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Abstract: In this paper, we establish new recurrence relations sadisfy the single and product moments of the progressivesrtyp
right censored order statistics from non truncated anccaian Weibull gamma distribution (WGD), and derive appmaie moments

of progressively type-Il right censored order statistigsf this distribution. Using these moments to derive the lesar unbiased
estimates(BLUE's) and maximum likelihood estimate$(E’s) of the location and scale parameters from the Weibull gamma
distribution. In addition, we use Monte-Carlo simulatioretinod to obtain thg MSE) of (BLUE's) and (MLE’s) and make
comparison between them. Finally, a numerical examplesdas simulation and real data to illustrate the inferenceguiures
developed in this distribution are presented.

Keywords: Recurrence relations, Single moments, Product momentsic@ited form, Best linear unbiased estimgBEUE’s),
Maximum likelihood estimate@MLE’s), Monte-Carlo Method, Numerical examples.

1 Introduction

Progressive type-ll censored sampling is an important atetf obtaining data in lifetime studies. Live units removed
early on can be readily used in other tests, thereby saviagtadhe experimenter, and a compromise can be achieved
between time consumption and the observation of some egtvaines.

Let us consider the following type-Il right censoring scleerSupposeN units are placed on test at time zero.
Immediately following the first failureR; surviving items are removed from the test at random. Themeéniately
following the second observed failurig; surviving items are removed from the test at random. Thisgss continues
until, at the time of thert" observed failure, the remainifgjy =n—R; — R, — ---Ry,_1 — mitems are all removed from
the experiment.

In this schemeRy, Ry, - - - , Ry are pre-determined. Thus, here the censoring tiffiés) are random, but the numbers
of items to fail before each censoring time are fixed. Theltiesum ordered values which are obtained are referred to as
progressively type-Il right censored order statistiésHalakrishnan and Aggarwala (2000)]

If the failure times are based on an absolutely continuostsibiition functiorF (x) with probability density function
f(x), the joint probability density function of progressivelgrsored failure timeXs .mn, Xo:mn, « - »Xmmen IS given by:

m
fX1:m:n’><2:m:n " s Xmemin (X17 X2, 7Xm) :AnyRm—l I_! f (X|) [1 - F(Xi )]R| )
=

—00 X < X< < Xy < 00,

(1)

wheref(.) andF(.) are, respectively, the pdf and the cdf of the random varizble
An,Rm,l = n(n— Ry — 1)---([‘1— RiI—Ry—--Rp_1—m+ 1) andAn,RO =n. (2)
[6, Balakrishnan and Aggarwala (2000)].
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In this paper, we derive new recurrence relations satisfiethé single and product moments of the progressively
type-Il right censored order statistics from the Weibulirgaa distribution (WGD) and its truncated form.

Numerous authors have been developed new recurrencenslatitisfied by the single and product moments of the
progressively type-Il right censored order statisticsdiffierent distributions, see, for exampl® JArnold et al. (1992)],
[10, Balakrishnan and Sandhu (1995}, Balakrishnan and Aggarwala (1998%, Balakrishnan and Aggarwala (2000)],
[1, Abd El-Baset A. and Mohammed A. (2003)],4, David and Nagaraja (2003) ]18, Balakrishnan et al. (2004)]4]
Balakrishnan (2007)] and.[L, Balakrishnan et al. (2011)]. Approximate moments of pesgively type-Il right censored
order statistics from the Weibull gamma distribution (WG derived. These moments are used to derive the best linear
unbiased estimatéBLUE’s) and maximum likelihood estimateM(E’s) of the location and scale parameters from the
Weibull gamma distribution. Several interesting matheéoahtesults for inference procedures have been developtteb
authors, see for example&d Lindely (1969)], b, Balakrishnan and Aggarwala (200012 Balakrishnan et al. (2002)],

[8, Balakrishnan and Basak (2003)]14 David and Nagaraja (2003),Balakrishnan and Rao (2003)]4, Fernandez
(2004)], @, Balakrishnan (2007)]3, Asgharzadeh (2006)]1P, Mahmoud and Mohie EI-Din (2006)] an@], Raqgab et

al. (2010)]. In addition, we use Monte-Carlo simulation hoet to make comparison between {MSE) of (BLUE's) and
(MLE’s). Finally, a numerical examples based on simulation anddeal to illustrate the inference procedures developed
in this distribution are presented.

