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Abstract: We study some connections between lacunary stx,ﬁgvg—convergence with respect taransequence of moduli Musielak

and lacunaryy? - statistical convergence, whereis a sequence of four dimensional matrioc@uv) = (a{?ﬁjj@}ﬂ{gjs (uv)) of

complex numbers.
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1 Introduction mn € N Z(t),6p(t). %op(t), Zu(t), Gop(t) and
Gobp(t) reduce to the sets7y, 6, Gop, LU, Chp andGopp,
Throughoutw, x andA denote the classes of all, gai and respectively. Now, we may summarize the knowledge
analytic scalar valued single sequences, respectively.  given in some document related to the double sequence
We write w? for the set of all complex sequencgn), spaces. Gkhan and Colakd, 10] have proved that#,, (t)
wherem,n € N, the set of positive integers. Them? isa  and €y (t),%hp(t) are complete paranormed spaces of
linear space under the coordinate wise addition and scalaitouble sequences and gave the, 3—, y— duals of the
multiplication. spaces.Z, (t) and %pp(t). Quite recently, in her PhD
Some initial works on double sequence spaces ighesis, Zelter43] has essentially studied both the theory
found in Bromwich f#]. Later on, they were investigated of topological double sequence spaces and the theory of
by Hardy [L5], Moricz [20], Moricz and Rhoades2[l], summability of double sequences. Mursaleen and Edely
Basarir and Solankan2], Tripathy [30], Turkmenoglu [22 and Tripathy BQ] have independently introduced the

[40], and many others. statistical convergence and Cauchy for double sequences
and given the relation between statistical convergent and
We procure the following sets of double sequences: strongly Cearo summable double sequences. Altay and
) ) tn Basar ] have defined the spaces
M (1) 2= { (Xenn) € WP 2 SUBneN [Xen| ™ < o0} BS BS(X).CS 0.6 SopC.S and BY of double
Gpl(t) = sequences consisting of all double series whose sequence

of partial sums are in the spaceg,, .#y(t),%p, 6bp, 6r

el iyt — ¢ . .
{Oemn) € W22 p—liMmn—sco Pxmn—1| 1forsomele C}, and. %, respectively, and also examined some properties

. T tmn __ of those sequence spaces and determined theluals of
op (1) 1= { (xmn) € W P—1liMmpso X ™ = 1}, the spacess.?, %7 ,%¢ . and theB () — duals of the
L () 1= { (Xenn) € W22 351 32 [Xone] ™ < 0 spaces?.,p and €. of double series. Basar and

Sever B] have introduced the Banach spagg of double

Ghp(t) 1= Cp (t) N (t) andGop (t) = Gop (t) N Ay (t); sequences corresponding to the well-known spiacef
. . N single sequences and examined some properties of the

wheret = (tmn) is the sequence of strictly positive reals space.#;. Quite recently Subramanian and Misrad]

the Pringsheim’s sense. In the catg = 1 for all

* Corresponding author e-marsmaths@yahoo.com

(@© 2014 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.12785/msl/030305

166 %N S\ N. Subramanian: Lacunapﬁw— Convergence op—...

and gave some inclusion relations.

The class of sequences which are stronglyaBes” (iii) Forallu>0,and 0< A <1,
summable with respect to a modulus was introduced by
Maddox [L9] as an extension of the definition of strongly M(Au) <AM(u) (4)
Cesaro summable sequences. Conrfgjrflirther extended ) . ) )
this definition to a definition of strond— summability ~ Lindenstrauss and Tzafririlf] used the idea of Orlicz
with respect to a modulus wherd = (aﬂk) is a function to construct Orlicz sequence space
nonnegative regular matrix and established some B o %
connections between strodg- summability, strongA— m = {X EW: i M (7) < oo, for somep > O}’
summability with respect to a modulus, afd statistical
convergence. InJ6] the notion of convergence of double
sequences was presented by A. Pringsheim. Alsclan [ IX|| = inf {p >0:30,M (&) < 1}7
13], and [14] the four dimensional matrix transformation P
(AX)r = Sme1Yn-18g Xmn Was studied extensively by becomes a Banach space which is called an Orlicz

