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1 Introduction

In recent years, many researcher have worked on
fractional differential and integral inequalities using
Riemann-Liouville, Caputo and q-fractional integrals see
[1-10, 19]. Some author have studied on Siago fractional
integral operator, for example, we refer the reader to
[11-18] and references cited therein. In [4], Dahmani
established reverse Minkowski fractional integral
inequality. Also, in [1] Ahmed Anber and et al., have
studied the fractional integral inequalities using
Riemann-Liouville fractional integral as follows.
Let α ≥ 0, p ≥ 1, 1

p +
1
q = 1 and let f , g be two positive

function on [0,∞[, such that for allt > 0, Jα f p(t) < ∞,

Jαgq(t)< ∞. If 0 < m≤ f (τ)
g(τ) ≤ M < ∞, τ ∈ [0, t] then the

inequality

[Jα f (t)]
1
p +[Jαg(t)]

1
q ≤ (

M
m
)

1
pqJα

[

( f (t)
1
p g(t)

1
q

]

, (1.1)

hold. And
Let α ≥ 0,f andg be two positive function on[0,∞[, such

thatJα f p(t) < ∞, Jαgq(t)< ∞, t > 0. If 0< m≤ f (τ)p

g(τ)q ≤

M < ∞, τ ∈ [0, t] then we have

[Jα f p(t)]
1
p +[Jαgq(t)]

1
q ≤ (

M
m
)

1
pqJα [( f (t)g(t)] , (1.2)

wherep≥ 1 and1
p +

1
q = 1.

And author have established the following theorem.
Let α > 0, andf , g be two positive function on[0,∞[, such
that f is nondecreasing andg is non-increasing. Then

Jα f γ (t)gδ (t)≤
Γ (α +1)

tα Jα f γ (t)Jαgδ (t), (1.3)

for anyt > 0, γ > 0, δ > 0.
For β > 0,

tβ

Γ (β +1)
Jα( f γ (t)gδ (t))+

tα

Γ (α +1)
Jβ ( f γ (t)gδ (t))

≤ (Jα f γ (t))(Jβ gδ (t))+ (Jαgδ (t))(Jβ f γ (t)).
(1.4)

In literature few results have been obtained on some
fractional integral inequalities using Saigo fractional
integral operator in [15, 16]. Motivated from [1, 3, 4], our
purpose in this paper is to establish some new results
using Saigo fractional integral ([15]). The paper has been
organized as follows, in Section 2, we define basic
definitions and proposition related to Saigo fractional
derivatives and integrals. In Section 3, we give the results
about reverse Minkowski fractional integral inequality
using fractional Saigo integral, In Section 4, we give
some other inequalities using fractional Saigo integral.
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2 Preliminariese

We give some necessary definitions and properties which
will be used latter. For more details, see [15, 17].

Definition 1. A real-valued function f(x), ( x> 1), is said
to be in space Cµ (µ ∈ R), if there exists a real number
p> µ such that f(x) = xpφ(x); whereφ(x) ∈C(0,∞).

Definition 2. Let α > 0 ,β ,η ∈ R,then the Saigo

fractional integral Iα ,β ,η
0,x [ f (x)] of order α for a

real-valued continuous function f(x) is defined by([17]),
see also ([12, p 19], [14])

Iα ,β ,η
0,x [ f (x)] = x−α−β

Γ (α)

∫ x
0 (x− t)α−1

2F1(α +β ,−η ;α;1− t
x) f (t)dt.

(2.1)

where, the function2F1(−) in the right-hand side of (2.1)
is the Gaussian hypergeometric function defined by

2F1(a,b;c;x) =
∞

∑
n=0

(a)n(b)n

(c)n

xn

n!
. (2.2)

and(a)n is the Pochhammer symbol

(a)n = a(a+1)...(a+n−1)=
Γ (a+n)

Γ (a)
, (a)0 = 1.

For f (x) = xµ in (2.1) we have the known result [17] as:

Iα ,β ,η
0,x [xµ ] =

Γ (µ +1)Γ (µ +1−β +η)
Γ (µ +1−β )Γ (µ +1+α +η)

xµ−β
.

(2.3)
(α > 0,min(µ ,µ −β +η)>−1, x> 0),

3 Reverse Minkowski fractional integral
inequality

In this section, we establish reverse Minkowski fractional
integral inequality involving Siago fractional integral
operator (2.1).

Theorem 1. Let p ≥ 1 and let f , g be two positive
function on [0,∞), such that for all x > 0,

Iα ,β ,η
0,x [ f p(x)] < ∞, Iα ,β ,η

0,x [gq(x)] < ∞. If

0< m≤ f (τ)
g(τ) ≤ M, τ ∈ (0,x) we have

[

Iα ,β ,η
0,x [ f p(x)]

]
1
p
+
[

Iα ,β ,η
0,x [gq(x)]

]
1
p
≤ 1+M(m+2)

(m+1)(M+1)

[

Iα ,β ,η
0,x [( f +g)p(x)]

]
1
p
,

(3.1)
for anyα > max{0,−β}, β < 1, β −1< η < 0.

