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1 Introduction Then the functionG is called a generalized metric, or,
more specifically &5-metric orX, and the pair(X,G) is
The metric space theory plays a major role in called aG-metric space.

mathematics (geometry, topology, analysis ...), computeDefinition 1.2[6] A G-metric space is said to be symmetric
sciences_; arr:d gpplied sciences, such that optimizations G(x,Y.y) = G(y,x,x) forall x,y € X.

economic theories. i ;

In 2005, Zead Mustafa and Brailey Sims introduced agee f;ngfqnutfgg]éfe;éﬁtf)u?eaagir:titgcf [I)s (;(Ziclﬁt))(nge
new structure of generalized metric spaces ([6]), WhiChthe limit of the sequencé{xn} we say that{x,}is
are called G-metric spaces as generalization of metriCG—convergentta it lim G(X X 'Xm) -0

spacéX,d). Many authors in [3-8] proved several fixed nm—e '

point theorems for one map satisfying various contractiveThus if x, — x in a G-metric spacéX,G), then for
conditions on complete G-metric spaces. Abbas et al. iranye > 0, there existdN €N such thaB(x, X, Xm) < &,
[1] prove a fixed point theorem for one map and severalfor alln,m > N, (through this paper we mean bithe set
fixed point theorems for two maps in G-metric spaces.of all natural numbeds

The main object of this paper is to prove common fixedgefinition 1.4[6] Let (X,G) be a G-metric space, a

equenceXx,} is calledG-Cauchy if giverg > 0, there is
N € N such thaiG(X, Xm, ) < € for all n,m,| > N that

point theorems for six mappings and sequences o
mappings i-metric spaces where the completeness is
replaced with weaker condition. Our results improve,

extend and generalize the corresponding results given biS It G0, X, X)) — 0 asn ml = co.
many authorgs. P g ¢ ?Sefinition 1.5[6] A G-metric spacéX,G) is said to be

Definition 1.1[6] Let X be a nonempty sd¥;, the set of G-complete (or comple@metric) if every G-Cauchy
all nonnegative real numbers, and @t XxXxX — Rt~ Seguence X, G) is G-convergent X, G).

be a function satisfies the following properties: Definition 1.6[6] A G-metric spacgX,G) is called
1)G(xy,2 =0ifx=y=1z2 symmetric G-metric space ifG(x,y,y) = G(x,x,y) for
(2)G(x,x,y) >0, ¥YX,y € X, X #Y, allx,y € X.

)G (X, xY) <G(X,Y,2), VX,V,ZE X, Z#Y, Definition 1.7[6] Let (X,G) and (X’,G') be G-metric
BG(x,y,2) = G(x,zy) = G(Y,X,2) = ..., (Symmetry in  spaces and let : X — X’ be a function, therf is said to
all three variables), be G-continuous at a pointa € Xif and only if,
(5) G(x,y,2) < G(x,a,a) + G(a,y,2)for allx,y,za € X, givere > 0, there existsd > 0 such thaty € X; and
(rectangle inequality). G(a,x,y) < 0 impliesG'(f(a), f(x), f(y)) < &. A function
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f is G-continuous aX if and only if it is G-continuous at
allae X.
Definition 1.8[2] The mapping®\,B: X — X are weakly

compatible if they commute at coincidence points. i.e. for

each pointiin X such thatdu = Bu, we haveABu = BAu.

2 Main Results

Here we start our work with the following theorem.
Theorem 2.1 Let (X,G) be a G-metric space and
A,B,C,1,J,K: X — X be mappings such that

(MA(X) C I(X), B(X)C 1(X)andC(X) C K(X)

(i) G(Ax,By,Cz)

< aG(Kx,Jy,12) + bG(Kx, Jy, By)
+cG(Jy,12,C2) + d G(lz,Kx, AX),

forall x,yandzin Xand 0O<a-+b+c+d< 1,

(i) the pairs {A/K},{C,1} and {B,J} are weakly
compatible.

Suppose that one of the
A(X), B(X),C(X), 1(X),J(X) and K(X) is complete
subspace of. ThenA,B,C,1,J and K have a unique
common fixed pointi inX.

Proof Let xg € X be an arbitrary point. By (i) there exists
X1, X2, X3 € X such that

Axg = IX1 =Yo, Bx; = 1% =Y1 andsz =KXz =Y.
Consequently, we can define a sequefig in X such
that

Yan = AXan = JXan11, Yani1 = BXani1=1X,,,, andy, ., =
Cxy,,p =KXy, 5, foralln=0,1,2,....

