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Abstract: The generalized de Bruijn digraphGB(n,d) has good properties as an interconnection network topology. The resource
location problem in an interconnection network is one of the facility location problems. Finding absorbants of a digraph corresponds to
solving a kind of resource location problem. In this paper, we solve someopen problems given in the article ”Erfang Shan, T.C.E.Cheng,
Liying Kang, Absorbant of generalized de Bruijn digraphs, Inform. Process. Lett. 105 (2007) 6-11”.
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1 Introduction

In this paper, we deal with simple digraphs which admit
self-loops but no multiple arcs. LetD = (V,A) be a
digraph with the vertex setV and the arc setA. There is
an arc fromx to y if (x,y) ∈ A . The vertexx is called a
predecessor ofy and y is called a successor ofx. For a
vertex v ∈ V , the out-neighborhood of v is
N+(v) = w|(v,w) ∈ A and its in-neighborhood is the set
N+(v) = u|(u,v) ∈ A. The closed out-neighborhood ofv
is the set N+[v] = N+(v) ∪ v and its closed
in-neighborhood is the setN−[v] = N−(v)∪ v . ForS ⊆V ,
its out-neighborhood is the setN+(S) =

⋃

s∈S N+(s) and
its in-neighborhood is the setN−(S) =

⋃

s∈S N−(s). N+[S]
and N−[S] are defined similarly. An absorbant of a
digraph D is a setS of vertices ofD such that for all
v ∈ V − S, N+(v)∩ S 6= /0, i.e.,N−[S] = V . The absorbant
number of D, denoted by γa(D), is defined as the
minimum cardinality of an absorbant ofD. An absorbant
of D of cardinalityγa(D) is called aγa-set. A setS ⊆ V is
a dominating set ofD if for all v ∈ V − S, N−(v)∩ S 6= /0,
i.e., N+[S] = V . Similarly, the domination number ofD,
denoted byγ(D), is defined as the minimum cardinality
of a dominating set ofD. For standard graph theory
terminology not given here we refer to [4]. The resource
location problem in an interconnection network is one of
the facility location problems. Constructing the
absorbants and dominating sets corresponds to solving

two kinds of resource location problems [3,8]. For
example, each vertex in an absorbant or a dominating set
provides a service (file-server, and so on) for a network.
In this case, every vertex has a direct access to
file-servers. Since each file-server may cost a lot, the
number of an absorbant or a dominating set has to be
minimized. The generalized de Bruijn digraphGB(n,d) is
defined in [2,5] by congruence equations as follows:

V (GB(n,d)) = {0,1,2, ...,n−1} and

A(GB(n,d)) = {(x,y) : y ≡ dx+ i(modn),0≤ x ≤ d −1}

The following open problems are given in [7] 1. Is it true
that if GB(n,d) is a generalized de Bruijn digraph with
d ≥ 2 andn ≥ d, γ(GB(n,d)) ≤ γa(GB(n,d))? If it is not
so, does there exist a generalized de Bruijn digraph
GB(n,d) satisfying γa(GB(n,d)) < γ(GB(n,d))? 2. Find
sufficient conditions for the absorbant number ofGB(n,d)
to be the lower bound

⌈

n
d+1

⌉

. 3. Find a sufficient and
necessary condition for the absorbant number ofGB(n,d)
to be its domination number. 4. Is it true that
γa(GB(8k − 4,4k − 3)), for k ≥ 2? 5. Is it true that
γa(GB(6k,2k−1)), for k ≥ 2? ?

In this article, we solve the problem 4 and we provide
a partial solution to the problem 3 using problem 4.
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2 Solution of the problems

We use the following results subsequently in the proof of
the problem.Theorem A ([7]).

⌈

n
d+1

⌉

≤ γa(GB(n,d)) ≤
⌈

n
d

⌉

// Theorem B ([7]). If d = 2,4 and(d +1)|n or d = 3

and 8|n, thenγa(GB(n,d)) = n
d+1.// Theorem C ([8]). For

domination number of generalized de Bruijn digraphs, we
obtain

1.γ(GB(2s,2s−1)) = 2.
2.γ(GB(8s−4,4s−3)) = 3 and
3.γ(GB(6s,2s−1)) = 4, wheres is a natural number.

Theorem D ([2]). Let gcd(n,d−1) = g. Then the number

of loops in GB(n,d) is g.
[

d
g

]

, where [x]denotes the

smallest integer not less thanx.// Theorem E ([1]).