Let X1mn, Xo:mn, -+ Xmmen b€ the progressively type-Il right censored order stagstif sizem from the sample of
sizenwith censoring schem@& ,R,, - - ,Rn) be from the Weibull gamma distribution whose probabilitydtion is given

by:

c 1 —(B+1)
f(x)ZSBxc‘l (1+3x0) x>0,B,5,c>0, (3)
and distribution function is given by
1 178
F(x):l—[1+3xc] ,X>0,8,5,c> 0, (4)
also, the characterizing differential equations are glwen
(0 = ope 1 —F o] (), ©
o
x<1+ E) f(x)=cB[L-F((x)]. (6)

Making use of Equationssf and @) the following recurrence relations for the single and prd@dmoments of
progressively type-Il censored order statistics from \Wkitpamma distribution have been derived.

2 Recurrence Relations for the Single Moments

Let Xy:mn, Xo:mn, - -+, Xmmen b€ the progressively type-Il right censored order stagstif sizem from the sample of size
nwith censoring schem@,,R,,--- ,Rm) be from the Weibull gamma distribution whose probabilitpdtion is given by
(3) and distribution function is given byl}. The single moments of the progressively type-Il can bétamias:

Ry ® o :
i ™ = mar s [ [ [ AT 1= FeI 0g)
o O<X1<X2.<---<Xm<°0
x [1—F(x2)]R2 - f (Xm) [1— F (Xm)] " dxq - - - A, @)
whereAnr,, ,is defined in ). [6, Balakrishnan and Aggarwala (2000)].

The single moments of progressively type-ll right censooedier statistics given by7] satisfied the following
recurrence relations.

Relation IFor2<m<n,B<1,kc>0and 6 >0

(k+c) 1
(RlJr%-Rz,'“,Rm) _ (I‘H— ﬁ) {5(k—|— C)H(R17R2W7Rm><k)
1:m:n+% n(Ry + % +1) cB 1mn

k
nin—Ry—1) (Rl+Rz+%+17F<3,-~-Rm)< o
(n+ %) l:mfl:n+%

)

(8)
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andfors=1,n=12---,k>0,c>0andB <1,

(kto)
(mF-1) (k40 (n-n)¥ ©)
1:1:n+% ncf3 Lin =

Proof From (7), we write

Ry S ) R A S LeS

O<Xp< - <Xm<
X [1=F ()]  (Xm) [1— F (xm)] "™ d>xp - A, (10)
whereAnRr,, ,is defined in (1.2) and

X2

100) = [ #[1=F ()] f )b, (11)
0
which upon using%) and integrating by parts, we get

x2
(x2) = % / XH111 L F (xR g
0

1 X2
cB Xl§+c Ri+3+1 R1+E+1 /k+c Ri+%
- - 7 BT _ 3
! [m“ R = FE S e (12

using (L2) in (10), and simplifying the resulting equation, we get
NN—Ry—1) (Ri+Ry+L+1Rs ,Rm) "
(n+ %) l:mfl:n+%
n(R]_ —+ % + 1) (R1+%,R2,---,%>(k+d
W Lmnt 5

“(RlaRZa”'-,Rm><k) _ cB
1:mn - 6(k+C)

) (13)

thus, we getg).
Now form=1,n=1212 --- andk > 0,c > 0 using {), we have

(k) 7
W = Aoy [4100) (1 F )R d
0

=D et Fp) ™
0

(k<)
_ ()
~ 5(k4c) tmntg

and henceq) is proved.
Relation 2For2<i<m—1,k>0,c> 0,8 <1 and m< n+%+1,

(14)

(Rl-,"- ,RH%’... ,Rm) (k+c) -

Hin 1
imnt g An,RPl (R. + % + 1)
Anr  (RusRetRiat gl Ro

e
An-s—%,R;,l |.m—1.n+E

(k<)
Anr_y  (RieRo1+R+}3+1Rm)
L :
An-s—%ﬂ-,z i-lm-1n+gz

An+%,ml 1 O(K+C) (RyRy-,Rm)®
CB i:mn

)(k+c)

N (15)
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Relation3For2<m<n,k>0,c>0 and 3 < 1,

