J. Ana. Num. Theoi3, No. 1, 75-78 (2015) %N =S¥\ 75

Journal of Analysis & Number Theory
An International Journal

http://dx.doi.org/10.12785/jant/030112

Some Properties of the Taylor Summability Method in
Complete Ultrametric Fields

R. Deepa
Department of Mathematics, Faculty of Science and HumemiBharath University, Selaiyur- 600 073, India

Received: 12 Nov. 2014, Revised: 17 Dec. 2014, Accepted:ex0 P014
Published online: 1 Jan. 2015

Abstract: In this paper, we study some properties such as transjatwitl consistency of the Taylor method of summability in
complete, non-trivially valued, ultrametric fields of chateristic zero and also prove few tauberian theorems dnautethod .
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1 Introduction and Preliminaries B.Aim Z ap=1
=
Throughout the present papBrdenotes a complete, non- ®
trivially valued, ultrametric field of characteristic zg/@p, An infinite seriesZ)xk, x €K, k=0,1,2,..., is said
the p-adic field for a primep, is one such field). Infinite K=

matrices, sequences, and series considered in the seqa@|beA-summabIe teif {sn} is A-summable tes, where
have entries if. Given an infinite matriXA = (ank), ank €
K,nk=0,1,2,... and a sequence= {x}, x € K, k= "~ zxk’ n=0,1,2,.

0,1,2,..., by theA-transform ofx = {x}, we mean the In the present paper, we prove some interesting
sequencéx= {(Ax)n}, where properties of the Taylor method of summability
" introduced earlier by Natarajaf][
AX) — . n=0,12,... General references for the study of summability
(AX)n zankxk methods in the classical case arg, 1[0, while for

analysis in ultrametric fields, se#]|
it being assumed that the series on the right converge. If
{(AX)n} converges t&, we say thak = {x} is summable  Definition 1.Let r € K be such thatr| < 1. The Taylor
Aor A-summable tos. If Iim (AX)n — s whenever Method of order r or thgT,r] method is given by the

limx = s, we say thatA is regular The following infinite matrix(tf{ﬁ) which is defined as follows:

k—s00 Ifr 7& 0
theorem, which gives necessary and sufficient conditions

for A = (ank) to be regular in terms of the entries of the - {kCnrk N(1—r)™L k>n
P =

matrix, is well known (see4] for a proof using ‘Uniform t 0 ‘
) <n

Boundedness Principle’ an8][for a proof using ‘Sliding
Hump method’).
Ifr=0
Theorem 1A = (aq) is regular if and only if 0 {17 k=n
nk —

LsUplan| < 0, ke#n

2. I|m aw=0, k=012, (t")) is called the{T, ] matrix.

5

and RemarkWe note that # 1, sincelr| < 1.
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The following results are needed in the sequel. Definition 2.Given a sequencéx}, define the sequence

{Xc} byXn =0, % =% 1, k>Nn,n=0,1,2,.... A= (an)
Theorem 2Let x= sup{[x|/x € K,[x| < 1}. Let re K is said to be left translative if the A-summability{a,} to

satisfy|r| < x~©1. Then theT,r] method is regular. s implies the A-summability ¢} to s.

Theorem 3The product of théT,r] and [T,s matricesis ~ Theorem 5[T,r] is right translative but not left.

the matrix(1—-r)(1 - 9)[E, (1 -1 s} ProofLet {on(r)} be the[T,r] transform of {x;} and

Corollary 1.The|T, r] matrix is invertible and its inverse {tn(r)} be the[T,r] transform of {X}. We shall now

is the [T, — 1] matrix. prove that
. rI1|_rnorn(r):s:>rll_r>rlocrn(r) =s
2 Main Results
Now,
In this section, we prove some interesting properties of the -
Taylor method. on(r) = 3 kG M(1=n)" e, sincex =X
o 0 ) -y KGar*"(1—r)™%,1, sincexX,=0
Theorem 4(Limitation theorem). If Z}Xk is [T.r] K=
k= — < j—1-n n+1— K=j—
summable, thefix} is bounded. ;:%11 e
< j—1-n n+1 ad r o r e
ProofLet {a\"'} be the[T,r] transform of{s,}, where DI (kzz,kc" <7E> <l+ﬁ> Tk(r))
n
S = ,n=0,12...,i0e., _ S fetngg ok ( & 1k — n)
kZOXk kgﬂr (1—1)" kg (r) j;ﬂ( 1 Ikejj - 1C
() _ % kerk 1y n— . -
On’ = kz KCr"(1-1)""s, n=0,12,.... Using the identity
=n
L. . 3 k ) o0
By hypothe3|sr,]_lggvn = o (say). So{an} is bounded. < Z (k- 1Cn> X z P
i.e., there exist®! > 0 such thato,| <M,n=0,1,2,.... k=n1 \ j=n+l k=n+1
Note that, in view of Corollar,
We note that
o0 r k—n r n+1
=S kG (- 14— Ok, Nn=0,1,2,... o .
s-Zwa (i) (k) e oo ke @
0 k=n+1
=5 KCa (=) "(1-r)*1g, n=0,1,2,...
K=n In view of (1), we have
gM.fo{\r\o\l—r|*<“+1>\r\|1—rr<”+2>...} .
n
M = Ur@ _ rkflfn(l_ r)nfk.[-lg”.
- k=n+1
Sm%a'kc“| <1 |t1| <1 1-r[=max]r|,1} =1. Sincelr| < 1, all the conditions of Theorethare fulfilled
onsequently, and so limty(r) = simplies thatkliman(r) =s. Thus[T,r]
—500 —» 00
%] = s — Sk_1| < maxX{|sq,|sc_1|} <M,k=0,1,2,..., is right translative.

