = pp |
< lim | exp(—iH )} (exp(iH ) — )|
+ lim | (exp(—iH ) — D)ph |
< lim (Z Adlli || (exp(iHM) — Iy
+ 2 M=ttt — Dllel ) =0. (33)
1<i<n

It follows from the strong continuity of the group exp(FiH*t) that

tlirr(l) H(exp(iHAt) — ;|| =0,
%iﬂ(l) H(exp(—iHAt) — D] = 0.

In (3.3) we used

P LS Z Aillilllleall,

1<i<n

<Y Al

1<i<n

|(exp(=iH ) ~ Do (to) P

1<i<n

~—

b

] exp(—i H ) p (exp(i HM) — T

‘ ( exp(iH ) — I) i

(exp(—iHAt) - I) bi

leall,
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where {;} and {1;} from L§(A) and i = 1,2, ... are systems of finite, twice differentiable
functions with compact support.
Step 3. The operator w” (t) satisfies the group property:
wh(t)w (t)p™ = wA(tl)e—iHAtgpAeiHAtg _ eiHAtleiHAtgpAeiHAtgeiHAtl
A

= emHH () pA G H N (1t2) — (A (1) 4 1)) ph,

Analogously,
wh(t2)w (t1)pt = wh(ta + t1)p".

Step 4. The generator of the group w”(t) is defined on B* coincides with —i?{ on

BA:
. M)t —pt . —iHM AeiHAt—] e A iHM
Ji =l 3 [ e e )
i<oo
—sup Y ‘ (pAiHA—iHApA)%J/%) :’—i[HA,pA] o
1<i<oo

where the upper bound is taken over all orthonormalized systems of finite, twice differen-
tiable functions with compact support {¢)f} and {¢7} in L5(A). O

We introduce the operator 2(A) on the space B* by

(Q(A)pA> (T1,...,x; 2], ..., 2")
N
Vv

S
A R, / 1 ~1
= (liﬁ)/E Pop1(T1, -0, Tsy Tsq 1527, s T, Tt 1) (Ts41) G (Ts11)dT 511,
A X
K2

where g}(zs41) is a complete orthonormal system of vectors in the one-particle space
Lo(A).

We also introduce the operator U (¢) on B2 by the formula

pg\(tvxla e 7.%5;.%/1, R 71'/5) = (UA(t)pA)S(xh e 71’5;‘%3) e ,.’ﬂ;,)

= (eQ(A)efiHAtefg(A)pAeiHAt)s(:1:1, T3 T Th). (34

The history of derivation of this formula for the case of other bounded potentials is given
in [19].

Theorem 3.2. The operator U™ (t) generates a strongly continuous group of bounded op-
erators on B%, the generators of which coincide with the operator H + Try A, D, on BA

everywhere dense in B*.
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Proof. The proof is summarized in the following four steps:

Step 1. Let us show that the operator U* (¢) is bounded on B*. We begin by evaluating
the operator Q" [19,21].

1Q(A)p ‘1

= A| ZsupZ‘ %)
wzsupz\v(l—%)me ),

= maxg % (1 — —) :Zi:i = maxg v (1 — %) ‘
= é\) = constant, (3.5)

where the upper bound is taken over all orthonormal system of vectors {¢){} and {¢?}
s+1

?

in the s-particle space L§(A) and ¢{ ™' = g;v?, o3t = g;0f, s > 1 and is taken into

account that pg\(xl, co Xy, .., xh) =0, when s > s, where s is finite.

From the boundedness of the operator Q(A) (3.5), it follows that (™) is bounded
|€iQ(A)|1 < el/v(A)'

The operator U”(t), as a product of the bounded operators of e*(") and the unitary
operators eFHt s bounded and satisfies the estimate UA(t) < e?/*(M) on BA,

Step 2. Strong continuity of the operator U () on B* follows from boundedness of

+Q(A)

the operator e and the strong continuity of the operator w”(¢) on B [19].

}iH(l) M) exp(—i H ) e M) pA (t)eap(i HM ) — pP(to)| = 0.
— 1
Proof is analogously to (3.1)-(3.3).

Step 3. The operator U (t) satisfies the group property on B*:

UA(tl)U (t2) UA( ) SZ(A)efiHAtQ (efSZ(A)pA)eiHAtg
_ iH t1eQ(A)eiHAt2e—Q(A)pAeiHAtzeiHAtl

— 2 (efiHA(tlthQ)(efﬂ(A)pA)eiHA(tlthQ)) _ UA(t1 +t2)pA.

