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1 Introduction

One of the fundamental problems in the theory of holomorphic function spaces is
the existence of bases. Let f(z) be holomorphic in some disc (centered at 0) and let
{Pu(2) : z € C}, .y be a polynomial basis. Then there arises the question: Under what
condition f(z) may be expressed as a series with respect to the given basis?

Related to this problem is the theory of bases in nuclear Fréchet spaces and the theory
of rings of infinite matrices. Thus, the two important problems that arise in the study of
function spaces are:

1. Does the space under consideration posses a basis?
2. If this is the case, how can other bases of this space be characterized?

The subject of “bases of polynomials” or in the classical terminology of Whittaker [17],
basic sets of polynomials, essentially deals with these two fundamental problems men-
tioned above, in the case where the function spaces considered admits a sequence of poly-
nomials as a base. So, the polynomial bases problem is mainly devoted to study the rep-

resentability of regular functions by infinite series in a given sequence of functions (or
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polynomials). Of course, as the theory of holomorphic functions in the plane allows gener-
alizations to higher dimensions, analogous problems may be considered in the correspond-
ing function spaces called monogenic function spaces. Given a base of special monogenic
polynomials [1], it is of interest to derive from it, by some means, a new base; to study the
properties of that new base; and to discover how far these properties are related to those
of the original base. The present work is a new addition to the derived bases of special
monogenic polynomials'. The similar? transposed bases of a given base are defined and
their convergence properties are investigated. The significance of the problem treated in the
present work lies in the fact that it considers some kind of product bases, since in general
the product of two effective bases need not be effective [5, 12, 13] and also the inverse base
of a given effective base is not necessarily effective [3].

More precisely, given the region of effectiveness of a base or of two bases it is required
to determine the region of effectiveness of the similar transposed bases constructed by these
two bases.

1.1 Notations and preliminaries

One useful approach to generalize complex analysis to higher dimensional spaces is the
Cauchy-Riemann approach based on the consideration of functions that are the kernel of
the generalized Cauchy-Riemann operator

D :Zeia%, in R™*1,
=0

In [8, 9] a theory of monogenic functions has been developed which generalizes in a
natural way the theory of holomorphic functions of one complex variable to (m + 1)-
dimensional Euclidean space. The regular functions considered in the present work
have values in a real Clifford algebra and are null-solutions of a linear differential op-
erator which linearizes the Laplacian. The real Clifford algebra over R is defined as

Am = {Xacq1, my@aea aa € R}, where e;=epy; i=1,...,m; eg=€p = 1
andeg= ey, ... €q,, A={a1,...,ap} witha; < as < -+ < ap.
The product in A,, is determined by the relations ei = -1, k=1,...,m and

eiej +eje; =0,k # 75,k j=1,...,m. The norm of a Clifford number is given by
|a|2 = ZAQM laa
may provide it with the R?” —norm |a| and one sees easily that for any a,b € A,,, |ab| <
2m/2 || |b].

The elements (zg, =) = (xg, 1, ...,2,) € R™*! will be identified with the Clifford
numbers o + T = zo + Z;n:() e;x;. Note that if z = 29 + 7 € R™*+L | its conjugate

%, where M stands for {1,...,m}. Since A,, is isomorphic to R2" we

ITo avoid lengthy script we shall use in short sm-polynomials (or functions) where (sm)- stands for special
monogenic.
21t must be noted that similar does not mean linked by an isomorphism, as is sometimes met in the literature.
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isZ = 29 — @. The A,,-valued solutions of Df = 0 (resp. fD = 0), where D is the
generalized Cauchy-Riemann, are called left (resp. right) monogenic functions on an open
set . The right A,,,-module A,, [z], defined by A,, =spang, {z,(z) : n € N} is called
the space of special monogenic polynomials, if the polynomial z,,(z) is given by (see [1])

m—1)/2).((m+1)/2).
- 3 (U,

Tt
i+j=m

ilj!

where for b € R™*, (b); = b(b+1)---(b+1—1), T is the conjugate of z, and R™*! is
identified with a subset of A,,,. If P,,(x) is a homogeneous special monogenic polynomial

of degree n in x then (see [1]) P, (z) = z,(z)«, where « is some constant in A,,,, and

Jaa(@l, = s )] = ("1 = e,

where m,, /n! = (m+n —1)/[n!(m — 1)!].