Now, we prove{yn} is aG-Cauchy sequence.

Let Gm = G(Ym, Ym+1, Ym+2) and by (i), we obtain

Gan = G(Yan, Y3n+1, Yant+2) = G(AXzn, BXany1, CXani2)

< aG(KXan, IXan+1, [ Xan+-2) + bG(KXan, IXan+1, BXan1)
+¢G(IXan+1, 1 Xan+2, Cxant-2) +d G(IXan 2, KXan, AXan)
< aG(Yan-1,Yan, Yan+1) + bG(Yan-1,Yan, Yani1)
+C€G(Yan, Yan+1,Yan+2) +d G(Yant1, Yan-1, Yan)
< (a+b+d)Ggn-1+CGan,

which implies, Gz, < a Ggy-1, wherea = &2t < 1,
sincea+b+c+d<1.
From above inequality and by (3), we obtain

G(Yn; ¥n, Yn+1) < G(Yn,Ynt1, Yni2)

< aG(Yn-1,Yn¥n+1) < ... <a"G(Yo, Y1, Y2).

Then, for alln,m €N, n < m and above inequality, we
obtain that

G(Yn, Ym, Ym)
< G(Yn, Ynt1, Ynt1) +G(Yni 1, Y2, Yni2)

maps

+G(Yn+2: Yn+3, Yn+3) + - + G(Ym-1, Ym, Ym)
< (a"+a™ .+ a™ ) Gyo, 1. V)
< 125G(Yo, y1,Y2) — 0, asn, m— oo.
Forn,m,l €N, above inequality and by (5) implies that
G(Yn,Ym: Y1) < G(¥n, Ym: Ym) + G(¥i, Ym, Ym) — O, as
n,mI — . So,{yn} is aG-Cauchy sequence. Then the
subsequencdysn} = {Ixani1} € J(X) is a G-Cauchy
sequence if(X). Suppose thai(X)is complete, therefore
by the above, the sequenddxs,1}is G-Cauchy and
hencelxgn 1 — u=Jv e J(X)for somer € X. Hence, the
sequence{y}converges also ta and the subsequence
{Axan}, {BXans+1}, {Cxant2}, {Kxan}and {IXans2}
converge ta.
We shall prove th&v = Jv = u. On using (ii), we obtain
that

G(AXzn, BV, Cxany2)
< aG(Kxan, IV, I Xant2) + bG(KXgn, Jv, Bv).
+cG(IV, I X3n+2,CXan42)
+dG(IX3n+2, KXan, AXan).

As, n — o, we have G(u, Bv,u) < bG(u,Bv,u) is a
contradiction. Thu8v=Jv=u.

Since {B,J} is weakly compatible, thusBJv = JBv.
HenceBu = Ju.

Now, we prove th@u = u, if Bu+# u, then

G(Axan, Bu, Cxany2)

S aG(KX?:n,JUa |X3n+2) + bG(KX3anU7 Bu)
+¢G(Ju, IX3n+2,Cxan42)
+d G(IX3n4-2, KXan, Axan)

As, n — o, we have G(u, Bu,u) < bG(u,Bu,u) is a
contradiction. ThusBu = Ju = u, that is,u is a common
fixed point ofB, J.
Sinceu = Bu € B(X) C I(X), hence there existw € X
such thatw = u. We prove tha€Cw = u. On using (ii), we
obtain that

G(AxXan, Bu, Cw)

< aG(Kxan, Ju, Iw) + bG(KxXzn, Ju, Bu)
+cG(Ju, Iw,Cw)
—|—dG(| W, KX3n,AX3n)

As, n — o, we have G(u,u,Cw) < cG(u, u,Cw) is a
contradiction. Thu€w = Iw = u, by the weak
compatibility of the paifC,I}, we havelCw = ICw, and
so,lu=_Cu.

Now, we prove th&u = u, if Cu # u, then

G(Axan, U, Cu) = G(Axzp, Bu, Cu)

< aG(Kxan, du, 1u) 4+ bG(Kxzp, Ju, Bu).
+¢G(Ju, lu,Cu) 4+ dG(lu, Kxgn, Axzn)
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As, n — o, we have G(u,u,Cu) < cG(u,u,Cu) is a
contradiction. ThusCu = lu = u, that is,u is a common
fixed point ofC, I.