Assume gcd(a,m) = d. Then the linear congruence
ax ≡ b(modm) has solutions if, and only if,d|b.//
Theorem F ([1]). Assumegcd(a,m) = d and suppose

that d|b. Then the linear congruenceax ≡ b(modm) has
exactlyd solutions modulom. These are given byt, t + m

d ,
t + 2m

d ,...,t + (d − 1)m
d , where t is the solution, unique

modulo m
d of the linear congruencead x ≡ b

d (mod m
d ).//

Theorem G ([6]). If n = d +1, thenγ∗(GB(n,d)) = 1, d

is even,γ∗(GB(n,d)) = 2, d is odd.//

Theorem 2.1. Is it true thatγa(GB(8k − 4,4k − 3)), for
k ≥ 2. Proof. By Theorem A,

2≤ γa(GB(8k−4,4k−3)) ≤ 3. So we only need to show
that γa(GB(8k − 4,4k − 3)) 6= 2. Every vertex in
GB(8k− 4,4k− 3) hasd in-neighbors. Self-loop vertices
increase the cardinality of an absorbant, so we are going
to collect all the vertices, which do not have a self-loop.
For that, we first develop a necessary and sufficient
condition for a vertex to have a self-loop. In
GB(8k − 4,4k − 3), the arcs are
y ≡ (4k − 3)x + i(mod 8k − 4),0 ≤ i ≤ 4k − 4 and
0 ≤ y ≤ n − 1. Supposex is a self-loop vertex in
GB(8k− 4,4k− 3). We want to determine for how many
x = 0,1,2, . . . ,n − 1 the congruence
x ≡ (4k − 3)x + i(mod 8k − 4) or equivalently, the

congruence (4k−4)x
g ≡ −i

g

(

mod 8k−4
g

)

, where

g = gcd(n,d −1) is satisfied. Clearly

g = gcd(8k−4,4k−4)

= 4gcd(2k−1,k−1)

= 4gcd(2k−1− k+1,k−1)

= 4gcd(k,k−1)

= 4,

we have(k−1)x ≡ −i
4 (mod 2k−1). By Theorem E, this

congruence has solutions only when 4|i. That is i = 2x,x
is even. Also we have 2x ≤ 4k − 4 ⇒ x ≤ 2k − 2. The
congruence (4k−4)x

4 ≡ −i
4

(

mod 8k−4
4

)

becomes

(2k−1)x ≡ 0(mod 2k−1). Clearlyx = 0,2,4, . . . ,2k−2
are the solution of the congruence.
By Theorem F

x = 0,2k−1,4k−2,6k−3

x = 2,2k+1,4k,6k−1

x = 4,2k+3,4k+2,6k+1

...........................................................

x = 2k−2,4k−3,6k−4,8k−5

are also the solutions of the congruence. Therefore the
number of self-loop vertices isg

(

2k−2
2 +1

)

= 4k, which
is also given in Theorem D. Conversely, any vertexx of
the set {0,1,2, . . . ,8k − 5} satisfying the congruence

relation (4k−4)x
4 ≡ −i

4

(

mod 8k−4
4

)

is a self-loop vertex. By
retracing the steps, we get the converse part. We construct
a subsetV1 of V (GB(8k−4,4k−3)) as follows:

V1=
3
⋃

i=0

{(2k−1)i+1,(2k−1)i+3, . . . ,(2k−1)i+2k−3}.

We claim that for everyv ∈ V1,{v} ∩ N−(v) = /0. Any
vertex inV1 is of the form j,2k − 1+ j,4k − 2+ j and
6k−3+ j, j = 1,3, . . . ,2k−3. Since a self-loop vertex is
a solution of the congruence equation
(4k−4)x

4 ≡ −i
4

(

mod 8k−4
4

)

, any vertex in V1 is not a
solution of this congruence equation. Therefore, any
vertex in V1 does not have a self-loop. For any two
verticesu,v ∈ V1, without loss of generality assume that
u > v. DefineS = {u,v} andm = u− v. Construct the sets
D1 andD2 as follows:

D1 =
k−2
⋃

i=0
{4k−2+2i,6k−3+2i} andD2 =

k−3
⋃

i=0
{4k+

1+2i}.
Suppose thatm < 4k − 3. Then by definition of

GB(n,d), there is a vertexw in V (GB(8k − 4,4k − 3))
such that w ∈ N−(u) ∩ N−(v) and
|N−(S)∪ S| ≤ 2(4k− 3)+ 2− 1 = 8k− 5 6= 8k− 4. This
shows thatS is not an absorbant ofGB(8k−4,4k−3).

