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Abstract: The main concerns of this paper are the linear equationsomittterm and one unknown of the fornegxa) = p, a(xB) =

p and(ax) B = p, and the linear equations with two terms and one unknowneofdims:(ax) B+ (yx) d = p anda (xB) +y(xd) = p
over the octonion field. Explicit general solutions of theiatipns in formsa (xa) = p, a(xB) = p and (ax) 3 = p are given, and
solutions of the octonionic equations forfax) 3 + (yx)d = p anda (xB) + y(xd) = p by matrix representation of octonions are
derived using some particular cases. Examples of numeigadtions are considered.

Keywords: The octonion field, The octonion equations.

1 Introduction solutions of the this linear octonionic equation from this
real system.
Even if are old, quaternions and octonions have at present In this study, we focus the linear equations with one
many applications, as for example in physics, codingterm and one unknown of the formsx(xa) = p,
theory, computer vision, etc. For this reasons thesex(xB)= p and(ax)fB = p, and the linear equations with
algebras are intense studied. Research on solving thevo terms and one unknown of the forms:
equations over the quaternion and octonion fields hagax)B + (yx)d = p and o (xB8) + y(xd) = p over the
attracted much interest. Id]authors have described the octonion field. Explicit general solutions of the equations
set of solutions of the equatioka = x+ 3 over an in forms a(xa) = p, a(xB) = p and (ax)B = p are
algebraic division ring. The author of the pap& has  given, and solutions of the octonionic equations form
classified solutions of the quaternionic equation (ax)f+ (yx)d = p anda (xB)+ y(xd) = p by matrix
ax+xb=c. In [7] linear equations of the formax = xb representation of octonions are derived using some
and ax = Xb in the real Cayley—Dickson algebras particular cases. Our approach, to solve the problems in
(quaternions, octonions, sedenions) are solved and fornthese types, is based on a new way of studying linear
for the roots of such equations is established.Zhtle equations over the octonion field, which successfully
solutions of the equations of the formax = xb and  overcomes the difficulty which arises from the
ax = Xb for some generalizations of quaternions andnoncommutative and nonassociative multiplication of
octonions are investigated. I1§][ the axp + yxo = p octonions.
linear quaternionic equation with one unknown,
axp + yxd = p, is solved. In B], the quaternionic
equatiorax+ xb= cis studied. In 1], Bolat andlpek first 2 Some Preliminaries
have considered the linear octonionic equation with one
unknown of the forma (xa) = (ax)a = axa = p, with In this section, we shortly review some definitions,
0+# a € O, secondly presented a method which is reducenotation and basic properties which we need to use in the
this octonionic equation to an equation with the left and presentations and proofs of our main results.
right coefficients to a real system of eight equations to  Let O be the octonion algebra over the real number
find the solutions of this equation, and finally reached thefield R. In that case,O is an eight-dimensional
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Table 1: The multiplication table for the basis @f.

respectively.
x| 1 & & €& e e e & The product of an octonion with its conjugateq =
111 & & & & & & & ad, is always a nonnegative real number:
€ | & -1 €& —& & & —& €6
€ | & —& -1 €1 €6 €& & -6 - 7 )
sl & - -1 & -6 & -—& aa =% ag. (3)
€ | & -6 -6 —& -1 €1 € €3 k=0
& | & & —€ €& —€ -1 -e& € . . . )
e | e e & - -6 & -1 —g Using this, the norm of an octonion can be defined as
€ | & —6 & & -6 —& €1 -1

laf|=vaa.
This norm agrees with the standard Euclidean nori@®n
non-associative but alternative division algebra over itsand the octonions and satisfy|aB|| = |a| [|B]-

center fieldR and the canonical basis 6fis

e=1le=ig=)a=kea=eea=i =] eg=ke
(1)
The multiplication rules for the basis @f are listed in the
table 1.
All elements ofO take the form

O = Oo€ + 0161 + A2€ + 03 €3 + 0464 + 0565 + Ae€s + A7€7,

with real coefficientd o} . The conjugate ofr is defined
by

O = o€y — A1€1 — A2€2 — O3 €3 — 04€4 — 0565 — € — A7€7

and the octoniona andp satisfy(a) = 3.
Letbei?=j2=k?=—1, ijk =—1and

H={a=a0+01i+azj+ask:aseR, s=0,1,2,3}.

By the Cayley-Dickson process, amy € O can be
written as
a=a +a’e

wherea’, a” € H.
The addition and multiplication for any
a=a +a"’e B=p +p"ec O are defined respectively

by

a+p=(a'+a"e)+ (B +p"e)
— (a/+B/) + (a//+B//)e

and

The existence of a norm dd implies the existence of
inverses for every nonzero element®f The inverse of
o # 0 is given by

e @
- 2
lall

and it satisfiesr 1a = aa~1 = 1.
Fork € R, the octoniork.a is the octonion

7

ko= _;(kai)a. (5)

Finally, the scalar product of the octonioais € O is

7

(a.B) Z_;Giﬁi-

(6)

For alla, 3 € O, the following equalities hold:

a(ap)=a®p, (Ba)a=pa? (0113)0!:0!(130!):043(?j

7
Definition 1.Let X = 5Sxg € O Then
=0

T is called the vector

X = [X0,X1, %2, X3, X4, X5, X6, X7
representation of x.