Now,

so that{xy} is bounded.
sznl'k n l r)n+1—

RemarkWe recall that the classical Mazur-Orticz theorem "m”

says that if a conservative matrix sums a bounded =y kCr*"(1—r)"tx

divergent sequence, then it sums an unbounded one. It "

was pointed out ing] that the above theorem fails to hold = Y G- putk=j+1

in the ultrametric case, a counter examples being any = . »
regular(N, pn) and[E,r] methods. Theoren shows that R L r"+§ ( r ) ]<1+ﬁ>] o(r)
any [T,r] method is also a counter example to show that =t 5

the Mazur-Orticz theorem fails to hold in the ultrametric _ i k(g g, i DG - 16, @
Set Up k=n-1 j=n—-1
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We note that

In view of (3) and |r| < 1 (2) does not satisfy all the
conditions of Theorert.
[T,r] is not left translative.

(~1)*IKCjj+1Ch #1, k>n—1
1

®3)

J

Definition 3.The inifnite matrix methods A= (an),

B = (bnk) are said to be ‘consistent’ if no sequence is
summable to different values by A and B, i.e., if a
sequencéxy} is A-summable té and B summable to m,
then/ =m.

As in the case of regulaiN, p,) methods (seelfl],
Theorem 4.1) we have the following result.

Theorem 6Any two Taylor methods are consistent.

ProofConsider the Taylor methodd,r] and [T,s]. We
then havelr|, |s| < 1. Let {on(r)}, {Tn(S)} be the[T,r],
[T,g transforms of{x,} respectively. Le'E1 joromn(r) =0

andnlim Tn(s) = 1. We claim thato = 1. Now,
—>00

on(r) = [T,r]({*n})

and
Tn(s) = [T,/ ({Xn})
So

on(r) = [T.1)[T.9  ({m(9)})

—[T.1] [T,—%S] ({Ta(9)}), using Corollarg

T3 ) [secta) @

Note that
r—s .
1 =|r—g), since|ll—g =1,
using
g <1
=[/1=9—(1-r1)
< max{|1-s|,[1-r[}
<1

so that [T, =3] is regular, in view of Definitionl and
Theorem2. Using @), it follows thato = 1, completing

the proof.

We shall now prove a few Tauberian theorems for the
method|[T,r] modelled on those proved fdN, p,] and
[E,r] methods by Natarajan7] and Deepa et al.2]
respectively.

Theorem 71f z ax is [T,r] summable ta and if & — ¢,
K=0

[ee]

n— oo, theny a converges t.
K=0

Proofln view of Theoreml of [7], it suffices to prove that
the sequencék} of integers is nofT,r] summable. Let
{on(r)} be the[T,r] transform of{k}, i.e.,

() = 5 KGr* "(1—r)"*, n=0,1,2,....
k=n

Now,
kcnrk—n<17 r)”*lkf z kCrlek—(HJrl) <17 r>n+2k
k=n+1

=(1- r)nJrlr.lJr z (kcnrk—n(17 r)n+1 _ kcn+1rk—(n+1)(17 r)n+2) K

k=n+1

M

On(r) — Onsa(r)
k

n

_ (l*l’)nJrll’H» Z kCnrk—n(lir)nJrlki Z kCn+1rk7(n+1)<17 r)n+2k
k=n+1 k=n+1

Using|r| <1,|1-r|=1,|k|<1,k=0,1,2,..., we have,

i kcnrk—n(l _ r)n+1k

< Max{|n+1Cy||r||1—r|™2, |n+2C,[|r[2[1 — 1|2, ..}
k=n+1 k>n+l

< Max|r||L—r ™, r2[1 -,y
<1, sincelr| <landl—r|=1|n+kGC| <1

Similarly,

KGark (1 — )"tk
k=n+1

<1

(1=n)™nf=1, [1-r|=1|n<1
so that
|Gn(r) - Gn+1(r)| = 13 n= 07 1725""

Thus {on(r)} is not a Cauchy sequence and hence
diverges, i.e.{k} is not[T,r] summable, completing the
proof.

Using Theoren?? of [ 7], we have,

Theorem 8If z ay is [T,r] summable tar and if a1 —
K=0

[ee]

an — ¢, n— oo, then z a, converges ta.
K=o

As in the case of reguldN, p,) method (], Theorem
5), we have the following thoerem too.

Theorem 9lf Z}ak is [T,r] summable, then the following
k=

Tauberian conditions are equivalent:
(Napn — ¢, n— oo;
(ilapnii—an— ¢, n—
If, further, &, 20,n=0,1,2,..., each of
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(iif) 22 — £, n— oo;
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