The spacé) with the norm

Robison and Hamilton. sequence space. Fbf (t) =tP(1< p< ), the spaces
We need the following inequality in the sequel of the ¢y coincide with the classical sequence spggce
paper. Fo,b,> 0 and 0< p < 1, we have A sequencd = (fmn) of modulus function is called a
Musielak-modulus function. A sequencg = (Qmn)
(a+b)P <aP+bP (1) defined by

Omn (V) =sup{|vju— (fmn) (U) :u>0},mn=1,2,---
The QOubIe serie§ mn_q Xmn IS cal!ed convergentifand o jjed the complementary function of a
only if the double sequencesmn) is convergent, where  nysielak-modulus functionf. For a given Musielak

mn . ;
Smn= 3 j=1%j(MnéEN). modulus function f, the Musielak-modulus sequence

) . .. spacds and its subspades are defined as follows
A sequencex = (Xmp)is said to be double analytic if

SURnn|Xmn| ¥ ™" < . The vector space of all double t; = {xew2 (X)) Y™ Oasmn—>oo},
analytic sequences will be denoted By¥. A sequence

X = (Xmn) is called double gai sequence if hi = {xe W2l (|an|)1/m+n —y0asmn—» Oo}
((M+N)! ) Y™™ — 0 asm,n — w. The double gai ’
sequences will be denoted by x% Let  wherel; is a convex modular defined by

¢ = {allfinitesequencés L
It (X) = Tm=1 Zn1 fmn([Xmnl) /M X = (Xmn) € L.

- — (x. th
Consider a double sequence= (x;). The (m,n) We considet; equipped with the Luxemburg metric

section X™"W of the sequence is defined by
xmnl — 5 M oxij Oy for all m.n € N; wherelJ;j denotes d(xy) =

the double sequence whose only non zero termd'%gY su pnn{inf (Z?ﬁ:l S =1 fmn <%ﬁmn)) < 1}

in the (i, )" place for each, j € N. _ . .
If X is a sequence space, we give the following

An FK-space(or a metric space)s said to have Ak definitions:
property if (Onn) is a Schauder basis foX. Or

equivalentiyd™n — x ()X = the continuous dual of;

An FDK-space is a double sequence space endowe 2
with a complete metrizable; locally convex topology {@= (amn): 3 mn_1|@mnXmn| < o, foreachxe X};
under which the coordinate mappings
x= (X)) = (xmn)(mM,n € N) are also continuous. (iif) XP

Let M and @ are mutually complementary modulus {a: (@mn) © 3 2 —1@mXmniS convegentforeach xe X
functions. Then, we have: ’
(i) Forallu,y >0, (iv)XY =

{a: (amn) : SUpnn > 1’2m,}'1\‘:1 amnXmn| < %, foreachxe X};

-l

uy< M (u)+ @(y),(Youngsinequality[Seél6]] (2)

(v)letX beanFK — space D @; then Xf =
(i) For all u> 0, {#(Om): X}
un (u) = M (u) + @ (n (u)). (3)  (v)x? =
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Ymn o foreach xe X};

{a: (8mn) : SUfnn|@mmXmn|
X% XB XY are calleda — (orKéthe— Toeplitadual of
X, B — (orgeneralized- Kéthe— Toeplitz dualofX y—

dualof X 0 — dualofX respectivelX? is defined by
Gupta and Kamptanif]. It is clear thatx® c XP and

X% < XY, but XP c XY does not hold, since the sequence product
of partlal sums of a double convergent series need not té“la mp, - -

be bounded.

The notion of difference sequence spaces (for single 1’212

sequences) was introduced by Kizmaz as follows
Z(A)={x=(x) ew: (Ax) € Z}
for Z = c,cp andle, WhereAxy, = xx — X1 for all k € N.

Herec, ¢ and/., denote the classes of convergent,nulland
bounded sclar valued single sequences respectively. The

difference sequence spaleg, of the classical spac, is
introduced and studied in the casg D < « by Basar and
Altay and in the case & p < 1 by Altay and Basar in
[1]. The spaces(A),co(A),l»(A) andbv, are Banach
spaces normed by

IX]] = [X1| + Sup1|Ax| and

Xy, = (T2 1% ?)HP, (1< p< o0).

Later on the notion was further investigated by manywhere x = (Xz1,--
others. We now introduce the following difference doublei=1,2,--

sequence spaces defined by

where z = N2, x? and
AXpn = (Xmn—Xmnr1) — (Xmiin—Xmiine1) =
Xmn— Xmnt1 — Xme1n + Xme1ne1 forallmn e N.