Definition 2.[8] Leta =a’+ a”ee O, wherea’ = ap+
ari+asj+azk, a” = as+asi+agj +azk e H. Then the
8 x 8 real matrix

_ I " I " _ .
Gﬁ - (a +a e) (B +B e) Qp —0a1 —02 —03 —04 —05 —0g —QA7
_ (a/B/_Wa//) + (B”al—l—a/lﬁ) e (2) a; Op —Qaz 02 —05 04 A7 —0p
ap 03 0p —Q1 —0g —07 Qg 05
whereB’ andB” denote the conjugates of the quaternions \y(q)= | 93 92 @1 o =07 G —Q5 Oa} g
B’ andp”. a4 05 0O Q7 Qo —0p —02 —03
The real and the imaginary parts@fare given by Os =04 07 =0 01 Qdo O3 —02
Qg —07 —04 Qs 02 —03 Qp 0O1
a+a 07 O —0s5 —04 Q3 02 —01 Qo |
5 = Qo€
is called the left matrix representation afoverR.
and
a—-a i Let c\}v(a) be the first column of the matrg(a ) .Then,
= ey o . 1
2 & it is obvious thafd’ = Cu(a)-
@© 2014 NSP
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Theorem 1[8] Let a, x € O be givenThen

ak=w(a)X. 9)
Theorem 2.[8] Let a = a’ + a”’e € O, wherea’ = ag +
a1i + azj +azk, a” = as + asi + agj + azk € H. Then
the8 x 8 real matrix

_CIO —01 —Q2 —03 —04 —Qs5 —0g —(17_

a; Op Q3 —02 05 —Q4 —07 0Og
0, —03 Qg 001 0O Q7 —04 —05
V(G) _ a3 Oz —Q1 0Op 07 —Qg 05 —04
a4 —0s5 —0Qg —Q7 Op Q1 02 O3
s 04 —Q7 0O —01 Qo —as3z 02
g 07 Q4 —0s5 —02 Q3 0Op —071

_07—06 Qs 004 —03 —Q2 A1 QOp

(10)
is called the right matrix representation afoverR.

Let c\ll(a) be the first column of the matnga). Then,
it is obvious thafd’ = c\%(a).

Theorem 3[8] Let a, x € O be givenThen
xd =v(a)X.

Theorem 4[8] Let a, x€ O, A € R be givenThen

(11)

6v(a+pB)=v(a)+v(B),
7v(Aa)=Av(a),v(l) =g,
gv(a@)=Vv'(a).
Theorem 5[8] Let a € O be given witha = 0. Then
wl(a)=w(a™),andvi(a)=v(a). (12)

Theorem 6]8] Let a, 8 € O be given Then their matrix
representations satisfy the following two identities
w(aBa)=w(a)w(B)w(a) (13)

and

v(aBa) = v(a)v(B)v(a). (14)

3 Main Results and Examples

In this section, using the representation matriz¢s and

3.1 Solutions of some linear octonionic
equations with one term and one unknown

In this section, we deal with the linear octonionic
equations with one term and one unknown of the forms:

a(xa) = p, a(xB) = p and(ax) B = p.

7
Proposition1let a = Y aieg € O—{0} and p =
i=0

7
S pi& € O be given. Then, the linear octonionic equation
i=0

a(xa) = (ax)a = axa = p, (15)

has a unique solution & O. The vector representation of
X is

1
X = WWT (V' ()7, (16)

or
X = L 17
= a[f W (@wlo () (17)

or
X = ! 18
=) a|4°vT<a>v<p>vT<a>’ (18)

and x octonion is

X=w Kéﬂkﬂk)%

+(=20001P0+H1P1—2010202—2010303—20104P4—20105P5—2 0 106P6— 2010707
+(—20002P0—20102P1+HpP2—2 A 203P3—2 0 204Ps—2 0 205P5—2 0 206Ps—2 0 201707
+(—20003P0—2 0110131 —28283P2+ U 3P3— 2838404 — 2838505 — 2838606 — 283877

+(—20004P0—2 010401 —2808402—283843+404—2 84850522486 P6— 224 a7P7
+(—20a00asp0—20105p1— 288502 — 2838503 — 2848504+ UsPs—2 A5060s— 2858707
+(—2000apP0—20106P1— 2828602 — 2838603 — 2848604 — 2 U565+ U6 — 2868707
+(—=200a7p0—20107P1— 2808702 — 2838703 — 2848704 — 2858705 — 2868706+ H7P7) €7]

)er
)€
)es
)es
)es
)&

- % (a?+2af),

7 -3
where @ = (Z ori2> , Mo =
i=0 i=0

7
=y (a?—2a?),k=1,..,7.
i=0

Proof. From (15), we write that

a(xa) = (axa = axd = B

and from here, considering firg®) and then(11) we
obtain

via)w(a)X = 7.

v(.) of octonions we give solutions of the some linear
octonionic equations with one term and one unknown a”dFor a = % aie € O— {0}, since the matrices(a) and
then ones with two terms and one unknown over the i ’

octonion field. w(a) are invertible, we obtain the vector representation of
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Now from (15) we write that
w(a(xa)) = w((ax)a) = w(axa) = w(p)
and from here by using of the equalit¥3) we obtain
w(a)w(x)w(a) =w(p).