Definition 1.1 (Special monogenic function). Let {2 be a connected open subset of
R™*! containing 0, then a monogenic function in ) is said to be special monogenic
in € iff its Taylor series near zero (which is known to exist) has the form f(x) =
Yoo o Zn(T)en, ¢ € Ap,.

A function f is said to be a special monogenic function on B(r) if it is special mono-

genic on some connected open neighborhood €2 ¢ of B(r).

The fundamental references for special monogenic functions are [10] and [16].

1.2 Bases of Clifford polynomials and their convergence properties

The theory of basic set (bases) of polynomials in one complex variable as was intro-
duced by Whittaker [17] has been already generalized to the setting of Clifford analysis
(see [1-5]) in the following framework.

Let SMj,) be the vector space of all special monogenic polynomials in the Clifford
variable z with Clifford coefficients. By the base (or basic set) we mean a linearly indepen-
dent spanning set. Let {P,(x)} be a sequence of sm-polynomials in = that forms a base
for SM,), then we have:

1. The set { P,,(x)} is linearly independent in the space S M.
2. span{P,(z) : n € N} = SM,.

Since { P, ()} is a base for S M|, there exists a row-finite infinite matrix P = (Py)
such that

Po(z) =Y zk(x)Pur, Pk € Am (1.1)
k
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and consequently we have

2(2) =Y Pe(@)Puk, Pk € Am. (1.2)

In fact one can see in view of [1] that {P,(z)} is a base of SMy,) iff PP = I, where
I is the unit matrix, P is called the matrix of coefficients in P, (x) and P = (P,,;,) is the
matrix of operators. A base {P,(z)} of sm-polynomials is said to be simple if for all n,
P, (x) is of degree n, and a simple base is called monic if for all n the coefficients of z,, ()
in P, () is unity. The base { P,,(z)} is called the inverse base of { P,(z)}, if its matrix of
coefficients is the matrix P.

1.3 Effectiveness property of the base

The base is said to be effective in the monogenic function space U, (€2;) iff each func-
tion f € U(€;) admits a series expansion in terms of the elements of the base {P,,(x)}.
This means that, given a sm-function f(z) = Y. z,(z)c, (near 0), ¢, € Ay, there
is formally an associated basic series >~ ) Pr(z) (30" Pnkcy). When this associated
basic series converges normally tof () in some domain it is said to represent f(x) in that
domain, in other words, the base {P,,(x)} will be effective in that domain. The conver-
gence properties of bases are classified according to the classes of functions represented by
their associated basic series and also to the domain in which they are represented.

1.4 Characterization of effectiveness property

We write
lel‘lp | P ()P (1.3)
The convergence properties of a base { P,,(x)} depend entirely on the value of the expres-
sion
Q(r) = limsup [, ()] /", (14)

where 2,,(r) and (r) are called the Cannon sum and the Cannon function respectively.
The necessary and sufficient condition for a base {P,(z)} to be effective in the closed
ball B(r) is that [1, Theorem 1] Q(r) = r. For effectiveness of a base {P,(z)} of sm-
polynomials in the open ball B(r), D(r™) for all entire sm-functions and at the origin, the

respective necessary and sufficient conditions are (see [7]).

1. Q(r) < R, forallr < R,

2. Q(rt) =

3. Q(r) < for all < oo,

4. Q(0%) =0, where Q(p*) = lian(r).
rlp
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2 Similar Transposed Bases of SM-Polynomials

In Newns’ paper [15, p.455], the definition of transposed base of complex polynomials

was introduced. This definition can be adapted to the case of sm-polynomials as follows.