2 Definition and Preliminaries

Let mn(>2) be an integer. A function
X:(MXxN)x (MxN)x---x(MxN).

(M xN)(mxn— factors — R(C) is called a real
complexmn— sequence, wherdl,R and C denote the
sets of natural
respectively. Letmy,mp,---my,ny,Np,---,ng € N and X

be a real vector space of dimensiow, where
My, Mp,---My, N3, N2, --- ,Ns < W. A real valued function
dp(Xa1, - Xy, mp -y g g, - ) =

||(d1(x11),...,dn(Xm11m27...m7n1’n27...Yns))”p on X SatISfyIng
the following four conditions:

() [[(da(xa1),.- G (Xmy .- g5, ) [lp = O if and

and only if

di(X11),- -, Ay g, s (Ximgmp. -y g, ng) - @re
linearly dependent,

(ii)

[I(d2(Xa2), - - -, Ay -y .y, s (X -y g ) p

is |nvar|ant under permutation,

(iii)

[I(ardy(X11). .. . Oy .oy g (X gz ns) | p = @] | (Wb (Xa),,- -, O (X omp g .ng)) [ p. O € R

™)
dp ((X12,Y11), (X12,Y12) - - - (Xmy,mp.--my 010, .nss Yy mp.--mynpng,—- ns) ) =

numbers and complex numbers

(dx (Xn, X12,** * Xmy.mp. My ,ng.np, - _nq)p + dY(yllAy127 . ,.'ns) p) ye
forl < p< oo; (or)
(V)
d ((x11,Y11), (X12,Y12), *** (Xmy g ng g5 Yom et g s ) ) =
sup{dx (X11.X12, - 'Xml,n‘\g,--~n},n1‘n2,--~,ns)-,dV(yllay127 = Ymy,mp,-my g np, ,ns)} ,
for X11,X12; -+ Xmy myp --my g .-+ s S
XaYllalea"'le,rnz,~'m7n1,n27~~,ns €Y is called the p
metric of the Cartesian product of
My, N1, Ny, - -+, Ng Metric spaces is thp norm of
m x n- vector of the norms of the
My, N1, Ny, -+, Ng SUbspaces.
trivial example of p product metric of
My, Mp,---My, Ny, Np,--- ,Ng Metric space is thg norm
space isX = R equped with the following Euclidean

metric in the product space is tipenorm:

*Ymy.mp. - mp,ng g,

[[(da(x02), -, dn<Xm1.mg.»~n‘r‘n1n2.»~.ns))HE =
sup(|det(dmy my..mr .ng.np.--.ns (Ximy.mp,-my.ng.ng.ns))|) =

i1 (Xa1) dip(X12) - din (Xengng.ns)

o1 <X21) da2 <X22) . O (Xz.nl.nz.---.ns

sup

Oming (Xmin1) Oren2 (Xmzn2) -

e
(X mp.my g )

Xin,n,-ns) € R for each
SMg, My - M.
If every Cauchy sequence K converges to some € X,
then X is said to be complete with respect to tpe-
metric. Any completep— metric space is said to bg—
Banach metric space.

By a lacunary sequendée= (myns), wherempng = 0,
we shall mean an increasing sequence of non-negative
integers withh,s = mng—my_1ng 1 — o asr,s — oo,
The intervals determined by will be denoted by
lrs = (My_1Ns_1,MNg] .

LetF = (fmn) be amn— sequence of moduli musielak
such thatlimu%msupnnfmn( ) = 0. Throughout this
paperx — convergence op— metric of mn— sequence
of mu3|erak modulus function determinated Bywill be
denoted byfm, € F for everym,n € N.

The purpose of this paper is to introduce and study a
concept of lacunary strong — convergence ofp—
metric with respect to amn-— sequence of moduli
musielak.

indent We now introduce the generalizations of lacunary
strongly)(Au — convergence op— metric with respect a
mn— sequence of musielak modulus function and
investigate some inclusion relations.