Therefore, we get
w(x) =w*(a)w(p)w *(a)

=w(a Hw(p)w(a™?)
T

1
=W

af* o

(@)w(p)w' (a),

and thus considering the equalify = C\}Vm, we obtain

X = ﬁc\}ﬂ(a)wm)wT(a)' Similarly, from (15) we write

v(a(xa)) = v((ax)a) = v(axa) = v(p)
and from here by using of the equalit¥4) we obtain
v(a)v(x)v(a) =Vv(p).
Therefore, we get

v(x) = v (@)v(p)v(a)

(20)

and thus considering the equaliy = Cygr We findX =

1
jalf ST (@) (@)

Consequently, fronf16), (17) or (18), the Eq(19) is
obtained.

Example 1Consider the following equation:

(eo-+4e1—€r+3es+65—7e5+5€7) X (€p-+4e1 — €2+ 34+ 65— Teg+5e7) =
—ep+2e1+3ex+5e3—3e1—65

in O. Fora = ey +4e; — e, + 3e4+ 65 — 765 + 567 and
p = —eg+ 2e1 + 3 + 5e3 — 34 — €, this equation is of
the form

a(xa) = (ax)a = axa = p.

Forap=1 a1 =4, ap=-1, a3=0, a, =3, a5 =
1, 06=—-7, a7=5andpp=—1, p1=2, p2=3, p3=
5 ps=-3, p5s=0, ps =—1, py =0, from the formula
(19) given forx in Propositionl, we obtain the solutior

7 7
Proposition2Let a = Y aie, B = Y Bie € O—{0}
i=0 i=0

7
andp = S pie € O be givenThen, the linear octonionic
i=0

equation
a(xB)=p (21)
has a unique solution & O. The vector representation of
x and x octonion are respectively
1 T

.
BRal (B)W (@) P

(22)

and

1 7
B2l Kkzoﬁ k“") %

(—B1@0+Bomr— B3+ B0~ Bswy+ B 4 Ws+B7006— P t0r) €1
(—=Bomo+B3w1+PB ol — 10— BeWs— P75+ 4006+ Ps007) €2
(—B3tb— B+ B, Wo+Bows— B+ BeWs—BsWs+B407) €3
(—B4mo+Bsmr+ P+ B703+Bows—B1 05— B0 —P3007) €4
(=Bs@o—B 401+ B7 02— BeWs+B1a+Bo W5+ B3t — B w7) €
(—Be@o—B7m01— B 4T+ B+ B ws— B3 0s+BoWs+B1007) €6
+(—B7mo+ Bt —Bsr—P4Ws+Bws+ Bt — 1 We+Botor) €7]

where

++ 4+ + + +

W = AoPo + A1P1 + 0202 + A3P3 + A4P4 + As5P5 + ApPe + A707,
W = —01P0 + AopP1+ A3P2 — U2P3 + U504 — A4P5 — O7P06 + U607,
W = —0200 — A3P1+ ApP2 + 0103 + UeP4+ Q705 — 4P — U507,
3 = — 0300 + 201 — A102 + AoP3 + A7P4 — AePs + As5Ps — A4P7,
Wy = —0aPo — As5P1 — UeP2 — Q703+ UoPs + A1P5 + U2P6 + A307,
Ws = — 0500 + A4P1 — A7P2 + UP3 — U104+ AoPs — 0306 + U207,
Wp = —06Po + 701 + 0aP2 — Q503 — U204 + Q305 + UoPs — A107,
W7 = — 0700 — ApP1 + U502 + Q403 — U3P4 — A205 + U106 + OIOFE% )
23

ProofFrom(21), we write that

a(xB) =7,

and from here, considering firg®) and then(11) we

obtain
w(a)Vv(B)X = 7.

Fora, 3 € O — {0}, since the matrices(3) andw(a) are
invertible, we get the vector representatiorxafs

X =vipwl(a)p
—v(Bw(a )P
| B|21|a|2VT (B)W (@) B

Thus from(24), the Eq(23) is obtained.

(24)

(@© 2014 NSP
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Example 2ZConsider the following equation:

(6o—2e1+3e3-+5e4—€5—665+€7) (X(3ep—e1—2e3+€4—265—4€7) )=
€0—2€1+3€p+6e3+5e,— 265+ 4es+8er

in O. Fora =ey—2e; +3e3+5e, —es —6es+e7, B =
3ep— € —2e3+e,— 265 —4e; andp = ey — 26, + 3er +
6e3 + 5e4 — 265+ 4eg + 8ey, this equation is of the form

a(xB) =

Thus, from the formulg22) and (23) given for x, we
obtainX andx such that

7: [ 188 384 40 244 288 26

23 214]T
695 2605 539’ 2695 2605 530’ 2695’

95

N

and

_ 188, 384 244 . | 288
X = 25580 366581~ 550€2 T Z505E3 T ARbbeA — Ba085 7agsB6 T ZORET:

respectively.