Definition 2.1 (The transposed base of sm-polynomials). The transpose of a base { P, (z)}
of sm-polynomials is the base whose Clifford matrix of coefficients is the transpose of that
of the given base and we will denote to that transposed base by { P, (x)}.

Remark 2.1. When the given base is simple, absolutely monic and effective in the unit
ball it can be shown that the transposed base is also effective in the same ball. (The proof

is very similar to the complex case see [14]).
According to the definition of the inverse base (see [2]) we may have.

Definition 2.2 (The inverse transposed base). The inverse transposed base denoted by
{P, ()} is defined to be the inverse of the base { P, ()}, i.c. {P,(z)} = {Pn(z)} where
ﬁn(:v) => 2i(x) Py, and (Pm) is the inverse matrix of the transposed matrix (P;,,).

Also, according to the definition of the product base and the similar base of polynomials
in Clifford setting [5, 6], one can define the similar transposed base of special monogenic

polynomials as follows.

Definition 2.3 (Similar transposed base). Let {P, ()} and {Q,(z)} be two transposed
bases of sm-polynomials. The base {ﬁn(x)} of sm-polynomials defined by

{Un(@)} = {Pu(@) {Qn (@)} Pu ()} 2.1

where {P, ()} is the inverse transposed base, is called similar transposed base to the
transposed base {Q, (x)} with respect to the transposed base {P,(x)}. The two bases
{P,(x)} and {Q,(z)} are called the constituent bases (or factors) of {U,, ()}

In fact {ﬁn(x)} forms a base of SMj,) (or in the terminology of Whittaker [17], is a
basic set of sm-polynomials). This is easy to verify as we shall see below.

Let P, @ and U be the matrices of coefficients of the transposed bases respectively.
Write

P, (z) = Zzi(x)ﬁm,
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~ ~

where (P,,) is the inverse matrix of the transposed matrix (P,,) or is called the inverse
matrix of operators of {]Sn(x)} Then (2.1) gives Uni = Do Zj ﬁik@ﬁ];m, and so U =
PQP.
If V is a matrix given by V' = ]3@15 then
UV = PQP-PQP =1,

~ o~~~

VU = PQP-PQP=1,

where I is the unit infinite matrix, i.e. the matrix U of coefficients of the base {U,(z)}
has a unique inverse V = U=U , called the matrix of operators. This gives that the set
{U, ()} is a basic set, i.e. it is a base for the space of sm-polynomials S M, (see [1]).

3 Effectiveness Property for the Similar Transposed Base When Its
Factors Are Simple Monic

It is clear that if {P, ()} is a simple monic base then its transposed base {P,(z)} is

also simple monic. Therefore we have

Theorem 3.1. Let {P,(z)} and {Q,(x)} be simple monic bases of sm-polynomials
effective in the closed ball B(r). Then the similar transposed base {U,(x)} =
{]3” (2)HQn(2)H{Po(2)} is effective in the same domain B(r), if and only if, the base
{Qn ()} is effective in B(r).

Proof. Let the two bases {P,(z)} and {Q,(z)} be simple monic bases and each of them
be effective in the closed ball B(r). Then due to [3,5] the product base {Qn(2)H{ P ()}
and the inverse base {P,,(z)} are simple monic and effective in B(r). Hence the similar
transposed base {U,, (z)} is effective in B(r). On the other hand, let { P, ()} and {U,, ()}
be effective in B(r). Since {Qy(2)} = {Pp(2){Un(2)}{ P, ()} then, by the same way
as above, it follows that {Q,,(z)} is effective in B(r) and the theorem follows. O

4 Effectiveness of Nonmonic Similar Transposed Base in the Closed
Ball

The effectiveness of similar transposed base {ﬁn(x)} of sm-polynomials in closed balls
will be obtained whenever the two bases { P, (z)} and {Q,,(z)} are effective in B(R) and
satisfy the analogue conditions of Newns’ [15, Theorem 19.2, p.460] in the form