Analogously,
UM t2)UA (1) p™ = UMty +t2)p™.



The Cauchy Problem for BBGKY Hierarchy of Quantum Kinetic Equations 101
Step 4. The generator of the operator U” (¢) is defined on B consides with —i(H™ +
Tr, AYD2) on BA:
The infinitesimal generator of the group U* () is defined on the set of finite sequences
of nuclear operators

A= Lo,y ah), o o (e @, 2,

Py, .z, 2l) =0, 5> s,
with the property that the commutator [H2, p2] belongs to B2 together with p?. This set
is everywhere dence in B and belongs to D(—i(H" + Tr. ASDY)).

hm’w’ — tim | L (@A (1) — PN+ QA () — W (AP

t—0 t 1 t—01t
=< ( 1)k n—k A k A
EDID B it VRN OV
n=2 k=0 ’
. 1
= lim | (7@ (0" = o + Q) (W (0" = ) — (D" = ) QM)
NN DRk (A A A oA
L S W) @M@t = o) )
n=2 k=0 ’
_ | AyA =< nH* n—k (A VHAQF A
_‘ Z(H + Try Az DY) p —1—7;3216207]0”_16)9 (MHPQ"(A)p ’1
8=S8go
= Z — ’HA—I—TT%HAADA)pS
s=1
N—s n
Y YOS + Hoy o+ Hi o @ (W)l
n=2 k=0
s$=s5q N-—s

n
. 1k
i (1 T DY) 2430 S SO on ), |

w
I
-
3
[|
PR
™~
Il
=

— A ApmAY A =< (—1)k(n—k) A A

= Z —Z(H +Trrs+1AxDx)ps + ZWQ (A)[Hs,lvszrn] 1
s=1 n=2 k=0
S=S8¢o

- — i (HM 4 Try,,  AMDY) g2 = ‘ —i(HA TTZA;‘D;‘)pA‘ . (36

1 1
s=1
In (3.6) we took into account that p2 (z1, ..., zs; 2, ..., 2%) = 0, when s > s, where s

is finite and we used the following identities:

n k
Zk, R "(A) [H, Q5 (M)pdy] = k,(nl_)k)m(zx)[ H,, 2] =0,
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and
QA [HE, Q5 (M)pdy ] =0,

s,n—k»

since the operators H , and Q¥ (A) under the sign of the trace commute.

Here
S (_1)k n—k A k A _ S (_1)k n A A
p k"(n . k})'Q (A) [Hs,n—kaQ (A)ps+n] - p k"(n . k})'Q (A) [Hs,n—kvps—i-n]

and from identity of particles, we have

n 1\E n—
S EDO B gn ) [, para] = 0.

| — |
— kl(n — k)!
So,
tlgr(l) f)s(xl,...,xs;x/l,...,xls)— (—i[H;A,pé\](J;l,...,xs;x’l,...,x;)

(1 - %)Trxsﬂ Z (¢i,s+1(|$i —Zs41|) — Gisi1 (|2 — xs+1‘))

1<i<s

A Wi / _
Popr(T1, ... ,xs,xsﬂ,xh...,xs,xsﬂ))‘l =0.

This implies that the infinitesimal operator of the group U”(¢) on B2 by i concides with
the operator

)+ (1= )T 3 (Snarallo = 2aal) = biarallel — 2aa])) G

1<i<s

on the right-hand side of the BBGKY hierarchy of quantum kinetic equations on Bé\
According to [10] and Theorem 2.2 of Chapter XIX of reference [9], since U A (t) is

a strongly continuous semigroup on B* with generator on Eé‘ which is dense in B2, the

abstract Cauchy problem (2.3), (2.4) associated with operator (3.7) has the unique solution

prt x,. .z, 2l) = (UA(t)pA) (T1,. .., 232, ..,2%)
S

— (eQ(A)e’iHAte’Q(A)pAeiHAt> (x1,...,x507,..., 7))  (3.8)
for each p2(x1,...,25;2),...,2%) C Bé\ For the initial data p? belonging to a certain
subset of B2 (to the domain of definition of D(—i(H + Tr,_,, A D;)s) of the operator
—i(H + Tr,, +1.AQJDI)S, which is everewhere dense in Bg‘, (3.8) is strong solution of
Cauchy problem (2.3)-(2.4).

The proof is completed. O
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4 Summary

In this paper we have proved the existance of a unique solution for BBGKY’s hierarchy

of quantum kinetic equations with coulomb potential.
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