7 7
Proposition3Let a = Y aie, B = Y Bie € O—{0}
iZ0 i=0

7
andp = 3 pig € O be given. Then, the linear octonionic
i=0

equation
(ax)B=p (25)

has a unigue solution & O. The vector representation of

x and x octonion are respectively

1 T T
=——W (@) (B) B (26)
lal®|B]
and
X= —5 > Qklk | €0
o187 |\ &
+(—a1no+aoni+asn2—aznz+asns—asns—azne+ash7) €
+(—az2no—azni+0aoN2+a1N3+aena+arNs—0asne—0asn7) €
+(—asno+azn1—a1N2+0aoN3+a7Na—QAeNs+0ase—0an7) €3
+(—aaho—asN1—deN2—Aa7N3+0oNa+A1N5+0A2MN6+03N7) €4
+ (—asNo+aan1—a7N2+0sN3—A1MNa+AoNs—a3MNe+0A20N7) €5
+(—aeNo+Qa7N1+0a4N2—asN3—a2Na+azNs+0aole—a1N7) €
+(—a7no—QaeN1+0asN2+04N3—A3Ns—A2Ns+a1N6+00N7) €7],
where
No = BoPo + B1P1 + B2p2 + Baps + Bapa + Bsps + BePe + Brp7,
N1 = —PB1Po+ BoPr — Bap2 + B2p3 — BsPa+ Baps + BrPs — Bspr,
N2 = —B2po0+ Bap1 + BoP2 — B3 — Bspa — Bros + Bape + Bspz,
N3 = —BaPo — B2p1+ P12+ BoPs — BrPa+ BePs — BsPs + Bapr,
N4 = —Bapo+ Bsp1 + BsP2 + Brp3 + Bopa — B1os — B2pe — Bap7,
Ns = —Bspo — BapP1 + BrP2 — Bspz + Bpa+ BoPs + BsPs — B2p7,
N6 = —BePo — Brp1 — BaP2 + Bsps + B2pa — Baps + Pope + PPz,
N7 = —B7Po+ BeP1 — Bsp — Baps + Bapa + B2ps — Bros + BOPZ )
27

Proof From(25), we write that

(ax)p="7

and from here, considering firgill) and then(9) we

obtain
)X =7.

Fora, 3 € O — {0}, since the matrices(3) andw(a) are
invertible, we obtain the vector representatiorxafs

X = wla)vip)p
=w(av(g) 7

- WWT (@) (B) . (28)

Thus from(28) , the Eq(27) is obtained.
Example Xonsider the following equation:

((eg—2€1+3e3+564—65—66s5+€7) X) (36— —263-+84—265—4e7) =
ep—2e;+3e,+6e3+5e,— 265+ 4es+-8e;

in O. Fora =ey—2e; +3e3+5e, —es —6es+e7, B =
3ep— € —2e3+e,—265—4e; andp = ey — 26, + 3er +
6e3 + 5e4 — 265+ 4eg + 8ey, this equation is of the form

(ax)B = p.

Thus, from the formulag26) and (27) given for x, we
obtain X andx such that

X —[M8 4 2 6 402 712 9 60T
- 1269% 695 539’ 539 2695 397 245 5391

)]

_ 402 9 60
X = 7o0180— 730581~ 53062 53003 T 766584 — 5a0C5— 24586+ £3p€7

respectively.

3.2 Solutions of some linear octonionic
equations with two terms and one unknown

In this section, we deal with the linear octonionic

equations with two terms and one unknownxasf the

form
(ax) B+ (yx)3=p (29)

or equivalently

vV(B)w(a)+Vv(B)w(V] X =7, (30)

and of the form

o (B) +Y(x8) = p (31)

or equivalently

W(a)v(B)+W(V(&)] X =7, (32)

7
wherea, 3,y,6 € O— {0} andp = S pig €O.
i=0

(@© 2014 NSP
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Proposition 4Leta = 2 aie, B= 2 Bie € O—{0}and

p= 2 pie € O be given.
i=0

1.LetbeB =0 in (29) and(30).

(@)If a # —y, then the solutions 0{30) and (29),
respectively, are
= ————W (a+y)V' (B) P
IBI|ar+ yi?