“.1)

wp(r) <R, po(r) <R, r<R
ve(R7) 2 R, vo(R7) 2 R,
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where
up(r) = limsup {Au ()", pg(r) = limsup {(Ba(r)}
v(R7) = lminf {A (R}, vo(R™) = liminf {B,(r)} "
An(r) = ‘lelzpr |Pa(z)], B, (r) = El\l:pr |Qn ()]

Theorem 4.1. Let { P, (x) }and {Q,.(x)} be two bases of sm-polynomials, each of them is
effective in the open ball B(R) and satisfies conditions (3.1). Then the similar transposed
base {U,(z)} is effective in the closed ball B(1/R).

Proof. Let {P,(z)} and {Q, (z)} be the inverse bases of the bases { P,,(2)} and {Q,(z)}
respectively. Since each of the bases {P,(x)} and {Q,(x)} is effective in B(R) and
satisfies conditions (4.1), then each of the inverse bases { P,,(z) } and {Q,, ()} is effective
in B(R) and satisfies the conditions (see [7]):

gp(r) < R, gQ(T) <R, r<R @2)
vp(R™)> R, 7Tgo(R™)>R.
For our purpose in the proof, let r,,, be chosen such that r < r,, < R, m = 1,2,...,11
and
B, kirg
Bulrr) <k 43)
An(re) < kirfy, n >0,

where the constant k; denotes positive finite numbers independent of the index n and does
not retain the same values at different occurrences.

Relying on Cauchy’s inequality [2] for P,,(x) and Q,,(z) and using (4.3) one can get

1 ~
Cn(i) = sup Un(m)‘ < sup Zk(a?)Unk 4.4)
T11 lz|=1/r11 g 1zl=1/r
= ((1\" 5
<23 /QZT - |Pr;j| 1Qjil | Pinl
1,5,k
; k i1 T
<k23m/2z(m)k kljn (7“10) (748)]1,’4”(1/747)
7 K me(m)j(m)n \ria ro) ry (1/r7)’
~ 71
3m/2 il
< k2 A"<r7)

Now, since the bases {P,,(x)} and {Q,(x)} and their inverses satisfy (4.1) and (4.2), re-
spectively, we have

An(’l“l) < kil’l“g (4 5)
Bn(’l"3) < k’ﬂ"z. '
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As the base { P, ()} is effective in B(R), then due to the results given in [7], its inverse is
also effective in the same ball, from which we obtain

P P
Qg )(T5) <k, j>0. (4.6)

Moreover, from (4.6) and applying Cauchy’s inequality (see [2]) with respect to the relative

bases, we have the Cannon sum of the transposed base { P, (z)} as follows:

Q(P sup Pk ~P < 9m/? sup Pk )‘|ﬁkn|
( ) le\ 1/rz Z|I| 1/rz
(m»(l)j KL A(rs)
<2Mmy | — ) |P; .
- ;; A\ P G r3
Using the relation | Pj;| Ay (rs) < 27"/2Q;(r5) (see [6]) we get
Q<P>( )<2m/2iz(m)j M (1>j Q,(rs) @.7)
re) =0 e g\ \re) '
< gm/? klz@ (%)J
= T5 Py ]‘ r7
<omi2p_— .
- (r5)

Combining (4.4), (4.5) with (4.7) and using Cauchy’s inequality one obtains the Cannon
sum of the similar transposed base {U,, ()} in the form

Q(U)( ) < 2’"/22 sup

5 lz|=1/r11

ﬁk(x)‘ ‘ﬁnk .