Proof: Using the conditionf (τ)
g(τ) ≤ M, τ ∈ (0,x), x> 0, we

can write

(M+1)p f (τ)≤ Mp( f +g)p(τ). (3.2)

Consider

G(x,τ) =
x−α−β (x− τ)α−1

Γ (α)
2F1(α +β ,−η ;α;1−

τ
x
), (τ ∈ (0,x);x> 0)

=
1

Γ (α)

(x− τ)α−1

xα+β +
(α +β )(−η)

Γ (α +1)
(x− τ)α

xα+β+1

+
(α +β )(α +β +1)(−η)(−η +1)

Γ (α +2)
(x− τ)α+1

xα+β+2
+ ....

(3.3)
Clearly, we can say that the functionG(x,τ) remain
positive because for allτ ∈ (0,x) , (x > 0) since each
term of the (3.3) is positive. Multiplying both side of (3.2)
by G(x,τ), then integrating resulting identity with respect
to τ from 0 tox, we get

(M+1)px−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
) f p(τ)dτ

≤
Mp

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)( f +g)p(τ)dτ.

(3.4)
which is equivalent to

Iα ,β ,η
0,x [ f p(x)]≤

Mp

(M+1)p

[

Iα ,β ,η
0,x [( f +g)p(x)]

]

, (3.5)

hence, we can write

[

Iα ,β ,η
0,x [ f p(x)]

]
1
p
≤

M
(M+1)

[

Iα ,β ,η
0,x [( f +g)p(x)]

]
1
p
.

(3.6)
On other hand, using conditionm≤ f (τ)

g(τ) , we obtain

(1+
1
m
)g(τ)≤

1
m
( f (τ)+g(τ)), (3.7)

therefore,

(1+
1
m
)pgp(τ)≤ (

1
m
)p( f (τ)+g(τ))p

. (3.8)

Now, multiplying both side of (3.8) byG(x,τ), ( τ ∈ (0,x),
x> 0), whereG(x,τ) is defined by (3.3). Then integrating
resulting identity with respect toτ from 0 tox, we have

[

Iα ,β ,η
0,x [gp(x)]

] 1
p
≤

1
(m+1)

[

Iα ,β ,η
0,x [( f +g)p(x)]

] 1
p
.

(3.9)
The inequalities (3.1) follows on adding the inequalities
(3.6) and (3.9).
Our second result is as follows.

Theorem 2.Let p≥ 1 and f , g be two positive function
on [0,∞), such that for all x> 0, Iα ,β ,η

0,x [ f p(x)] < ∞,

Iα ,β ,η
0,x [gq(x)]< ∞. If 0< m≤ f (τ)

g(τ) ≤ M, τ ∈ (0, t) then we
have
[

Iα ,β ,η
0,x [ f p(x)]

]
2
p
+
[

Iα ,β ,η
0,x [gq(x)]

]
2
p
≥(

(M+1)(m+1)
M

−2)
[

Iα ,β ,η
0,x [ f p(x)]

]
1
p
+

[

Iα ,β ,η
0,x [gq(x)]

]
1
p
.

(3.10)
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Proof: Multiplying the inequalities (3.6) and (3.9), we
obtain

(M+1)(m+1)
M

[

Iα ,β ,η
0,x [ f p(x)]

]
1
p
+
[

Iα ,β ,η
0,x [gq(x)]

]
1
p
≤
(

[Iα ,β ,η
0,x [( f (x)+g(x))p]]

1
p

)2
.

(3.11)
Applying Minkowski inequalities to the right hand side of
(3.11), we have

(
[

Iα ,β ,η
0,x [( f (x)+g(x))p]

]
1
p
)2 ≤ (

[

Iα ,β ,η
0,x [ f p(x)]

]
1
p
+
[

Iα ,β ,η
0,x [gq(x)]

]
1
p
)2,

(3.12)
which implies that

[

Iα ,β ,η
0,x [( f (x)+g(x))p]

] 2
p
≤
[

Iα ,β ,η
0,x [ f p(x)]

] 2
p
+
[

Iα ,β ,η
0,x [gq(x)]

] 2
p

+2
[

Iα ,β ,η
0,x [ f p(x)]

]
1
p
[

Iα ,β ,η
0,x [gq(x)]

]
1
p
.

(3.13)
using (3.11) and (3.13) we obtain (3.10). Theorem 2 is thus
proved.

4 Fractional integral inequalities involving
Saigo fractional integral operator

In this section, we establish some new integral inequalities
involving the Siago fractional integral operator (2.1).