. s Kzo“k”k>

(—H1No+HoN1+HgNa—HaNa+HsNa—HaNs—HeNe+HgM7)
(=H2No—HgN1+HoNa+H1N3+HeNa+HzNs—HaNe—HsN7)
(—H3No+HaN1—HyN2+HoNa+HNa—HeNs+HsMNe—HaM7)
(—HaNo—HsN1—HeN2—H7Ns+HoNa+HiNs+HUaNe+H3N7)
(=HsnNo+HaN1—H7N2+HeNs—HiNa+HoNs—HNe+H2N7)
( HgNo+H7M1+HaN2—HsNa—HoNatHaNs+Hole—H1M7)
—H7No—HeN1+HsN2+HaN3—HzNa— U2’75+U1n6+“o’77 e,

wherea +y=p e O—{0}, u= 2 uie and alln;
i=0

is as in(27).
(b)If a =y, then the solutions 0f30) and (29),
respectively, are

1

_ T T
= 2P (a)v' (B) P

and

< zwﬁ\l\a\ Ki k”k)

+(—Qa1no+ aoN1 + sz — d2N3+ AsNg — Aalls — A716 + Asl17) €1
+ (=020 — QzN1+ Aoz + Q13+ Aslla+ 7115 — alle — Asl17) €
+(—azno+ azn1 — a1N2+ AoNs+ A7Na — AeMNs + AsNe — A417) €3
+(=Qano — asN1 — Aslz — A7113+ Aolla+ A1Ns + 206 + 03017) €4
+(—0asno-+ aani — 7Nz + dsN3 — A1N4+ Aols — A3Me + A2017) €5
+(—aeNo+ a7N1+ Qalz — AsN3 — O2M4+ A3Ms + Aole — A117) €6
+(—a7no— aeN1+ AsNz + daN3 — a3N4 — Q205+ A1 + Aoll7) €7]
where alln; is as in(27).
(o)If o =y, then the solutions 0f30) and (29),
respectively, are

1
= WVT (B)ﬁ

and

. 2ao\m KEOM k)

(—=B1po+Bop1—B3P2+B2p3—BspatBaps+B706—BsP7)
(=B2po+Bspr+BoP2—B1Ps—BePs—B7Ps+BaPe+Bspr)
(—B3po—Bop1+B1P2+Bops—B704+BePs—BspetBap7)
(—Bapo+Bspr+Bep2+B7p3+Bopa—B1Ps—B2Ps—B3P7)
(—Bspo—B4p1+B702—BeP3+B1P4+BoPs+Bzpe—B2p07)
(—Bepo—B701—B4P2+Bsps+B204—B3Ps+Bops+B107)

+ (—B7Po+BeP1—Bsp2—Baps+BaPatBrps—B10s+BoP7) €7
(d)If a =Y, then the solutions 0f30) and (29),

respectively, are

++++ + +
TS LS O &

= WTBFVT (B)?

and

. zmm [(Zoﬁkp k)

(—=B1Po+Bop1—Bap2+B2P3—BspatBaps+B70s—BsP7
(=Ba2po+B3pr+Bopz—B1Ps—BePa—B7Ps+B4Ps+BsPr
(=BsPo—B2p1+B1p2+Bops—B7Pa+BePs—BsPe+Bapr
(=Bapo+Bspr+BePa-tBrpa+Bopa—Bips—B2ps—Bspr
(—BsPo—B4pr+B7P2—BeP3+B1Pa+Bops+B3ps—Bop7
(—=BePo—B7p1—Bap2+BsP3+B2pa—Baps+BoPs+B1P7

B7Po+BePr—BsPo—Bapa+BspatBaps—Pips+Bopr) €
2.Letbea = yin (29) and(30).

(@)If B # —9, then the solutions 0f30) and (29),
respectively, are

-+
+
-+
+
-+
+
+ (=

1
X = iarprer” @V

. I KZD k¢k)

(—a1¢o+ Qo1+ a2 — a2¢3+ Asds — Aads — a7¢6+ Ae7) €1
(—02¢0 — Q31+ Ao+ Q193 + Aepa+ A79s — Aas — AsP7) €2
(—a3¢o+ Q201 — a1¢2+ Aod3 + A7¢4 — AePs + Asps — Aad7) €3
(=
(=
(=

(B+3)P

Q4o — OsP1 — Aed2 — O7¢3 + Aoda+ A1¢5 + Q26 + O37) €4
Aspo+ dar — Q792+ de3 — A1da+ dods — Azde + 0207) €5
AsPo + A7¢1 + Aa2 — A3 — 0204+ Q35+ Aods — A1¢7) €5

+ (=070 — Opd1 + O52 + Aaps — O34 — 02475 + a1¢e+ aod7) €7,

whereA =3+6€0—{0},A = 2 Aig, and
iZ0

do= AoPo-+A1p1-+A202+ A3p3+ Aapa+ Asps + Aeps + A7p7,
¢1=—A1p0+ Aopr— A3p2 + A2p3 — Aspa+ Aaps + A7ps — Aep7,
2= —A200+A3P1+AoP2 — A1p3 — AePa — A705 -+ AaPs + Aspz,
$3=—A3P0— A2p1+ A1P2 + AoPs — A704 + AePs — Aspe -+ Aapz,
Pa=—Aapo+Asp1+AsP2 + A703+ AopPa — A1Ps — A2P6 — A3p7,
@5 = —Asp0— AaP1+A7P2 — AeP3 + A1pa+ AoPs -+ AzPs — A2p7,
$6 = —AePo— A7P1— Vapz + VsP3 + A204 — A3Ps + Aope + A1p7,
¢7= —A7p0+AeP1— Asp — Aap3+ A3pa+ A205 — A1P6 + Aop7.