(k+)
(ReRe Rt 5) 7 Arid R {5(k+0) (RiRo. R

m:m:n+% - (Rm-l—%—kl) BAR. - mmn
n 1 (Rl-Rz,'"-RmflJrRer%Jrl)(k%)
An+%7Rm,2 m—l:m—l:n+%
(16)
Relation4For 1<m<n,R > —-1and k>c,
pReRe R CBRiHD) =(N=Ri—1) ResRortRe Rl
1:mn [CB(Rl + 1) o k] (Rl + 1) 1m-1:n
ok (Rp.Ro.-- Rm) 9
— b 17
TR+ 1) Hmn ’ an
form=1n=12- .- andk>c,
Ry () k Ry ) (k=0
“:{1121 = ng — kui:ll% : (18)
Relation5For 2<i<m-1,m<nand k>c,
(Ry. Rm)® cB .
= [ (n-R—----—R_1— 1
Hi:min CB(Ri+1)—k[( 1 R_1—i+1)
R 1 R .
< R (n- Ry R )
Ry, Ri+Ri 4141, ,Rm)® ok (r o ,Rm) k=9
><I'li(:ml—l:n o ) +C_“i(:ml:n ) :
(19)
Relation 6For2<m<n, Ry, > —1and k>c,
o R ® k o R (k=C) e R
a7 = bt e [6 (BuRoc Ry BB R } . (20)
Relation 7For 2<m<n,R; > -1, k> —1and k>c—1,
(Ry, Rm) <Y (k+1) [ cB
i = n—-R—1
H1mn (k—|— 1)—CB(R1—|— 1) (k—|— 1) ( 1 )
R (kD) . R (k=C
e T (21)
Relation8For2<i<m-1,m<n,R>-1and k>c—-1
(Ry,,Rm) &) (k+1) cB .
P = R - R -
Hiimn kD) cBR D) \kra R Rl
R , (k+1) C i
A A S URY RN SRR PR
Ry R_1+R+1- Ry KD Ry,Ry,- Rm)kctD)
e @
Relation9For2<m<n, Ry, > —1and k> 1,
Ry R €*Y k+1 B i Ri—..Re_
Hmiin = GG o (Rt D) | (ke p) 1 R R m )
(k+1) (k—c+1)
e C S T T @)
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3 Recurrence Relations for the Product Moments

For any continuous distribution, we can write ttiej)-th product moment of the progressively type-Il right censored
order statistics froml) as:

o Re) D) o R o R
e — e e o (22

“mrs [ [ [ AT n-Fow

0<X] <X < -+ < Xg< 00
£ (%) [1— F (x)]Re -+ £ (xs) [1— F (x)]Redxq - - - d.

[6, Balakrishnan and Aggarwala (2000)], whe¥gr, ,is defined in 2). The product moments defined ia4) satisfied
the following recurrence relations.

Relation 10For 1<i<j<m-—landm<n

_(_I?l"."RiJr%’.'.’Rm) _ o An-&-%RjA l:EIJ(RlRm)
i jimin 5 (Rj i % N 1) Anijl B i:mn
1 An-Rj (Rl,---,Rj+Rj+1+%+l,'"-,Rs)<lc>

3 i,j:m-1nt+2
5An+%7Rj,1 hjm=1ln+z

1 An7Rj—1 (Rl’...’RjilJerJr%Jrl’.,_’Rm)(l,c)
SA 1o Hiicimoinid : (25)
+E7RJ‘,2 B
ProofFrom (24), we have
R ""-RS R ’...’RS R ’...’Rs 0
“i(:ml:h R —E {Xl(mln >{XJ'(:n"ln:n )} ]
0<xXg <X < <X <X <o <K<
x () 1= F o))+ £ (1) [1 - Fg-1)] ™ *
£ (12) [1 F (2] 97 FOtm-2) [L = F (1)) 2
X -+ £ (%m) [1 = F (xm) "™ dxqdxg - - - dxj 10X 1+ -~ A, (26)
where
Xj+1
10) = [ 812=F ) 1), @7
Xj—1
using 6) in (27) and integrating by parts, we get
Xj+1 .
100) = B [ 52 Fog) T a
Xj—1
XS , xS .
_ B éJrl [1_ F(XjJr]_ﬂ RJJr%Jrl . B 371 [1_ F(Xjfl)} R]Jr%Jrl
RJ +%+1 Xj+l . R+l
B (=) [ 6RO f0g)ax, (28)
Xj—1

using €8) in (27), and rearrangemeng?%) is obtained.
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Relation 11For 1 <i<m-—1and m<n,