Theorem 3.Let p> 1, 1
p +

1
q = 1 and f , g be two positive

function on [0,∞), such that Iα ,β ,η
0,x [ f (x)] < ∞,

Iα ,β ,η
0,x [g(x)] < ∞. If 0< m≤ f (τ)

g(τ) ≤ M < ∞, τ ∈ [0,x] we
have

[

Iα ,β ,η
0,x [ f (x)]

]
1
p
[

Iα ,β ,η
0,x [g(x)]

]
1
q
≤ (M

m)
1
pq

[

Iα ,β ,η
0,x [[ f (x)]

1
p [g(t)]

1
q ]
]

,

(4.1)
hold. For all x> 0, α > max{0,−β}, β < 1, β −1< η <

0.

Proof:- Since f (τ)
g(τ) ≤ M, τ ∈ [0,x] x> 0, therefore

[g(τ)]
1
p ≥ M

−1
q [ f (τ)]

1
q , (4.2)

and also,

[ f (τ)]
1
p [g(τ)]

1
q ≥ M

−1
q [ f (τ)]

1
q [ f (τ)]

1
p

≥ M
−1
q [ f (τ)]

1
q+

1
q

≥ M
−1
q [ f (τ)].

(4.3)

Multiplying both side of (4.3) byG(x,τ), ( τ ∈ (0,x),
x> 0), whereG(x,τ) is defined by (3.3). Then integrating
resulting identity with respect toτ from 0 tox, we have

x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
) f (τ)

1
p g(τ)

1
q dτ

≤
M

−1
q x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
) f (τ)dτ.

(4.4)

which implies that

Iα ,β ,η
0,x

[

[ f (x)]
1
p [g(x)]

1
q

]

≤ M
−1
q

[

Iα ,β ,η
0,x f (x)

]

. (4.5)

Consequently,

(

Iα ,β ,η
0,x

[

[ f (x)]
1
p [g(x)]

1
q

])
1
p
≤ M

−1
pq

[

Iα ,β ,η
0,x f (x)

]
1
p
.

(4.6)
on other hand, sincemg(τ)≤ f (τ), τ ∈ [0,x), x> 0, then
we have

[ f (τ)]
1
p ≥ m

1
p [g(τ)]

1
p , (4.7)

multiplying equation (4.7) by[g(τ)]
1
q , we have,

[ f (τ)]
1
p [g(τ)]

1
q ≥ m

1
p [g(τ)]

1
q [g(τ)]

1
p = m

1
p [g(τ)]. (4.8)

Multiplying both side of (4.8) byG(x,τ), ( τ ∈ (0,x),
x> 0), whereG(x,τ) is defined by (3.3). Then integrating
resulting identity with respect toτ from 0 tox, we have

x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)[ f (τ)

1
p g(τ)

1
q ]dτ

≤
M

1
p x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)g(τ)dτ.

(4.9)
that is,

Iα ,β ,η
0,x

[

[ f (x)]
1
p [g(x)]

1
q

]

≤ m
1
p

[

Iα ,β ,η
0,x g(x)

]

. (4.10)

Hence we can write,

(

Iα ,β ,η
0,x

[

[ f (x)]
1
p [g(x)]

1
q

])
1
q
≤ m

1
pq

[

Iα ,β ,η
0,x f (x)

]
1
q
.

(4.11)
multiplying equation (4.6) and (4.11) we get the result
(4.1).

Theorem 4.Let f and g be two positive function on[0,∞[,
such that
Iα ,β ,η
0,x [ f p(x)] < ∞, Iα ,β ,η

0,x [gq(x)] < ∞. x > 0, If 0 < m≤
f (τ)p

g(τ)q ≤ M < ∞, τ ∈ [0,x]. Then we have

[

Iα ,β ,η
0,x f p(x)

]
1
p
[

Iα ,β ,η
0,x gq(x)

]
1
q
≤ (M

m)
1
pq

[

Iα ,β ,η
0,x ( f (x)g(x))

]

hold.

(4.12)
Where p> 1, 1

p +
1
q = 1, for all x > 0, α > max{0,−β},

β < 1, β −1< η < 0.

Proof:- Replacingf (τ) andg(τ) by f (τ)p andg(τ)q, τ ∈
[0,x], x> 0 in theorem 3, we obtain (4.12).

Theorem 5. Let f , g be two positive function on[0,∞),
such that f is non-decreasing and g is non-increasing.
Then

Iα ,β ,η
0,x f γ (x)gδ (x)≤ Γ (1−β )Γ (1+α+η)

Γ (1−β+η) xβ Iα ,β ,η
0,x [ f γ (x)]Iα ,β ,η

0,x [gδ (x)].