T11

From Unk = szkaz nj> and the definition of the inverse similar matrix we shall
i,j

have ﬁnk = ZijQijIva, and so
,J

” 1 . 1 ~ ~
A() = ) B
" o\rn - Z i r11 k| | @i
1,5,k
1N —
= 23m/220k<7) |Prj| |Qji] | Pinl
= 11
1,5,k
1 Ai(’l“l)
< 25"EY Q4
< 2y [ B [ A
1,5,k
<

i (2) (2 )S )
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From the choice of the numbers ()i* whenr; | Rand r1; | R we get

oy (1 \"
QO (7) <k(=) .
" \R/~ \R
From which the Cannon function yields () (1/R) < 1/R, and thus the similar transposed
base {U, ()} is effective in B(1/R), as required. Therefore the theorem is completely

established. O

5 Effectiveness of the Similar Transposed Base in an Open Ball

To justify the effectiveness property for the similar transposed base {ﬁn(m)} of sm-
polynomials, let its factors {P,(z)} and {Q,(x)} be effective in B(r) and satisfy the
following conditions:

{ pp(rt) < pg(rt) <, 5

vp(R) >, vo(R) >, VYR >r.
Then we have the following result:

Theorem 5.1. Let {P,(2)} and {Q,(z)} be two bases of sm-polynomials, each of which
is effective in B(r) and satisfy conditions (5.1). Then the similar transposed base {U,, (z)}
is effective in B(1/r).

Proof. Let {P,(z)} and {Q,(z)} be the inverse bases of the bases { P,, (x)} and {Q,, ()}
respectively, satisfying the following conditions:

{ Ap(r) <r ()
v =g

<r
- 5.2
vp(R) vg(R) >, VR > r. ©2)

If the bases { P, (z)} and {Q,,(z)} are effective in B(r) and satisfy (5.1), then we have.

An(’l"ﬁ) < k‘ﬂ“?
By (rs) < kirg (5.3)
Zn(’f’lo) < k1T117 n > 0.

Using (5.3) and Cauchy’s inequality, we obtain
1
C, (—) = sup
12 lz[=1/712
< 237n/22 sup |Zk($)|

lal=1/ma

< 23m/2kz (Z:;)k

.5,k

Un(@)| (5.4)

ﬁjk ﬁni

‘Qvij

e () () () &
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< k?’i.
s

Since the two bases { P, (z)} and {Q,(x)} satisfy (5.1) respectively and the two inverse
bases { P,,(z)} and {Q,, (x)} satisfy (5.2) respectively, then

An(r) < kyrf
Zn(h;) < k‘17“5n (55)
By (r2) < k1r¥, n > 0.

Applying Cauchy’s inequality to the polynomials P;(x), @j (x) and Pg(x), in view of
(5.4) and (5.5), we obtain

o 1 . 1 ~ ~
() < e [Pl
n 1o ~ k 2 Jk Q,]

< 2y kgt L Ak(ra)  Bj(ra)  Ailr)
2 Gy HE

< 23m/2 <1> .
T

As r15 can be chosen arbitrarily close to R, we conclude that

QS@(%) < 98m/2y, (i)n

Taking the n-th root and making 7 tends to infinity we obtain the Cannon function for the

ani

IN

similar transposed base {U,, ()} such that

/1 1
) (= -
Q ( R) < - Vr <R
which shows that the similar transposed base {U,,(z)} is effective in B(1/r) as required.

O

6 Effectiveness of Similar Transposed Bases for All Entire SM-
Functions

In order for the similar transposed base {U,(z)} to be effective for all entire sm-
functions, some additional conditions should be imposed on the associated infinite matri-
ces, related essentially to the so-called algebraicness of these matrices. Since the notion of
algebraic property [11] (which always offers some new results) has been extended to Clif-
ford setting [4] one can deduce the effectiveness of the similar transposed base {U,, ()}
for all entire sm-functions and then effectiveness at the origin.

For this purpose, we first recall the following definitions in Clifford setting (see [4]).
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Definition 6.1. A base of sm-polynomials {P,(x)} is said to be algebraic [4] when its
Clifford matrix of coefficients P satisfies an algebraic matrix equation of finite degree, i.e.

P is an algebraic matrix .

Definition 6.2. When N is the degree of the equation of least degree satisfied by P, the
base is said to be algebraic of degree N.

Proposition 6.1. In analogy with the complex case, if {P,(x)} is algebraic base of sm-
polynomials, then the following holds (see [4]).