Similarly, u= Cu e C(X) C K(X), hence there exisig ¢

X such thaK p = u. We prove thafAp = u. On using (ii),
we obtain that

G(Ap, u, u) = G(Ap, Bu, Cu)

<aG(Kp,Ju,lu)+bG(Kp,Ju,Bu)
+cG(Ju,lu,Cu) +dG(lu,Kp,Ap)
<dG(Ap,u,u),

is a contradiction. Thup = Kp = u, by the weak
compatibility of the pair{A K}, we haveAKp = KAp,
and soAu = Ku.

Now, we prove thaku = u, if Au # u, then

G(Au, u, u) = G(Au, Bu, Cu)

< aG(Ku,Ju, u) 4+ bG(Ku,Ju,Bu)
+¢G(Ju,lu,Cu) + dG(lu,Ku, Au)
< dG(u,u,Au),

is a contradiction. ThusAu = Ku = u, that is,u is a
common fixed point oA, K. Then

Au=Bu=Cu=Ilu=Ju=Ku=u

Now, we prove the uniqueness. To see the paiat
unique, suppose that is another common fixed point of
A B,C,K,J andlwithw # u.

G(u, u, w) = G(Au, Bu, Cw)

< aG(Ku,Ju,lw) + bG(Ku, Ju, Bu)
+cG(Ju, Iw,Cw) 4 d G(Iw, Ku, Au)
< aG(u,u,w) + cG(u,w,w) + d G(w, u, u)

By using (5), we havés(u, u, w) < (a+2c+d)G(u,u, w)
a contradiction. Thereforay = u is the unique common
fixed point of map#\, B,C, | ,J anK.

If we puta=b=c=d=qin Theorem 2.1, we obtain
the following theorem
Theorem 2.2 Let (X,G) be a G-metric space and
AB,C,I,J,K: X — X be mappings such that
(NA(X) € J(X), B(X) CI(X)andC(X) C K(X)
(i) G(Ax,By,Cz2)

< o | G(Kx,Jy,12) + G(Kx,Jy, By)
= 911Gy, 12,C2) + G(1Z,Kx, AX)
for all x,y andzin Xand 0< q < 1/4,

(i) the pairs {A/K},{C,1} and {B,J} are weakly
compatible.

Suppose that one of the maps
A(X), B(X),C(X), 1(X),J(X) and K(X) is complete

subspace of. ThenA,B,C,1,J and K have a unique
common fixed point inX.

If we put K =J =1 = i(the identity mapping) in
Theorem 2.1, we obtain a common fixed point theorem
for three mappings as the following
Theorem 2.3Let (X,G) be aG-metric space and,B,C:

X — X be mappings such that

G(Ax,By,Cz)

< aG(x,y,2) +bG(x,y, By)
+cG(y,z,Cz) + d G(z x, AX),

for allx,y andzin Xand 0< a+b+c+d < 1. Suppose
that one of the mapping&\(X), B(X) and C(X) is
complete subspace %f ThenA, B andChave a unique
common fixed pointiinX.
In the following theorem, we have a common fixed
point results for two mappings
Theorem 2.4 Let (X,G) be aG-metric space, suppose
mappingsf,g : X — X satisfy one of the following
condition
1.G(fx, fy, f2)
< aG(gx, gy, g2) +bG(gx, gy, fy)
+cG(gy, 9z, fz) + dG(gz gx, fx)

or
2.G(fx, fy, fz)

< aG(x,gy,92) + bG(x, gy, fy)
+¢G(gy, 9z, fz) +dG(gz x, fX),

or
3.G(fx, fy, fz)

<aG(gx,y,92) +bG(gx,y, fy)
+cG(y, 9z, fz) +dG(gz,gx, fx),

or
4.G(fx, fy, fz)

< aG(gx,gy,2) +bG(gx, gy, fy)
+cG(gy; z f2) +dG(z gx, fx),

or
5.G(fx, fy, fz)

<aG(x,y,g2) +bG(x,y, fy)
+cG(y, 0z f2) + dG(gz x, fX),

or
6.G(fx, fy, fz)

< aG(x,gy,z) +bG(x, gy, fy)
+¢G(ay, z f2) +dG(z X, fx),

7.G(fx, fy, f2)
<aG(gx,y,2) +bG(gx,y, fy)
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+€G(y, 2) +dG(z g% ),

for allx,y and z in Xand 0< a+b+c+d < 1.
If f(X) C g(X), f andg are weakly compatible anti(X)

or g(X) is complete subspaceXf Thenf andy have a '
unigue common fixed pointinX.
Proof To prove thatf andy have a unique common fixed
pointu inX
1.SettingA=B=C = f andK =J =1 = gin Theorem
2.1, or
2.Settinh=B=C = f,J=1 = gandK =i(the identity
mapping) in Theorem 2.1.
3.Settindh=B=C = f, K =1 =gandJ = i(the identity
mapping) in Theorem 2.1.
4.Settinh=B=C= f,K=J= gandl =i(theidentity
mapping) in Theorem 2.1.
5.Settinlh=B=C=f,| =gandK =J =i (the identity
mapping) in Theorem 2.1.
6.Settinh=B=C= f,J=gandK =1 =i (the identity
mapping) in Theorem 2.1.
7.Settinh=B=C=f,K=gandJ=I =i (theidentity  or
mapping) in Theorem 2.1.
Corollary 2.5 The condition 1 in Theorem 2.3
G(fx, fy, fz)
or