Let A denote a sequence of the matrices

AW = (agl_jjl'(f‘,gf}jé':s (uv)) of complex numbers. We write

for any sequence= (Xmn),¥ij (Uv) = A}’ (x) =

Zml man Ng (akl k?}lnlésns(UV))

(M gD Xy g )™t
exits for each [ and uv. We
AN (x) = (A (), AX= (A

(@© 2014 NSP
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2.1 Definition 3.2 Theorem

Let A be amn— sequence the four dimensional infinite
Let F = (fr'r’]l...mnl...ns) be amn— sequence of moduli matricesAY — (akml k’:}flﬂns(uv)) of complex numbers
musielak, A denote the sequence of four dimensional
infinte matrices of complex numbers axd be locally
convex Hausdorff topological linear space whoself X= (Xxmn) lacunary strong\,,— convergentto zero then
topology is determined by a set of continuous semi norms< = (Xmn) lacunary strongA,,— convergent to zero with

andF = ( fiin) be amn— sequence of moduli musielak.

n and respect tomn— sequence of moduli musielak, (i.e)
(.1 (@ 0ar) d (a2) -, (ks 1)) ) (X0 (A 0ca1). 0 002 0 (s )] €
be a p—metric space,q = (gjj) be double analytic [X,i‘?’l,s,\} (X11), Xlz)w"7d(Xcm,rm.,---mflnl,nz,»»»ns,l))Hp]

sequence of strictly positive real numbers. BY(p — X)

we denote the space of all sequences defined over Proof: Let F = ( m”) be amn— sequence of moduli

i i j _ _
(x 1(d (x42),d (%a2) -+ d (X oy smone 1)) mt;;;elak and putsupfin(l) = T. Let x = (xmn) €
In the present paper we define the following sequence[XANyH(d (x12),d(Xa2), -+ vd(an,mz-,~~m71nl-,nz-,_~~_~nsf1))||p]
spaces: ande > 0. We choose & 6 < 1 such thatfpln (u) < € for
everyuwith0<u<4J(i,j € N). We can write
2qn
[X|AfN9 H( (a1),d0az), - d (Ml'mz'”mfflnl’nz"”"?l))Hp} [Xi?lllev H( (x11),d(x12),---,d (Xm1,mz-:~m71n1,nz,»~nsﬁ1)) ||p] -
=limys
Gij
{ |:fij (HNg (X),, (d (Xll)ad(Xlz),”' .d (XmlAmz,..mrilnlAnz_.,.nsfl)) Hp)] = 0}= |:XAfN97 H Xll X12 (Xmlyrr}z7...m71nlyn2y...n571)) H p:| +
whereng (x) =
%.zielrsZielrs.(” (Aﬁv<((m1...m+nl...ns)!‘Xml__mnlmnsDl/ml..ernl...ns)))7 [X/i?,]\lg H Xll XlZ) (Xmlmg My e 1 || ]
uniformly in uv where the first part is ove( d and second part is over
> 0. By definition of Musielak modulusl,, for everyij,
we have
2
[ 211 (d (xa1) .0 (xa2) . .0 (Xmmeomy a4 ] {X,f?’l,e [[(d (xa1),d (x22),--- ,d (xmlm,..mflnl,nz,...nsfl))||p] < gy
SUPS{[fuv(HNG(X) (d(xa1),d (xa2) . A (X omy_smmp.ns 1)) | )} < } (2151 {Xi‘;"lb I( d(xll)rd(xlz)r“7d(Xm1,rnzmm,lnl,nz.wns,l))Hp]~
i ii Therefore X = (Xmn) €
h |:XAfN9 H Xll Xlz) e 7d (th,rm.,---mf1n1,nz,mnsfl)) || p:| .
wheree =
111 3.3 Theorem
Let A be amn— sequence of the four dimensional infinite
matricesAY = (aE]l.:I-(f:;rT;’L.}-ns(uv)) of complex numbers,
3 Main Results i, "
g = (oij) be amn— sequence of positive real numbers
with 0 < infgjj = Hy < supgj = Hz > o andF = ( fain
3.1 proposition be a mn- sequence of moduli Musielak. If
fij (UV)
liMy,y—oin i > 0, then
2qn -
[XAst ||(d(x12),d(x12),---.d (th,rm.,---mflnl,nzw»nsfl))||p] [XAstv [|(d(x12),d(x12),--- ,d (Xmi,mz,“m,lnl,nz,.,.n?l))||p]
and
Xane- || (d(X12),d(X12) -+, d (Xmy,mp,-my_1ng,np, N )
[Aﬁ?ﬁls, H Xll X12) oo 7d (Xml-,mZa"'M—lnlans"'ns—l)) Hp:| |: ANy H f” (L(N) Mp,--My_1N3,Np,++N 1)) Hp]
are linear spaces Proof: If limyy_«infjj > 0, then there exists a
Proof: It is routine verification. Therefore the proof is nNumberf > 0 such thatfu (uv) > Bu for all u> 0 and
omitted. I 12EN LetX:(Xml S MyNy--eNg) €
[XA?',LQ [[(d(x11),d (xa2),--- 7d(th,rm.,---mflnl,nz,wnsfl))||p] :
Clearly
The inclusion relation between
Xatng: || (d(xa1) ,d (x22) -+ d (Xmymp.om_anpnpon o) ) |
[Xi(;rll]97 H X]_]_ Xlz) P 7d (Xml-,st"'rn(—lnl-,nz-,“‘ns—l)) H p:| |: Ang T2 1 p:|
and
B X 7H (x11),d(x12),---,d (th,mg.,---m,, Np.Ng,Ns_ ))” .
[/\g‘g',ge, [ (d(xa1),d (Xa2) A (X mpemy_sngonos)) | p} TfLe/?gi‘ore 22y 2 p]
(@© 2014 NSP
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X