énk — 6nka0 + Zat (Gnk:)(t)

t=1

where oy are constants and {Gn(w)}(t) , 1 <t < s < oo, is the (t)-th power of the base

{Gn(2)}.

Therefore, if { P, (x)} and {Q,(z)} are two algebraic bases of sm-polynomials, then

P'nk = 5nka0 + Zat (Pnk)(t) 5
_ ' , 6.1)
Qi = Sudto + Y& (Qui).
=1
Now, to deduce the effectiveness of the base {U,(z)}, let us consider the following
normalizing conditions

pp(0%) =0, pue(0") =0 (6.2)
where
wp(r) = limsup {An(r)}l/n , po(r) = limsup {Bn(r)}l/n ,
M) = 0 IR, Balr) = s (Qu(e)]

Theorem 6.1. Ler { P, ()} and {Q,,(x)} be two algebraic bases of sm-polynomials satis-
fying conditions (6.2). Then the similar transposed base {ﬁn(ac)} is effective for all entire
sm-functions.

Proof. Choose numbers r; > 0, ¢ = 1,2,...,12, such that r < r; < r;41. By (6.2) one
obtains the inequalities

_ 6.3
B, (rs) < kirg, n > 0. ©.3)

{ Ap(re) < kyr?
Let {Pn(x)}(M) be the M-power of the base {P,,(x)}. Set

[An(r)] ™) = sup [Py ()| mduw@:mmﬁMwwyﬁ

|z|=r n— 00
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Then, in analogy with the complex case [15, lemma 2] it can easily be seen that if
1p(0+) = 0, then p2 (01) = 0, M > 1. It follows that

[An(r)](M) <kirly, n>0,1<M <s;. 6.4)

Using (6.4), (6.1) and applying Cauchy’s inequality we obtain

’Pnk| <k151(51+1)< 11), forn=k, 01 = sup |oy|. (6.5)

1o 1<t<s:

Combining (6.3) and (6.5), and relying on Cauchy’s inequality we get

Ch (i) = sup

7'12 \z|:1/r12

(6.6)

ﬁni

f] (x )’ < 23m/22‘ |Sli5) |2 ()] ‘ﬁjk’ ’@U
x T12

k
- (m)e (1 \"r}
<252k By (s + 1)) o\ % |Qjil | Pin|

g,k 12
IZI (m)e (1\"
< 28m/2;3 1) =
Brls+ Z (m) i k! T
7,] k

1
< k—
s

Again, making use of (6.1) and (6.2) and in view of (5.4) and applying Cauchy’s inequality

we obtain
J— ,r.’I'L
‘Pnk’ < k‘lﬂl(sl + 1)(%)
r
= r
|Qui| < k1Ba2(s2+1) (%), n==k 6.7)
An(r) < kar}, &n >0,
where
B2 = sup |dy.
1<t<s>

Substituting (6.6) and (6.7) into the Cannon sum Q%U)(l /r12) of the similar transposed
base {U, (z)} then

(1) <L) ] 7

k
< C* 25212031 Bo(s1 + 1) (52 + 1)2 <r5> (Ts)] 11 :

Te T4 Ty

ni

ig.k

1
< C**77 C** — 0*23m/2k1ﬁ1ﬁ2(81 4 1)(82 + 1)

r (m)n’
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Taking the n-th root and allowing n to tend to infinity we obtain the Cannon function Q)
such that
0@ (L) < }
T2/ T

Since 715 can be arbitrarily chosen near to » we conclude that

=71 1
Q(U)(f) <—-<oo, Vr>0,
r r
from which we can deduce that the similar transposed base {U, (z)} is effective for all
entire sm-functions, as required and the theorem is therefore established. O

7 Effectiveness of the Similar Transposed Base {U,,(x)} at the Origin

The effectiveness property at the origin of the similar transposed base {U,,(z)} can
easily be deduced by modifying the normalizing conditions considered in the previous

section to be

pp(r) < oo, po(r) <oo forr — oco. (7.1)

Proposition 7.1. Let {P,(z)} and {Q,(x)} be two algebraic bases of sm-polynomials
satisfying the conditions (7.1), respectively. Then the similar transposed base {U,,(x)} is

effective at the origin.