< aG(gx, gy, 92) + bG(gx, gy, fy)
+cG(gy, gz, fz) + dG(gz gx, fx)
improves and is weaker than the conditions of Theorems
2.3-2.6 of [1].
Corollary 2.6 Let (X,G) be aG-metric space, suppose or
mappingsf,g : X — X satisfy one of the following

condition
G(fx, fy, fz)

G(gx, fy, fy)
+G(gy, fy, fy)

Lc| Gl fzf2) | 4 1G(gz fx fx)
+G(9z fz f2) +G(gx, fx, fx) |

< aG(gx,gy,92) +b [

<aG(1"™x, 1My, 1Mz) + bG(1™x, 1My, Ay)
+cG(1™My, 1Mz, A"z) + dG(1Mz,1 ™%, A"X),

2.G(A"X, A"y, A"z)
< aG(x, 1™y, 1Mz) + bG(x, | My, Ay)
+cG(1My, 1Mz, A"Z) + dG(1™z,x, A"X),

3.G(A™x, Ay, A"z)
< aG(1™x,y,1™Mz) + bG(1™x,y, A"y)
+¢G(y, 1Mz, A"z) + dG(1Mz,1™x, A"),

4.G(A%, Ay, A"z)
< aG(1™x, 1™y, z) + bG(1™x, 1My, Ay)
+cG(1™y, z,A"2) +dG(z, 1™x, A"X),

5.G(A%, A"y, A"z)
< aG(x,y,1Mz) + bG(x,y, A'y)
+cG(y, 1Mz, A"2), +dG(1Mz,x, A"X),

6.G(A"x, A"y, A"2)
< aG(x, 1™y, z) + bG(x, 1My, A'y)
+cG(1™y,z, A"z) + dG(z,x,A"X),

7.G(AX, Ay, A"z)
<aG(I"™x,y,2) +bG(I™xy,Aly)
+cG(y,z,A"2) +dG(z, 1 ™x, A"X),

forall x,y andzin Xand 0<a+b+c+d< 1. If A"(X) C
IM(X), the pair§A", 1™} are weakly compatible and one
of the mapa"(X) or IM(X) is a complete subspaceXaf
ThenA andl have a unique common fixed pointnX.

or Proof To prove thaA"andl ™ have a unique common fixed
G(fx fy, f2), pointu inX
G(gx. 9y, ) 1.SettihgA=B=C=A"andK =J =1 = I™ in
< aG(gx.gy,92) +b [ L G(gy.gy. y) Theorgm o1
2.SettingA=B=C=A", J=1=1"andk = i(the
+cC [ig{égzégzlz z)} d [ig(zégxégxix)} identity mapping) in Theorem 2.1.
B R 3.SettingA=B=C=A", K=I1=1MandJ = i(the

for allx,y and z in Xand 0< a+b+c+d < 1.

If f(X) C g(X), f andg are weakly compatible anti(X)

or g(X) is complete subspaceXf Then f andy have a
unigue common fixed pointinX.

Theorem 2.7 Let (X,G) be aG-metric space, suppose

mappingsA,l : X — X satisfy one of the following
conditions
1.G(A%, A"y, A"2)

identity mapping) in Theorem 2.1.
4.SettingA=B=C=A", K=J=I1Mand!| = i(the
identity mapping) in Theorem 2.1.
5.8ettingA=B=C=A" | =1MandK = J=i (the
identity mapping) in Theorem 2.1.
6.SettingA=B=C=A", J=1MandK = | = i(the
identity mapping) in Theorem 2.1.
7.SettingA=B=C=A" K=I1MandJ =1
identity mapping) in Theorem 2.1.

i(the
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That is, there exists € Xsuch thad"u=1"u=u.
SinceA"(Au) = A(A"u) = Au, it follows thatAu is a fixed
point of A"andl™ and hence

Au = u. Similarly, we havéu = u.