(Xml...mnl...ns) c
2qn

[XAN97 [[(d(x2) ,d (xa2) -, d (Xmy.mp.em_angnpn 1)) Hp] By
using Theorem 3.2, the proof is complete.
We now give an example to show that

[Xi?nNy H (d (x11),d(x12),--- ,d (Xml.,mz,»»»m,lnl,ng,---ns,l)) H p]
[Xi?\l?p H (d (x11),d(X12),---,d (Xml.,mz,»»»m,,lnl,nz.,---ns,l)) H p] in

the case whefd = 0. ConsiderA = |, unit matrix,n (x) =
((Mg---M +ng---Ng)! |xml...m,nl...nsl)l/ml"'m+nl_'_”ns,OIij
1 for every i,j € N and fio(x) =
[xm. |1/((m1~~~mr+n1~~~ns)(i+1)(j+1))

T AL (i,j >1,x>0) in the
casef3 > 0. Now we definexjj = hys if i,j = myns for
somer,s > 1 andx;; = 0 other wise. Then we have,

1/mq--mr+nq--Ns

[Xi?nNy H (d (x11),d(x12),--- ,d (Xml.,mz,»»»m,lnl,ng,---ns,l)) H p] —
1asr,s— o

X

and S0 (Xmy---myng---ng) ¢
[Xi?\lz7 H (d (x12),d(x12),---,d (Xml-,mZa"'n'\'—lnlanz-,“‘ns—l)) H p]
The inclusion Relation between
(d(xa1),d(xa2) -+ d (X m, - angnpene o)) | p]
and
[Xin&’ H (d (Xll) >d (XlZ) T 7d (th,rm-,---mflnl.,nz.,---nsfl)) H p]

In this section we introduce natural relationship
between lacunaryA"— statistical convergence and
lacunary strongA"— convergence with respect ton—
sequence of moduli Musielak.

[Xii(?"‘ilg ) |

3.4 Definition

Let 8 be a lacunarymn— sequence. Then ann—
sequencex = (Xm..mny.-ns) IS Said to be lacunary

and letq = (qi;) be amn- sequence of positive real
numbers with O< infgjj = Hy < supg; = Hz < . Then
amn— sequence& = (Xm..mn,.-ng) IS said to be lacunary
AY— statistically convergentto a number zero if for every
e > 0limssehg! |KAg, (€)] 0, where
|KAgy, (€)|denotes the number of elements in

KAon (€) = {1, € Irs s ((My- My + Ng 1) [Xnycaryng g — O[) /™M M > s}.
The set of all lacunary,— statistical convergennn—
sequences is denoted By (A, n).

The following theorems give the relations between
lacunaryA"— statistical convergence and lacunary strong
A"— convergence with respect to ran— sequence of
moduli Musielak.

3.6 Theorem

Let F = (fjj) be amn— sequence of moduli Musielak.
Then

A [CIR I R T ———— || k=

XR811(d0xa2)  d 0xa2) -+ 0 (g s )| iF
and only iflimjj . fij (u) > 0, (u>0).
Proof: Lete > 0 andx = (Xm..mny.-ns) €

[Xi?nNy H (d (x11),d(x12),---,d (Xml.,mz,»»»m,lnl,ng,---ns,l)) H p] .