Proof. The same arguments as in the proof of the theorem (5.1) in the previous section can

be applied to derive the result. Then the proposition follows. O

8 Order of the Similar Transposed Base of SM-Polynomials

We consider in what follows, the representation of classes of entire functions. This
representation is governed by order of the considered base. So, we estimate the order pg
of the similar transposed base in relation of the orders pp and pg of the respective simple
monic bases { P, (z)} and {Q, (x)}. According to the definition of the order of the Cannon
base, given in [2], we have

log 2
p; = lim lim Supu
r—00 p_oo  N1OgMN

, (i=Por Q), 8.1)

where Q) (r) and Q%Q)(r) stand as usual for the Cannon sums of { P, (z)} and {Q.,(x)}
respectively.
The following theorem relates the order of the similar transposed base with those of its

constituent bases.
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Theorem 8.1. Let {P,,(x)} and {Q,(x)} be two simple monic bases of sm-polynomials of
respective orders pp and pg. Then the similar transposed base { U, (2)} will be of order
pg given by

pg < 4pp + 2pq- (8.2)

Proof. Let o1, 09 be positive finite numbers where 01 > pp, 02 > pg, then (8.1) implies
that
QP (r) < kynt, Q@ (1) < kyn™2, n>1. (8.3)

Since the orders pp and pg of the two bases { P, (z)} and {Q,, ()} are given respectively
by (8.1) and r is assuemed to be large, for » > 1 and applying Cauchy’s inequality for
P, (x) and @, (x), it follows in view of (8.3) that

1< Lnn')nr" < Ap(r) < Q%P) (r) < kynmer

(8.4)
1< %r" < Bp(r) < Q,(lQ)(T) <kin"?, n>1,
where A,,(r) and B, (r) stand, as usual, for the supremum of the P, (x) and Q,, (x) respec-

tively.
Making use of (8.4) and Cauchy’s inequality we get

1y _ 0 sma= Mk (1N 15 (15 (b
Cn(r)*,;:?ﬁ On(a)] <2 Z =) Pl 1Quil 1Pl

Since the base {P,,(x)} is monic, i.e.

n—1
P,(x) = zp(x) + sz(a:)Pnk,
k=0

the Cannon sum

Q;P)(T) > gm/? ("]Zl)krk ’?nk| )

Thus

k ) P)
23m/2z(";')k (1) r2 L% W0 @)

r (m); I

3
~~
S| =
~—
INA

i4,k
n
m1.5 noi, nNos, No1 1
2MEYY n"7in"%%n -
r
.5,k

1 n
= k (> nn2o1toz) (4 1)3 (8.6)
;

A

< k(n+ 1)3n"(2“1+02).
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Introducing (8.4) and (8.5) in the Cannon sum Q(ﬁ)(l /r) of the similar transposed base

{ﬁn(x)} we get

-1 1N\ | & ~ >
2@ (7) = 2 a(p) [Pl Qo P
.5,k

m 1 D a)
< 2% (=) [P @] 1Pl
i3,k
. , (@ .
1y 4! o g il Ai(r)
< om/2N“ ¢, (= k. J i
= % ’“(T)(m)j ri (m)i vt \| (m)i ™
1 1
< 2m/2k20k(7)nnalnnognnalin
r r
i3,k

2n
< k (1) n" (401+202)(n + 1)3

r

< k:(n + 1)3nn (401—&-202).

Making n tend to infinity it follows, in view of the definition of the order of the similar
transposed base {U,, ()}, that

log Q@)
pg = lim lim supu

< 401 + 205.
r—00 n_o0 nlogn

Since o1 and o5 are chosen as near as we please from pp and p( respectively we conclude
that

Py < 4pp +2pq,

and the theorem is therefore established. O
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