(4.13)
For all x> 0, α >max{0,−β}, β < 1, β −1<η < 0.γ >0
δ > 0.
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Proof:- let τ,ρ ∈ [0,x], x > 0, for anyδ > 0, γ > 0, we
have

( f γ (τ)− f γ(ρ))
(

gδ (ρ)−gδ(τ)
)

≥ 0. (4.14)

f γ (τ)gδ (ρ)− f γ (τ)gδ (τ)− f γ (ρ)(gδ (ρ)+ f γ(ρ)gδ (τ)≥ 0.
(4.15)

Therfore

f γ (τ)gδ (τ)+ f γ(ρ)(gδ (ρ)≤ f γ (τ)gδ (ρ)+ f γ(ρ)gδ (τ),
(4.16)

Now, multiplying both side of (4.16) byG(x,τ), (
τ ∈ (0,x), x> 0), whereG(x,τ) is defined by (3.3). Then
integrating resulting identity with respect toτ from 0 tox,
we have

x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)[ f γ (τ)gδ (τ)]dτ

+ f γ(ρ)gδ (ρ)
x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)[1]dτ

≤ gδ (ρ)
x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
) f γ (x)dτ

+ f γ(x)
x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)gδ (x).

(4.17)

Iα ,β ,η
0,x [ f γ (x)gδ (x)]+ f γ(ρ)(gδ (ρ)Iα ,β ,η

0,x [1]≤ gδ (ρ)Iα ,β ,η
0,x [ f γ (x)]+ f γ(ρ)Iα ,β ,η

0,x [gδ (x)].

(4.18)
Again, multiplying both side of (4.18) byG(x,ρ), (
ρ ∈ (0,x), x> 0), whereG(x,ρ) is defined by (3.3). Then
integrating resulting identity with respect toρ from 0 tox,
we have

Iα ,β ,η
0,x [ f γ (t)gδ (x)]Iα ,β ,η

0,x [1]+ Iα ,β ,η
0,x [ f γ (x)gδ (x)]Iα ,β ,η

0,x [1]

≤ Iα ,β ,η
0,x [gδ (x)]Iα ,β ,η

0,x [ f γ (x)]+ Iα ,β ,η
0,x [ f γ (x)]Iα ,β ,η

0,x [gδ (x)],

then we can write

2Iα ,β ,η
0,x [ f γ (x)gδ (x)]≤ 1

[Iα,β ,η
0,x [1]]−1

2Iα ,β ,η
0,x [ f γ (x)]Iα ,β ,η

0,x [gδ (x)].

This proves the result (4.13).

Theorem 6. Let f , g be two positive function on[0,∞),
such that f is non-decreasing and g is non-increasing.
Then we have

Γ (1−β +η)
Γ (1−β )Γ (1+α +η)xβ Iψ,φ ,ζ

0,x [ f γ (x)gδ (x)]

+
Γ (1−φ + ζ )

Γ (1−φ)Γ (1+ψ + ζ )xφ Iα ,β ,η
0,x [ f γ (x)gδ (x)]

≤
(

Iα ,β ,η
0,x [ f γ (x)]

)(

Iψ,φ ,ζ
0,x [gδ (x)]

)

+
(

Iψ,φ ,ζ
0,x [gδ (x)]

)(

Iα ,β ,η
0,x [ f γ (x)]

)

.

(4.19)
For all x > 0, α > max{0,−β}, ψ > max{0,−φ}β < 1,
β −1< η < 0, φ < 1, φ −1< ζ < 0,γ > 0 δ > 0.

Proof:- Multiplying both side of equation (4.18) by
x−ψ−φ

Γ (ψ) (x − ρ)ψ−1
2F1(ψ + φ ,−ζ ;ψ ;1 − ρ

x ) (ρ ∈ (0,x),

x > 0), which (in view of the argument mentioned above
in proof of theorem 5 ) remain positive. Then integrating
resulting identity with respect toρ from 0 tox, we have

Iα ,β ,η
0,x [ f γ (x)gδ (x)]

x−ψ−φ

Γ (ψ)

∫ x

0
(x−ρ)ψ−1

2F1(ψ +φ ,−ζ ;ψ ;1−
ρ
x
)[1]dρ

+ Iα ,β ,η
0,x [1]

x−ψ−φ

Γ (ψ)

∫ x

0
(x−ρ)ψ−1

2F1(ψ +φ ,−ζ ;ψ ;1−
ρ
x
) f γ (ρ)gδ (ρ)dρ

≤ Iα ,β ,η
0,x [ f γ (x)]

x−ψ−φ

Γ (ψ)

∫ x

0
(x−ρ)ψ−1

2F1(ψ +φ ,−ζ ;ψ ;1−
ρ
x
)gδ (ρ)dρ

+ Iα ,β ,η
0,x [gδ (x)]

x−ψ−φ

Γ (ψ)

∫ x

0
(x−ρ)ψ−1

2F1(ψ +φ ,−ζ ;ψ ;1−
ρ
x
) f γ (ρ)dρ .