(b)If B = &, then the solutions 0f30) and (29),
respectively, are

L w7

- 2Bglal?

and

i)

&
+ (—a1po+00pP1+Q3P2— A2p3+0504— A aP5—A7P6+0607) €1
+ (—a2p0—03P1+AoP2+ A 1P3+ 0604+ 0 705— 0 4Ps—5P07) €2
+ (=030 +02p1—A1P2+00P3+0704— 65+ 0506 —02P7) €3
+(—04po—0a5p1—AP2—A7P3+A0P4+01P5+A206+0307) €4
+ (—aspo+a4p1—Q7P2+AsP3— 104+ A0Ps5— A3Pe+0207) €5
+(—06po+a7p1+a4p2—A5P3—A204+03P5+A0Ps—A107) €6
+ (—a7po—6p1-+a502+0 4P3—A3P4— A 2P5+0106+A0P7) €7

(o)If B = 0, then the solutions of30) and (29),

respectively, are

ZKTMZWT(G)?
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and
7

1
pe——1 OkPx | €0
280 |al® Kk;

—Q1P0+A0P1+A3P2— 0203+ A5P4—A4Ps—A7P6+A 607
—02p0—A3P1+00P2+0A103+A6Ps+A705—A4Ps—A507
—03Po+02P1—01P2+00P3+A704—A6P5+A506—A 407
—04P0—05Pp1—0eP2—A703+A0Ps+A105+0A 206+ 307
—Q5P0+04P1—A7P2+0eP3— A 1P4+A0Ps—A3P6+A 207
—QePo+A7P1+04P2—A503— 0204+ 0305+ AP —

ProofThe equat|or(29) is equivalent ta(30). Accordlng
to some cases we now will find o andx solutions of
(30) and(29), respectively.

Case 1.Le3 = &. Then from(30) we have
v(B)w(a)+w(y)] X =7
v(B)w(@+y) X =7,

and sinceB # 0, v(p) is invertible, and thus we write

w(a+y)] X =vi(B)p. (33)

Case (1-i).Letr # —yin (33). Sincea +y#0,w(a +Yy)is
invertible, and thus we obtaiX such that

X =wa+y)vp)p

= mWT (a+y)V' (B) 7.

Thus from(34) , the Eq(33) is obtained.
Case (1-ii).Letr = yin (33). Therefore, we have

w(a+a)]X =v*(B)p
2w(a)X =v1(B) 7,

(34)

and sincea # 0, w(a) is invertible, and thus we

obta|n17 such that
X=swiayvips

Case 2.Letr = y. Then from(30) we have

V(B)w(a)+Vv(S)w(a)] X =7
V(B) +v(B)w(a) X =7
ViB+dw(a)X =70 (38)

Case (2- |) Letﬁ # -9d1in (38) Sincef3+ 6 # 0 anda # 0,

% andw(a) are invertible, and thus we
obtaln such that
X =wla)Vv(B+5)7
1 T T
=—5——w (a)v (B+0 ? (39)
al?|B + 8 v B

Thus from(39), the Eq(33) is obtained.

Case (2-ii).Let = 6 in (38). Therefore, we have

v(B+Bw(a)X =7
V(2Bo)w 7 I
2Bov(1)w 7 0,

and smcev(l) ls and w(a) is invertible, we
obtainX such that

X = ow o) B

2Bo
w () 7.
2Bola?
Thus from(40), the Eq(33) is obtained.

(40)

Case (2-iii).Let3 = & in (38). Therefore, we have

(5+ 5)w(a )X =7
v(2&@)w(a)X =@
25v(Hw(a) X = 7,

and sincev(1l) = Ig and w(a) is invertible, we
obtain X such that

_ 1 T T 1
= Sipap (Y )P . X =g @P
Thus from(35) , the Eq(33) is obtained. 1
Case (1-iii).Lefr = yin (33). Therefore, we have = 2WT (a) ﬁ (41)
wa+a@)X =v ()7 A f25o|0r| A _ ,
W(2a0) X — V’l(B)ﬁ Thus from(41), the Eq(33) is obtained.
2aW(1)X = v *(B) 0,
and sincew(1) = Ig, we obtainX such that
7 7
_ 1 VT (B) s (36) Proposition 5Leta = izzoaia, B= iZOBia €O —{0}and
200 |B| 7 .
Thus from(36), the Eq(33) is obtained. p=2pac O be given.
Case (1-iv).Letr =yin (33). Therefore, we have
Ww(y+y)] X =v (87
W(2p) X =v(B) P 1.Letbef = & in (32) and(31).
2w (1) X =v ()7, _ -
and sincev(1) = lg, we obtainX such that (@If or{ezépec)t/i’vgl]y(?gr(tahe solutions of32) and (31),
1 o7
=—=V . 37
20lB7 BP (37) .
Thus from(37), the Eq(33) is obtained. " BRla+ y|2V (B)W (a+y) P
(@© 2014 NSP
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2|ﬁ\ jaf?