Now we consider the casem ≥ 4k − 3. From the
definition of V1, let u = (2k − 1)x + y and
v = (2k − 1)s + t, for x,s ∈ {0,1,2,3} and
y, t ∈ {1,3, . . . ,2k−3}. If m = (2k−1)(x− s)+ (y− t) is
odd, thenx− s is odd. It follows that neither both ofx and
s are odd nor even. Ifx and s are consecutive integers,
thenm = 2k−1+ y− t ≤ 2k−1+2k−3−1= 4k−5<

4k − 3. The only possiblilty of x and s is 3 and 0
respectively and we get
m = 6k − 3 ± 2i, i = 0,1,2, . . . ,k − 2. Therefore
m = 6k − 3 + 2i ∈ D1, i = 0,1,2, . . . ,k − 2 and
m = 6k−3−2i ∈ D2, i = 1,2,3, . . . ,k−2.

If m is even, thenx − s is even. Also sincex − s is
even, both ofx ands are either odd or even. The number
x− s to be even, the only possibilities are eitherx = 2 and
y = 0 or x = 3 and y = 1. Thus we get
m = 4k − 2 ± 2i, i = 0,1,2, . . . ,k − 2. Therefore
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m = 4k − 2 + 2i ∈ D1, i = 0,1,2, . . . ,k − 2 and
m = 4k−2−2i < 4k−3, if i = 1,2, . . . ,k−2. Therefore
if m ≥ 4k−3, then eitherm ∈ D1 or m ∈ D2.

Case 1. Suppose thatm ∈ D1 is even.
Then choosem = 4k − 2 andu = (2k − 1)x + y,x =

0,1,2,3 andy = 1,3,5, . . . ,2k−3. Sincem = 4k−2, v is
of the formv = (2k−1)x+ y+4k−2. We claim that,u is
an in-neighbor ofv. For that, it is enough to prove thatv
is a out-neighbor ofu. From the definition ofGB(n,d), we
have,

N+(u) = {(4k−3)((2k−1)x+ y)(mod 8k−4),

((4k−3)((2k−1)x+ y)+1)(mod 8k−4), . . . ,

((4k−3)((2k−1)x+ y)+4k−4)(mod 8k−4)}

= {(4k−3)(2k−1)x+ y(4k−3)(mod 8k−4),

((4k−3)(2k−1)x+ y(4k−3)+1)(mod 8k−4), . . . ,

((4k−3)(2k−1)x+ y(4k−3)+4k−4)(mod 8k−4)}.

Since (2k − 1)(4k − 3)(mod 8k − 4) = (k − 1)(8k − 4)
+(2k−1)(mod 8k−4)≡ (2k−1)(mod 8k−4), we have

N+(u) = {((2k−1)x+ y(4k−3))(mod 8k−4),

((2k−1)x+ y(4k−3)+1)(mod 8k−4), . . . ,

((2k−1)x+ y(4k−3)+4k−4)(mod 8k−4)}.

When
y= 1,((2k−1)x+(4k−3)y+2)(mod 8k−4)≡ ((2k−

1)x+ y+4k−2)(mod 8k−4)

y= 3,((2k−1)x+(4k−3)y+6)(mod 8k−4)≡ ((2k−
1)x+ y+4k−2)(mod 8k−4)

........................................................................................
y = 2k−3,((2k−1)x+(4k−3)y+4k−7)(mod 8k−

4)≡ ((2k−1)x+ y+4k−2)(mod 8k−4).
From the above argument,v is an out-neighbor ofu

and u ∈ N−(v). Similarly we can prove thatv ∈ N−(u).
For m > 4k−3, by the above argument, we can prove that
u ∈ N−(v) andv ∈ N−(u).

This shows that S ∩ N−(S) = S and
|N−(S) ∪ S| = 2(4k − 3) + 2 − 2 = 8k − 6 6= 8k − 4.
ThereforeS is not an absorbant ofGB(8k−4,4k−3).
Case 2. Suppose thatm ∈ D1 is odd.

Then choosem = 6k − 3,u = (2k − 1)x + y and
v = (2k − 1)s + t, where s,x = 0,1,2,3 and
y, t = 1,3,5, . . . ,2k − 3. We claim that
2k − 2 ∈ N−(u)∩N−(v). For that, it is enough to prove
that u,v ∈ N+(2k − 2). From the definitions ofGB(n,d),
we have

N+(2k−2) = {(4k−3)(2k−2)(mod 8k−4),

((4k−3)(2k−2)+1)(mod 8k−4), . . . ,

((4k−3)(2k−2)+4k−4)(mod 8k−4)}

Since
(2k−2)(4k−3) = (k−2)(8k−4)+ (6k−2) ≡ (6k−2)
(mod 8k−4), we have

N+(2k−2) = {6k−2,6k−1,6k, . . . ,2k−2}

= {3(2k−1)+1,3(2k−1)+2, . . . ,3(2k−1)+4k−1}

= {3(2k−1)+1,3(2k−1)+2, . . . ,2k−4,2k−3,2k−2}.