(4.20)
which implies (4.19). This completes proof.

Remark.It may be noted that the inequality (4.13) and
(4.19) are reversed if the functions are

( f γ (τ)− f γ(ρ))
(

gδ (ρ)−gδ(τ)
)

≤ 0.

Remark.For α = ψ , β = φ and η = ζ , in theorem 6
directly we reduces to the theorem 5.

Theorem 7.Let f ≥ 0, g≥ 0 be two functions defined on
[0,∞), such that g is non-decreasing. If

Iα ,β ,η
0,x f (x) ≥ Iα ,β ,η

0,x g(x),x> o. (4.21)

then for allα >max{0,−β}, β < 1, β −1< η < 0, γ > 0,
δ > 0 andγ − δ > 0, we have

Iα ,β ,η
0,x f γ−δ (x)≤ Iα ,β ,η

0,x f γ (x)g−δ (x), (4.22)

Proof:-We use arithmetic-geometric inequality, forγ > 0,
δ > 0, we have:

γ
γ−δ f γ−δ (τ)− δ

γ−δ gγ−δ (τ) ≤ f γ (τ)g−δ (τ), τ ∈ (0,x),x> 0.
(4.23)

Now, multiplying both side of (4.23) byG(x,τ), (
τ ∈ (0,x), x> 0), whereG(x,τ) is defined by (3.3). Then
integrating resulting identity with respect toτ from 0 tox,
we have

γ
γ − δ

x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)[ f γ−δ (τ)]dτ

−
δ

γ − δ
x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)[gγ−δ (τ)]dτ

≤
x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)[ f γ (τ)g−δ (τ)]dτ.

(4.24)
consequently

γ
γ−δ Iα ,β ,η

0,x [ f γ−δ (x)]− δ
γ−δ Iα ,β ,η

0,x [gγ−δ (x)]≤ Iα ,β ,η
0,x [ f γ (x)g−δ (x)].

(4.25)
which implies that

γ
γ−δ Iα ,β ,η

0,x [ f γ−δ (x)]≤ Iα ,β ,η
0,x [ f γ (x)g−δ (x)]+ δ

γ−δ Iα ,β ,η
0,x [gγ−δ (x)].

(4.26)
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that is

Iα ,β ,η
0,x [ f γ−δ (x)]≤ γ−δ

γ Iα ,β ,η
0,x [ f γ (t)g−δ (x)]+ δ

γ Iα ,β ,η
0,x [ f γ−δ (x)].

(4.27)
thus we get the result (4.22).

Theorem 8. Suppose that f , g and h be positive and
continuous functions on[0,∞), such that

(g(τ)−g(ρ))
(

f (ρ)
h(ρ)

−
f (τ)
h(τ)

)

≥ 0; τ,ρ ∈ [0,x) x> 0,

(4.28)
then for all x> 0, α >max{0,−β}, β < 1, β −1< η < 0,
we have

Iα ,β ,η
0,x [ f (x)]

Iα ,β ,η
0,x [h(x)]

≥
Iα ,β ,η
0,x [(g f)(x)]

Iα ,β ,η
0,x [(gh)(x)]

. (4.29)

Proof: Since f , g andh be three positive and continuous
functions on[0,∞[ by (4.28), we can write

g(τ) f (ρ)
h(ρ) +g(ρ) f (τ)

h(τ) −g(ρ) f (ρ)
h(ρ) −g(τ) f (τ)

h(τ) ≥ 0; τ,ρ ∈ (0,x), x> 0.

(4.30)
Now, multiplying equation (4.30) byh(ρ)h(τ), on both
side, we have,

g(τ) f (ρ)h(τ)−g(τ) f (τ)h(ρ)−g(ρ) f (ρ)h(τ)+g(ρ) f (τ)h(ρ)≥ 0,
(4.31)

Now multiplying equation (4.31) byG(x,τ), ( τ ∈ (0,x),
x> 0), whereG(x,τ) is defined by (3.3). Then integrating
resulting identity with respect toτ from 0 tox, we have

f (ρ)
x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)[g(τ)h(τ)]dτ

−h(ρ)
x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)[ f (τ)g(τ)]dτ

+ f (ρ)g(ρ)
x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)[h(τ)]dτ

g(ρ)h(ρ)
x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)[ f (τ)]dτ ≥ 0,

(4.32)
we get

f (ρ)Iα ,β ,η
0,x [(gh)(x)]+g(ρ)h(ρ)Iα ,β ,η

0,x [ f (x)]

−g(ρ) f (ρ)Iα ,β ,η
0,x [h(x)]−h(ρ)Iα ,β ,η

0,x [(g f)(x)] ≥ 0.
(4.33)

Again multiplying (4.33) byG(x,ρ), ( ρ ∈ (0,x), x > 0),
where G(x,ρ) is defined by (3.3). Then integrating
resulting identity with respect toρ from 0 tox, we have