Theorem 2.8Let (X, G) be aG-metric space, suppode
X — X satisfy one of the following conditions

1.G(fx, fy, fz)

< aG(x,y,z) +bG(x.y, fy)
+cG(y,z fz) +dG(z X, fX),

or
2.G(fx, fy, fz)

<aG(fx,y,2) +bG(fx,y, fy)
+cG(y,z fz) +dG(z fx, fx),

or
3.G(fx, fy, fz)

<aG(x ty,z) + bG(x, fy, ty) ,
+cG(fy,z fz) +dG(z x, fX)

or
4.G(fx, fy, fz)

<aG(xy, fz) + bG(x,y, fy)
+cG(y, fz, fz) +dG(fzx, fx),

or
5.G(fx, fy, fz)

< aG(fx, fy,z) +bG(fx, fy, fy)
+cG(fy,z fz) +dG(z fx, fx),

or
6.G(fx, fy, fz)

<aG(fxy, fz) + bG(fxy, fy)
+cG(y, fz fz) +dG(fz fx, fx),

or
7.G(fx, fy, fz)

<aG(x, fy, fz) + bG(x, fy, fy)
+cG(fy, fz, fz) + dG(fz X, fx),

for all x,y andzin Xand 0< a < 1. Iff(X) is a complete
subspace of. Thenf has a unique common fixed point

inX andf is G continuous at.

Proof To prove thatf has a unique common fixed poimt

inX
1.SettingA =B =C = f andK = J = | = i(the identity
mapping) in Theorem 2.1.
2.SettingA=B=C =K = f andJ = | = i(the identity
mapping) in Theorem 2.1.
3.SettingA=B=C=J = f andK = | = i(the identity

mapping) in Theorem 2.1.

4.SettingA=B=C =1 = f andK = J = i(the identity
mapping) in Theorem 2.1.

5.SettingA=B=C=K =J = f andl =i (the identity
mapping) in Theorem 2.1.

6.SettingA=B=C =K =1 = f andJ = i(the identity
mapping) in Theorem 2.1.
7.SettingA=B=C=J=1 = f andK = i(the identity

mapping) in Theorem 2.1.

To show thatf is G continuous at, let {xn} C X be a
sequence such tr:gt liog, = u.

By using 7, we obtain
G(fxn, fu, fxn)

< aG(xn, fu, fxn) +bG(xpy, fu, fu)
+cG(fu, fxn, FXn) +dG(FXn,Xn, TXn)
Sincefu = u, we deduce that
G(fXn,u, fXn)
< aG(xp, U, fXn) + bG(Xn, u,u).
+cG(u, fXn, TXn) +dG(fXn, Xn, FXn)
But (5) implies that
G(Xf‘h U, an)
< G(Xn, FXn, TXn) + G(fXn, U, FXn)
< G(Xn,U,U) + 2G(fxn,u, fXn),
G(Xn, Xn, FXn)
< G(Xn,u,u) + G(fXn, U, Fxn)
Thus, we obtain that
G(fXn,u, fXn)

a+b+d
~ 1-(2a+c+d)
as,n — oo,
Thenfx, — u= fu,i.e.f is G continuous at.

G(Xna U, U) - 07

Remarks 2.9

1. Theorem 2.8 improves the Theorem 2.1 of [1]
2.Theorem 2.8 improves and generalizes the results of
[3-8]

Theorem 2.10 Let (X,G) be a G-metric space and
A, Bj,C,1,J,K: X — X, for all t,j,keN be mappings
such that

0] there exists to, jo, ko €N such

thatl, (X) C J(X), Bjy(X) € 1(X) andGe (X) € K(X)

(i) G(Ax, By, Cy2)

< aG(Kx,Jy,1z) +bG(Kx, Jy,Bjy)
+cG(Jy,1z,Cz) + dG(1z,Kx, A X)
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) Specially, Fixed point theorem and its applications . He
Suppose that there exists N such that#to. Then by  has published research articles in reputed international
using (i), we have journals of mathematical sciences. He is referee and

editor of mathematical journals
G(Aw, u,u) = G(Ax, Bj,u,Cy, 1)

< aG(Ku,Ju,lu) 4+ bG(Ku,Ju, Bj,u)
+cG(Ju, lu,C,u) + dG(lu,Ku, Acu)
< dG(u,u,Awu)

is a contradiction. Hence for every € N, we
havehu = u. Similarly Bju = u andCu = u. Therefore
for everyt, j,k €N, we have

of Saudi Arabia. He has got
MSC degree in Mathematics

Au=Bju=Cu= lu=Ju=Ku=u.
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