()

—B14o+Bol1—B3la+B2{3—Bslat+Bals+B7{6—Bel7)
—B2%0+B3{1+Bolo—B1{3—Bela—B7{5+B4l6+Bs{7)
—B380—B2{1+B1{o+Bo{3—B7{a+Bels—Bsle+B4l7)
—B4¢o+Bs{1+Belo+B7{3+Bola—B1{5—B>ls—B3{7)
—Bslo—B4{1+B7{>—Bela+B1{a+Bols+B3l6—B2{7)
—Beslo—B7{1—B4l2+Bs{s+B2{a—B3s+Bols+B1{7)
—B780+BeG1—Bsla—Balz+B3la+PB2ls—B1ls+Bol7) €7] s

7
wherea +y=pu e O—{0}, u= 3 pi&, and
i=0

( el
( e
( es
( (A
( 3
( &

+
+
+
+
+
+
(

o= HoPo+ Hip1+ popP2 + UzPs + HaPa+ HspPs + UePs + Hzp7,
Q1= —H1Po+ HoPr+ 3Pz — oPs + UsPa — HaPs — H7Ps + HeP7,
Qo= —p2po— H3P1+ HoPz + H1P3+ HePa+ L7Ps5 — HaPe — HsP7,
(3= —UsPo+ 21— H1P2+ HoPs + H7Pa — HePs + HsPs — Hap7,
{a= —Uapo— UsPr— HeP2 — H7P3+ HoPa + H1Ps + HopPs + H3pP7,
{5 = —sPo+ Hap1— H7P2+ HeP3 — H1Pa+ HoPs — HaPe + H2P7,
(6= —HePo+ H7p1+ HaP2 — UsPs — HoPa+ HapPs + HoPs — Hap7,
(7= —U7Po— HeP1+ MspP2 + HaPs — HaPa — H2pPs + H1Ps + HoPr-
(b)If a =y, then the solutions 0f32) and (31),
respectively, are

1

o T T
T

and

. T [(Zf )

&
+ (= B1@o+Botr— B3 we+ B0~ B+ W05+, — Ber) €1
+ (= B0+ B3+ Bowe—B1Ws— Bt — P75+ B, Ws+Bstor) €2
+(=B3mo—Powi+P1Wo+PBoWs— B+ Bes—Bss+B4007) €3
+ (= Bamo+LBswi+LBeWo+P7Ws+Powa—B1Ws—BoWs—PB3U07) €4
+(—Bswo—B 41+ B0z —BeWs+ B 1T+ B oW+ B3 —Bo007) €5
+ (=Bt —B7001— B4 Wa+ Bs s+ B, 00s— P35+ B s+ B, 007) €5
+ (—B7W0+B e —BsWa— P4 Ws+B W, +B o005 — 1 Ws+Bo w7 ) €7]
where alla is as in(23).
(o)If o =y, then the solutions 0f32) and (31),
respectively, are

and

. Tl Kszp k)

—B1Po+Bopr—B3p2+B2p3—BsPatBaPs+B7Ps—BeP7)
—B2po+B3p1+Bop2—B1P3—BePa—B705+BaPs+Bs07)
—B3Po—Bop1+B1p2+Bops—B7Pa+BePs—BsPs+Bap7)
—Bpo+Bsp1+Bep2+B703+Bopa—B1P5s—Boos—B3p7)
—BsPo—B4p1+B702—BeP3+B1pa+BoPs+Bzrs—B207)
—BePo—B701—Bap2+Bsps+BoPa—BsPs+BoPs+B1P7)

+ (=B7Po+BesP1—Bsp2—B4p3+B3pa+Bops—B1ps+BoP7) €7
(d)If a =Y, then the solutions 0f32) and (31),

respectively, are

+
+
+
+ pr
+ pr
+

(
(
(
(
(
(

el G

and

. zmm [(Zoﬁkp k)

(—B1Po+Bop1—B3p2-+Bops—BspatBaps+B706—Bepr
(—B2po+B3p1+Bop2—B103—Bepa—B7Ps+B4Pe+Bsp7
(—B3Po—Bop1+B1p2+Bops—B7Pa+Bsps—BspPs+Bapr
(—Bapot+Bsp1+Bepa-t+B7p3+BoPa—B1Ps—Bops—LBzp7
(=BsPo—Bapr+B7p2—BeP3+B1Pa+BoPs+BzPs—Lop7
(—Bepo—B7P1—B4P2-+Bsp3+B20a—B3ps+Bops+B107
+ (—B7po+BeP1—BsP2—BaPs+B3Pa+Bops—B1ps+Bop7) €7
2.Letbea = yin (32) and(31).
(@)If B # —9, then the solutions 0f32) and (31),
respectively, are

B |a|2|;+5|2VT B+ o' (@)

and

+ (= A 1@T0+A oW1 —A 3o +A 20— A 5Ty +A 4 W5 +-A 706 — A 607 )
+ (A 2m0+A3W1+A oW —A 13— A 04— A 7005+ 4T +A 5007)
+(—A3Wo—A 201 +A 1@+ oW~ A 704+A 605 —A 5 W+ 4107 )
+ (= A4W0+A5W1+A 6W+A 7003+A oWs—A 1 W5 — A 20— A 3007)
+( )
+( )

whereA =8+06€0—{0}, A = 2 Aig and all
i=0

w is as in(23).
(b)If B = J, then the solutions 0f32) and (31),
respectively, are