Iα ,β ,η
0,x [ f (x)]Iα ,β ,η

0,x [(gh)(x)]− Iα ,β ,η
0,x [h(x)]Iα ,β ,η

0,x [(g f)(x)]

− Iα ,β ,η
0,x [(g f)(x)]Iα ,β ,η

0,x [h(x)]

+ Iα ,β ,η
0,x [(gh)(x)]Iα ,β ,η

0,x [ f (x)]≥ 0,
(4.34)

which implies that

Iα ,β ,η
0,x [ f (x)]Iα ,β ,η

0,x [(gh)(x)]≥ Iα ,β ,η
0,x [h(x)]Iα ,β ,η

0,x [(g f)(x)],
(4.35)

we get
Iα ,β ,η
0,x [ f (x)]

Iα ,β ,η
0,x [h(x)]

≥
Iα ,β ,η
0,x [(g f)(x)]

Iα ,β ,η
0,x [(gh)(x)]

. (4.36)

This completes the proof.

Theorem 9. Suppose that f , g and h be positive and
continuous functions on[0,∞), such that

(g(τ)−g(ρ))
(

f (ρ)
h(ρ)

−
f (τ)
h(τ)

)

≥ 0,τ,ρ ∈ (0, t) t > 0,

(4.37)
then for all x> 0, α > max{0,−β}, ψ > max{0,−φ},
β < 1, β −1< η < 0, φ < 1, φ −1< ζ < 0,

Iα,β ,η
0,x [ f (x)]Iψ,φ ,ζ

0,x [(gh)(x)]+Iψ,φ ,ζ
0,x [ f (x)]Iα,β ,η

0,x [(gh)(x)]

Iα,β ,η
0,x [h(x)]Iψ,φ ,ζ

0,x [(g f)(x)]+Iψ,φ ,ζ
0,x [h(x)]Iα,β ,η

0,x [(g f)(x)]
≥ 1,

(4.38)

hold.
Proof: Multiplying equation (4.33) by
x−ψ−φ

Γ (ψ)
(x − ρ)ψ−1

2F1(ψ + φ ,−ζ ;ψ ;1 − ρ
x ) (ρ ∈ (0,x),

x > 0), which (in view of the argument mentioned above
in proof of theorem 5 ) remain positive. Then integrating
resulting identity with respect toρ from 0 tox, we have,

Iψ,φ ,ζ
0,x [ f (x)]Iα ,β ,η

0,x [(gh)(x)]− Iψ,φ ,ζ
0,x [h(x)]Iα ,β ,η

0,x [(g f)(x)]

− Iψ,φ ,ζ
0,x [(g f)(x)]Iα ,β ,η

0,x [h(x)]

+ Iψ,φ ,ζ
0,x [(gh)(x)]Iα ,β ,η

0,x [ f (x)] ≥ 0,
(4.39)

we get,

Iψ,φ ,ζ
0,x [ f (x)]Iα ,β ,η

0,x [(gh)(x)]+ Iψ,φ ,ζ
0,x [(gh)(x)]Iα ,β ,η

0,x [ f (x)]

≥ Iψ,φ ,ζ
0,x [h(x)]Iα ,β ,η

0,x [(g f)(x)]+ Iψ,φ ,ζ
0,x [(g f)(x)]Iα ,β ,η

0,x [h(x)],
(4.40)

this gives the required inequality (4.38).

Remark.For α = ψ , β = φ and η = ζ , in theorem 9
directly we reduces to the theorem 8.

Theorem 10. Suppose that f and h are two positive
continuous function such that f≤ h on [0,∞). If f

h is
decreasing and f is increasing on[0,∞), then for any
p ≥ 0, For all x > 0, α > max{0,−β}, β < 1,
β −1< η < 0 then

hp(τ)[ f (x)]
Iα ,β ,η
0,x [h(x)]

≥
Iα ,β ,η
0,x [ f p(x)]

Iα ,β ,η
0,x [hp(x)]

. (4.41)

Proof: We takeg= f p−1 in theorem 8

Iα ,β ,η
0,x [ f (x)]

Iα ,β ,η
0,x [h(x)]

≥
Iα ,β ,η
0,x [( f f p−1)(x)]

Iα ,β ,η
0,x [(h f p−1)(x)]

. (4.42)
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Since f ≤ h on [0,∞), then we can write,

h f p−1(x)≤ hp
. (4.43)

Multiplying equation (4.43) byG(x,τ), ( τ ∈ (0,x),
x> 0), whereG(x,τ) is defined by (3.3). Then integrating
resulting identity with respect toτ from 0 tox, we have,

x−α−β

Γ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)[ f p−1h(τ)]dτ

≤ x−α−βΓ (α)

∫ x

0
(x− τ)α−1

2F1(α +β ,−η ;α;1−
τ
x
)[hp(τ)]dτ.