By the above argument, ifm ∈ D1 is odd. Thenx = 3 and
s = 0. Therefore 2k−2∈ N−(u) and 2k−2∈ N−(v). For
m > 6k−3, by the above argument we can prove that 2k−
2∈ N−(v) and 2k−2∈ N−(u). This shows that|N−(S)∪
S| = 2(4k−3)+2−1 = 8k−5 6= 8k−4. ThereforeS is
not an absorbant ofGB(8k−4,4k−3). Case 3. m ∈ D2.

Then by a similar argument as in Case 2, we have
2k − 2 ∈ N−(u) ∩ N−(v). This implies that
|N−(S) ∪ S| = 2(4k − 3) + 2 − 2 = 8k − 6 6= 8k − 4.
ThereforeS is not an absorbant ofGB(8k−4,4k−3).

The above argument forces us to conclude that
γa(GB(8k − 4,4k − 3)) 6= 2. By Theorem A, we have
γa(GB(8k − 4,4k − 3)) ≤ 3. Therefore
γa(GB(8k−4,4k−3)) = 3.

Now we explain the steps given in the proof of the
above Theorem 2.1 by giving an example. Consider the
graphGB(8k−4,4k−3) = GB(20,9), for k = 3.

V1 =
3
⋃

i=0

{5i+1,5i+3}= {1,3,6,8,11,13,16,18}

D1 =
1
⋃

i=0

{10+2i,15+2i}= {10,15,12,17}

D2 =
0
⋃

i=0

{13+2i}= {13}.

In Table 2.2, the elements ofD1 are represented in the
first row and the common in-neighbors ofu and v in
GB(20,9) are given in the third row. The elements ofD2
are mentioned in fourth row along with their common
in-neighbors in GB(20,9). Some pairs in V1 with
m = u− v are not mentioned in the table because in that
casem < 4k−3.

Theorem 2.2 The absorbant number ofγa(GB(n,d)) and
the domination number ofγ(GB(n,d)) are equal, if any
one of the following conditions hold.

(a)n = d +1
(b)n = d
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Table 1: The vertices inV1 and their in-neighbors ofGB(20,9).
The vertices and their in-neighbors in bold face are the vertices
of the setV1.

Vertex In neighbors
0 0 2 4 6 8 11 13 15 17
1 0 2 4 6 9 11 13 15 17
2 0 2 4 6 9 11 13 15 18
3 0 2 4 7 9 11 13 15 18
4 0 2 4 7 9 11 13 16 18
5 0 2 5 7 9 11 13 16 18
6 0 2 5 7 9 11 14 16 18
7 0 3 5 7 9 11 14 16 18
8 0 3 5 7 9 12 14 16 18
9 1 3 5 7 9 12 14 16 18
10 1 3 5 7 10 12 14 16 18
11 1 3 5 7 10 12 14 16 19
12 1 3 5 8 10 12 14 16 19
13 1 3 5 8 10 12 14 17 19
14 1 3 6 8 10 12 14 17 19
15 1 3 6 8 10 12 15 17 19
16 1 4 6 8 10 12 15 17 19
17 1 4 6 8 10 13 15 17 19
18 2 4 6 8 10 13 15 17 19
19 2 4 6 8 11 13 15 17 19

Table 2: The setsD1,D2, and their common in-neighbors in
GB(20,9)

d = u− v 10 12 15 17

{u,v}

11, 1
13,1 16, 1

18,1
13,3
16,6

18,6 18,3
18,8

Common in-neighbors ofu andv u is an in-neighbor ofv 2k−2= 4
v is an in-neighbor ofu

When{u,v}= {16,3}, thend = 13.
The common in-neighbors ofu andv are 2k−2= 4.

(c)d = 1
(d)d|n andn ≤ d2

(e)d = 2,4,(d +1)|n and 2 does not dividen
(f)n = 8k−4 andd = 4k−3 for k ≥ 2
(g)n = 6k andd = 2k−1 for k ≥ 2

Proof. (a) Suppose thatn = d +1. By using Theorem G,
we haveγa(GB(n,d)) = γ(GB(n,d)). (b) Suppose thatn =
d.

For anyv ∈ V,N+(v) = N−(v) = {0,1,2, . . . ,d − 1}.
Clearly |N+(v)| = |N−(v)| = d = n− 1. DefineS = {u}
for anyu ∈V. ThenN+[u] = N−[u] =V.