L WP

 2Bolaf?
and

1 7

- o (209
+(—a1Po+00oP1+03P2— 0 203+ 0504— A 4P5— A 7P6+06P7) €1
+(—0a2P0—a3P1+00P2+0103+A6Ps+A7P5— A 2P —A5P7) €2
+(—0a3pPotazp1—a1p2+00pP3+A704—AePs+AsPe—A4P7) €3

+ (—04po—05p1—ApP2—A7P3+A 0P+ 1P5+0206+0307) €4
+(—aspota4p1—A702+06P3—A1P4+00P5—A3P6+A207) €5

+ (—depo+07p1+A4P2—A5P3— U204+ 3P5+00P6—A107) €6

+ (—07P0—deP1+A 502+ 0 4P3— A 304— A 205+ 1P6+00P7) €7] -

(c)lf B = 5, then the solutions 0f32) and (31),
respectively, are

ZKJ{O{'ZWT(G)?

and

1 7

Y ot
280 |a]? % QkPx | €0
(—a1po+0aop1+0302—A2P3+A5Ps— a5~ A7P6+A6P7) €1
(—0r2po—0r3P1-+0 0P+ 011 P3+ U P4+ 705— A 4P —A507) €2
(—Qa3pPo+a2p1—01P2+00pP3+A704—ApPs5+A5P6—04P7) €3
(—0a4po—0asP1—0pP2—A7P3+00Ps+0A 1P5+0206+0307) €4
(—0asPo+aap1—a7P2+0603—A104+00Ps— A3P6+02P7) €5
(= )€
er7].

AP0+ A7P1+04P2—A503—0204+0A3P5+A0Ps—A107

+
+
+
+
+
+
(—a7po—0aep1+05P2+04P3—A3Pa—2P5+01P6+A0P7)

+
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ProofThe equatior(31) is equivalent to(32). According Case (2-i).Lef3 # —0 in (47). SinceB+9d #0,v(B+9) is

to some cases we now will find o® andx solutions of
(32) and(31), respectively.

invertible, and thus We obtaiX such that

X =viB+o)wi(a)p

1 T T
Case 1.Lep = &. Then from(32) we have ~ P+ 5|2V B+owW (a)B.  (48)
w(a)+w(y)v(B) X = o Thus from(48), the Eq(42) is obtained.
w(a+y)v 7 7. (42) Case (2-ii).Lef3 :_5 in (47).:I;herefore, we have
| | | v(B+B)X =w(a) P
Case (1-i).Leta # —yin (42). Sincea + y # 0 andf # 0O,
w(a + y) andv(p) are invertible, and thus we have V(2B) X =wl(a) P
SUCh that ZBOV(]-)? _ Wil(a)ﬁ
warpvBX =7 1 and sincev(1) = lg, we obtainX such that
= WVT BW (a+y)B. (43)
Thus from(43), the Eq(42) is obtained. - %WT () 7. (49)
Case (1-ii).Letr = yin (42). Therefore, we have 2Bola|
W(g\;—(aizggig i g Thus from(49), the Eq(42) is obtained.
and sincea, 8 # 0, w(a ’) andv(B) are mverhblecase (2-iii).LetB = in (47) Therefore, we have
and thlus we obtaifX such that (6+ 6) X=wlia)p
X = SV LByw(a) P V(28&) % = 71(0{)3
__ Y rigwT 26v(1) X =w (a) 7,
N 2|B)?|a? 2V (B)w OF (44) and sincer(1) = Ig, we obtainX such that
Thus from(44), the Eq(42) is obtained. 1
Case (1-iii)).Lefor = yin (4 ) Therefore we have = 72WT (a)?. (50)
2% |al

4>
w(a+a)v(
W (2a0) v (
)V(

B)X

B =73
2a0Ww(1)V(B) X = 7,
and smceN(l) lg andpB # 0, v(B) is invertible,
and thus we obtaifX such that

1
X = viB)P

1
- 20{0|B|2VT ®)7.

Thus from(45) , the Eq(42) is obtained.
Case (1-iv).Letr =yin (42). Therefore, we have

W(y+y)V(B)X =7
W(2p)V(B) X = 0
2w (L) v(B) X = 7,

and sincev(1) =lgandp # 0, v(p) are invertible,
and thus we obtaiiX such that

1
X = %V 1(5)?

2»t)|1[5|2vT B)7.

Thus from(46) , the Eq(42) is obtained.
Case 2.Letr = y. Then from the Eq32) we have

w(a)[v(B)+Vv(8)] X = 7
w(a)[V(B+8)] X =7,

and sincex # 0, w(a) is invertible, we write

(45)

(46)

V(B+3)X =wl(a)7. (47)

Thus from(50), the Eq(42) is obtained.
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