(4.44)
implies that

Iα ,β ,η
0,x [h f p−1(x)]≤ Iα ,β ,η

0,x [hp(x)], (4.45)

and so we have,

hp(τ)[( f f p−1)(x)]
hp(τ)[(h f p−1)(x)]

≥
hp(τ)[ f p(x)]
hp(τ)[hp(x)]

, (4.46)

then from equation (4.42) and (4.46), we obtain (4.41).

Theorem 11. Suppose that f and h are two positive
continuous function such that f≤ h on [0,∞). If f

h is
decreasing and f is increasing on[0,∞)[, then for any
p ≥ 1, for all x > 0, α > max{0,−β},
ψ > max{0,−φ}β < 1, β − 1 < η < 0, φ < 1,
φ −1< ζ < 0,

Iα ,β ,η
0,x [ f (x)]Iψ,φ ,ζ

0,x hp[(x)]+ Iψ,φ ,ζ
0,x [ f (x)]Iα ,β ,η

0,x [hp(x)]

Iα ,β ,η
0,x [h(x)]Iψ,φ ,ζ

0,x f p(x)]+ Iψ,φ ,ζ
0,x [h(x)]Iα ,β ,η

0,x [ f p(x)]
≥ 1.

(4.47)

Proof: We takeg= f p−1 in theorem 9, then we obtain

Iα,β ,η
0,x [ f (x)]Iψ,φ ,ζ

0,x [h f p−1(x)]+Iψ,φ ,ζ
0,x [ f (x)]Iα,β ,η

0,x [h f p−1(x)]

Iα,β ,η
0,x [h(x)]Iψ,φ ,ζ

0,x [ f p(x)]+Iψ,φ ,ζ
0,x [h(x)]Iα,β ,η

0,x [ f p(x)]
≥ 1,

(4.48)
then by hypothesis,f ≤ h on [0,∞), which implies that

h f p−1 ≤ hp
. (4.49)

Now, multiplying both side of (4.49) by
x−ψ−φ

Γ (ψ)
(x − ρ)ψ−1

2F1(ψ + φ ,−ζ ;ψ ;1 − ρ
x ) (ρ ∈ (0,x),

x > 0), which (in view of the argument mentioned above
in proof of theorem 5 ) remain positive. Then integrating
resulting identity with respect toρ from 0 tox, we have,

Iψ,φ ,ζ
0,x [h f p−1(x)]≤ Iψ,φ ,ζ

0,x [hp(x)], (4.50)

multiplying on both side of (4.50) byIα ,β ,η
0,x [ f (x)] , we

obtain

Iα ,β ,η
0,x [ f (x)]Iψ,φ ,ζ

0,x [h f p−1(x)]≤ Iα ,β ,η
0,x [ f (x)]Iψ,φ ,ζ

0,x [hp(x)],
(4.51)

hence by (4.50) and (4.51), we obtain

Iα ,β ,η
0,x [ f (x)]Iψ,φ ,ζ

0,x [h f p−1(x)]+ Iψ,φ ,ζ
0,x [ f (x)]Iα ,β ,η

0,x [h f p−1(x)]

≤ Iα ,β ,η
0,x [ f (x)]Iψ,φ ,ζ

0,x [hp(x)]+ Iψ,φ ,ζ
0,x [ f (x)]Iα ,β ,η

0,x [hp(x)].
(4.52)

By (4.48) and (4.52), we complete the proof of this
theorem.

Theorem 12. Suppose that f , g and h be positive and
continuous functions on[0,∞), such that

( f (τ)− f (ρ))(g(τ)−g(ρ))(h(τ)+h(ρ))≥ 0; τ,ρ ∈ (0,x) x> 0,
(4.53)

then for all x> 0, α >max{0,−β}, β < 1, β −1< η < 0,
we have

Iα ,β ,η
0,x [( f gh)(x)]Iα ,β ,η

0,x [1]+ Iα ,β ,η
0,x [( f g)(x)]Iα ,β ,η

0,x [h(x)]

≥ Iα ,β ,η
0,x [g(x)]Iα ,β ,η

0,x [( f h)(x)]+ Iα ,β ,η
0,x [ f (x)]Iα ,β ,η

0,x [(gh)(x)].
(4.54)

Proof: By the assumption for anyτ,ρ , we have

f (τ)g(τ)h(τ)+ f (τ)g(ρ)h(ρ)− f (τ)g(ρ)h(τ)− f (τ)g(ρ)h(ρ)
− f (ρ)g(τ)h(τ)− f (ρ)g(τ)h(ρ)+ f (ρ)g(ρ)h(τ)+ f (ρ)g(ρ)h(ρ)≥ 0,

(4.55)
multiplying equation (4.55) byG(x,τ), ( τ ∈ (0,x),
x> 0), whereG(x,τ) is defined by (3.3). Then integrating
resulting identity with respect toτ from 0 tox, we have