If 1imjj e fij (u) > O, (u> 0), then there exists a number
d > 0 such thaffjj (¢) > d foru > ¢ andi, j € N. Let

AT 11(@0a) .0 0a2) s+, (e amone 1) ]

XAtNg
hestdMKAg, (€). It follows that

[Xirzsw H (d (x11),d(x12),-- ,d (Xml-,mZa"'M—lnlanz-ﬁ“ns—l)) H p] :

Conversely, suppose thdim;j_. fijj (u) > 0 does not
hold, then there is a numbet > 0 such that
limij_»fij (t) = 0. We can select a lacunarynn—
sequenced = (my---myny---Ng) such thatfjj (t) < 27

statistically convergent to a number zero if for every for anyi > my---m,j > m---ns. Let A= I, unit matrix,

€ > 0,limrs gt [Kg (€)] = 0, where |[Kg (€)| denotes
the number of elements in
Ko (€) = {i.j € lrs 2 ((My 10y Ny N)! Xy oy — O]/ M H0L0s e}.
The set of all lacunary statistical convergemtn—
sequences is denoted By.

Let AW = (agl,jm;{'gsns(uv)) be an four dimensional
infinite matrix of complex numbers. Then an-
sequenceX = (Xmy..mny--ng) 1S Said to be lacunanp—
statistically convergent to a number zero if for every
€ > 0,limrs et [KAg (€)| = 0, where|KAg (g)|denotes
the number of elements in
KAg (&) = {1, € lrs (M-~ +1g-+-1)! gy — O) /™1 > g
The set of all lacunanA— statistical convergentnn—
sequences is denoted By (A).

3.5 Definition

Let A be amn— sequence of the four dimensional infinite
; _ My My Ny -+,
matricesA" = (akll_,_krgl_l,_gss(uv)) of complex numbers

define themn— sequence by putting

Xj = t if  my,mpemegngmp,ng g < 0j <
M, Mp, My Ny, Ns+My My, -My_1N3,Np, - Ns 1 . H
5 and xj; = 0 if

My, My, My Ny, N, Ns My, MMy _1N7,N2,-Ns 1

> < i <
My, Mg, ---MNg, N, -+ Ns. We have x = (Xmy--mny--n,) €
[Xi?nNy H (d (x11),d(x12),---,d (Xml.,mz,»»»m,lnl,ng,---ns,l)) H P
but X

[Xf\'é,, H (d (x11),d(x12),--- ,d (th,rm.,---m,lnl,ng,---ns,l)) H p] .

3.7 Theorem

Let F = (fjj) be amn— sequence of moduli Musielak.
Then

A [CIER R R TS ————) | N =

[xﬁ’éw 1(d (xa1),d (xa2) -+ ,d (X ey s 1)) | p] if
and only ifsup,sup; fij (u) < o.
Proof: Let

X S

(@© 2014 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

170 %N S\

N. Subramanian: Lacunapﬁw— Convergence op—...

[Xigy (d (x11),d(x12),-- ,d (Xml-,mZa"'rn‘—lnlans”'ns—l)) H p] :
Suppose thét (u) = sup; fij (u) andh = suph(u). Since
fij (u) < hforalli, j andu > 0, we have for alu, v,

[Xliréf (d (Xll) 7d (Xlz) ) 7d (Xml,rrlz,»»»m,lnl,nz,»»»ns,l)) H p:| S
hH2hist [KAgy (€)] +|h (€)™ It follows from € — O thatx e

[Xi?rlllgv‘ (d(xa1),d(xa2) -+, d (Xmy,mp,m snenp,ng 1)) Hp] .
Conversely, suppose thatip,;sup; fij (u) = «. Then we
have

0 < Uz < - < U_1s1 < Ws < ---, such that
fmyns (Urs) > hys forr,.s> 1. Let A = |, unit matrix, define
the mn- sequence x by putting xj = ws if
i,] = mmp---myngny---ng for somer,s=1,2,--- and
Xj = 0 otherwise. Then we have

Xe [Xigw H (d (x11),d(x12),--- ,d (Xml.,mz,»»»m,,lnl,nz,»»»ns,l)) H p]
but X
[X,i?ﬁ]y H (d (x11),d(x12),--- ,d (th,rm.,---m,lnl,nz,»»»ns,l)) H p] .
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