(c) Suppose thatd = 1.
Let V = {0,1,2, . . . ,n − 1} be the vertex set of

GB(n,d). When d = 1, N+[v] = N−[v] = {v} for any
v ∈V. Thus the setS = {0,1,2, . . . ,n−1} is a dominating
set and an absorbant ofGB(n,d).

(d) Suppose thatd|n andn ≤ d2.

Let S be an absorbant or a dominating set ofGB(n,d).
Then by the definition ofGB(n,d), |S|+ d|S| ≥ n. This
shows that γa(GB(n,d)) ≥

⌈

n
d+1

⌉

and
γ(GB(n,d))≥

⌈

n
d+1

⌉

. If d|n, then

V =
d−1
⋃

i=0

{

n
d i, n

d i+1, n
d i+2, . . . , n

d i+
(

n
d −1

)}

.

DefineS = {0,d,2d,3d, . . . ,( n
d −1)d}. We claim that

S is an
absorbant. For every vertex u ∈ V,
N−(u) = { u

d ,
u
d + n

d ,
u
d + 2n

d , . . . ,
u
d + (d − 1) n

d }. Let v be
any vertex inV − S. It is enough to prove thatv has an
out-neighbor inS. Any vertexv in V (GB(n,d)) is of the
form v = n

d i+ r for 0≤ i ≤ d−1 and 0≤ r ≤ n
d −1. Then

there is a vertex rd ∈ V (GB(n,d)) such that
N+( n

d i+ r)∩ S = {rd}. This shown thatS is absorbant of
GB(n,d). Therefore,γa(GB(n,d))≤ n

d =
⌈

n
d+1

⌉

.

Define S =
{

0,1,2,3, . . . ,
(

n
d −1

)}

. The
out-neighbors of any vertex u in S is
N+(u) = {ud,ud + 1,ud + 2, . . . ,ud + d − 1}

⋃

u∈S
N+(u)

= {0,1,2, . . . ,n − 1} = V. This shows thatS is a
dominating set of GB(n,d). Therefore,
γ(GB(n,d))≤ n

d =
⌈

n
d+1

⌉

.

(e) Suppose thatd = 2,4,(d + 1)|n and 2 does not
divide n.

Since V =

n
3−1
⋃

i=0
{3i,3i + 1,3i + 2}. Let

S = {3i+1|i = 0,1,2, . . . , n
3 −1

}

. First we claim that
S∩N+[S] = /0.

SinceN+(x) = {6i+2,6i+3}(mod n) for anyx ∈ S,
6i + 2,6i + 3 6= 3 j + 1( j ∈ {0,1, . . . , n

3 −1
})

, which
implies thatS∩N+(x) = /0. HenceS∩N+(x) = /0. Further
we claim thatN+(x) ∩ N+(y) = /0, for any two distinct
verticesx,y ∈ S. Suppose not. Then there are two distinct
vertices x,y ∈ S, such thatN+(x) ∩ N+(y) 6= /0. Then
1≤ |N+(x)∩N+(y)| ≤ d = 2.

Suppose that 1≤ |N+(x)∩N+(y)| ≤ d −1= 1. Then
|N+(x)∪ N+(y)| = 3. Note thatN+(x)∪ N+(y) consists
of three consecutive integers. Then there exists a vertex
z ∈ N+(x)∪N+(y) such thatz ∈ S. This contradicts the
earlier fact.

Suppose that|N+(x)∩N+(y)|= d = 2. ThenN+(x) =
N+(y). Hence we have 2(y− x)≡ 0(mod n). Since 2 does
not dividen,y = x, which is contrary tox 6= y. So our claim
follows. This implies thatN+(S)∪ S = V, and soS is an
dominating set ofGB(n,d).

Suppose that d = 4. Since

(d + 1)|n,V =

n
5−1
⋃

i=0
{5i,5i + 1,

5i + 2,5i + 3,5i + 4}. Let
S =

{

5i+2|i = 0,1,2, . . . , n
5 −1

}

. By a similar argument,
we can prove thatS is a dominating set ofGB(n,d). By
Theorem B, the desired result follows.

(f) From Theorem 2.1. and Theorem C, the result
follows.
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3 Conclusion

In this article, we have solved the open problem 4 and
have given a partial solution to the problem 3 which are
appeared in article Erfang Shan, T.C.E.Cheng, Liying
Kang, Absorbant of generalized de Bruijn digraphs,
Inform. Process. Lett. 105 (2007) 6-11. One can try to
solve the problem 1, problem 2 and problem 5 given in
the same article.
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