Iα ,β ,η
0,x [( f gh)(x)]+h(ρ)Iα ,β ,η

0,x [( f g)(x)]+ f (ρ)g(ρ)Iα ,β ,η
0,x [h(x)]

+ f (ρ)g(ρ)h(ρ)Iα ,β ,η
0,x [1]≥ g(ρ)Iα ,β ,η

0,x [( f h)(x)]+g(ρ)h(ρ)Iα ,β ,η
0,x [ f (x)]

+ f (ρ)Iα ,β ,η
0,x [(gh)(x)]+ f (ρ)h(ρ)Iα ,β ,η

0,x [g(x)].

(4.56)
Again multiplying (4.56) byG(x,ρ), ( ρ ∈ (0,x), x > 0),
where G(x,ρ) is defined by (3.3). Then integrating
resulting identity with respect toρ from 0 tox, we have

Iα ,β ,η
0,x [1]Iα ,β ,η

0,x [( f gh)(x)]+ Iα ,β ,η
0,x [h(x)]Iα ,β ,η

0,x [( f g)(x)]

+ Iα ,β ,η
0,x [h(x)]Iα ,β ,η

0,x [( f g)(x)]+ Iα ,β ,η
0,x [( f gh)(x)]Iα ,β ,η

0,x [1]

≥ Iα ,β ,η
0,x [g(x)]Iα ,β ,η

0,x [( f h)(x)]+ Iα ,β ,η
0,x [(gh)(x)]Iα ,β ,η

0,x [ f (x)]

+ Iα ,β ,η
0,x [(gh)(x)]Iα ,β ,η

0,x [ f (x)]+ Iα ,β ,η
0,x [( f h)(x)]Iα ,β ,η

0,x [g(x)].
(4.57)

which gives the equation (4.54). This proves the Theorem.

Theorem 13. Suppose that f , g and h be positive and
continuous functions on[0,∞), such that

( f (τ)− f (ρ))(g(τ)+g(ρ))(h(τ)+h(ρ))≥ 0; τ,ρ ∈ (0,x) x> 0,
(4.58)

then for all x> 0, α >max{0,−β}, β < 1, β −1< η < 0,
we have

Iα ,β ,η
0,x [ f (x)]Iα ,β ,η

0,x [(gh)(x)]+ Iα ,β ,η
0,x [( f h)(x)]Iα ,β ,η

0,x [g(x)]

≥ Iα ,β ,η
0,x [(gh)(x)]Iα ,β ,η

0,x [ f (x)]+ Iα ,β ,η
0,x [h(x)]Iα ,β ,η

0,x [( f g)(x)].
(4.59)
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Proof: For anyτ,ρ , we have

f (τ)g(τ)h(τ)+ f (τ)g(ρ)h(ρ)+ f (τ)g(ρ)h(τ)+ f (τ)g(ρ)h(ρ)
≥ f (ρ)g(τ)h(τ)+ f (ρ)g(τ)h(ρ)+ f (ρ)g(ρ)h(τ)+ f (ρ)g(ρ)h(ρ);

(4.60)
Similar to the proof theorem 12, we have,

Iα ,β ,η
0,x [( f gh)(x)]+h(ρ)Iα ,β ,η

0,x [( f g)(x)]+g(ρ)Iα ,β ,η
0,x [( f h)(x)]

+g(ρ)h(ρ)Iα ,β ,η
0,x [ f (x)] ≥ f (ρ)g(ρ)Iα ,β ,η

0,x [h(x)]+ f (ρ)h(ρ)Iα ,β ,η
0,x [g(x)]

+ f (ρ)Iα ,β ,η
0,x [(gh)(x)]+ f (ρ)g(ρ)h(ρ)Iα ,β ,η

0,x [1].

(4.61)
Again similar to proof of theorem 12, we obtain,

Iα ,β ,η
0,x [1]Iα ,β ,η

0,x [( f gh)(x)]+ Iα ,β ,η
0,x [h(x)]Iα ,β ,η

0,x [( f g)(x)]

+ Iα ,β ,η
0,x [g(x)]Iα ,β ,η

0,x [( f h)(x)]+ Iα ,β ,η
0,x [(gh)(x)]Iα ,β ,η

0,x [ f (x)]

≥ Iα ,β ,η
0,x [( f g)(x)]Iα ,β ,η

0,x [h(x)]+ Iα ,β ,η
0,x [( f h)(x)]Iα ,β ,η

0,x [g(x)]

+ Iα ,β ,η
0,x [( f g)(x)]Iα ,β ,η

0,x [h(x)]+ Iα ,β ,η
0,x [( f gh)(x)]Iα ,β ,η

0,x [1].
(4.62)

we get equation (4.59), this complete the proof of theorem
13.
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