S R R LS.
Lm:m:n-s—% (Rmn+ % +1) ARy, g Fimn
Aoy (o R ssRns 1)
+An+’1 Ro i,m—l:m—l:n+% ' (29)
B —2
Relation12For 1<i<j<nm<nc<landR > -1,
pRe Rl (n—Ri—Rj1—j+1) (R R 4Ry 41 )
i,j:mn (Rj +1) i,j—1m—1n
(N—=Ri—---Rj =) (R Ri+Rj41+L-Rm)
(Rj +1) “i,j:m—l:n
1 Ry, ,Rm (L,—c+1) Ry, ,Rm
+Wj+1) |:6“i(,j:1m:n ) + ui(,j:lm:n ) : (30)
Relation 13For 1 <i<m—-1R1>—1and m<n,
R Rn) {(”— Ri—---.R—i) (R BB L R
LiI+1lmn (Ri+1+ 1) I'm—1:n
(M—Ri—-Rua—i—1) (R Re1+Ri2+1Rn)
(Ri+1+ 1) “|,|+1:m—1:n
o Ry, Ry b=+ Ry, Rm
+m [“i{i-&l:m:n ) +“i(,i-il-1:m:n ) : (31)
Relation 14For 1 <i <m-1m<nandR,> —1,
Ry, 1
B ) = BRuF D1 [cB(N—Ry—---Rp1—m+1)
Ry, ,Rm_ 1 Ry, Ry)(L—ctD)
><“i(,mlfl:n|?T1i1JrRer ) +5“i(,rr%m:an> } : (32)

4 The Doubly Truncated Weibull Gamma Distribution

In this section, we present recurrence relations for thglsiand product moments of progressively type-Il right ceed
order statistics from the doubly truncated Weibull gamnsriiution .
The probability density function of the doubly truncatedibdl gamma distribution is given by:

L ¢

"=5"35

1 ]F1
e {1+ch] , (33)

0<Qr<x<hPy,---,0a,B,0>0,---,x>0.

Here, 1- P is the proportion of right truncation on the Weibull gammstdbution andQ is the proportion of the left
truncation. Thus

1 P
Q=1-|1+30Qf| . (34)
and
1 1B
P=1- {1+3Pf} . (35)
Thus cumulatative distribution function of doubly truredtWeibull gamma distribution is given by:
1 1 1" 1"
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so, the characterizing differential equation for this mlsttion is given by:

1-P

[X-+6x ¢ £y (x) = cB {P—Q

} +cB[1-R(¥)]. (37)

Thus, we can conclude new recurrence relations for theesiagtl product moments of progressively type-Il right
censored order statistics from the doubly truncated Wegarhma distribution.

Relation 15For 2<m<n-1k>—-l1and R > —1,

(Rly"ern)(kJrl) B CB
Hymn T k11 -cBRit D)
1-P Ri{+R,+1.R3, -, (k+1)
X (m) [(n—Rl—l) Him o

1 N (Ri—1Rp.Rm) &Y
- nQ‘fr +R1n_ 1u£:n11:n712 )

Ri+Rp+1,Rg, - ,Rm) kD)
+(—R—1) “i:nﬁ—l:ﬁ ° )

o(k+1 oo Ry ket
—nQﬁ*l——(cﬁ B el } (38)

Relation 16For 2<i<m-1,m<n-1k>-1and R> —1,

(Rl,---,M)(kH) _ CB
Hi:mn - (k—|— 1) — CB(R| T 1)
% {(E) AnR u.('le".Ri-&-Rle'Rm)(kﬂ)
P—Q An—LRifl i'm-1n-1
_ AnR 1 IJ_(RL"'vRi—1+Ri~7"'7an)<k+l)
An—lRifz i—1lm-1n-1
4R AnR 4 (R17~~,R5—1,~.,Rm)<k+1)]

M

An—lRi—l izmn—1
R . Ry, Ri+R; 1, Ry) D)
|:(n_R1_'” . |)ui€n$71:r$|+R|+1+ )

. R S (k+1)
— (= Ri—Rog— i 1)y R o
o(k+1 o Ry (k—e+D)

Relation 17For 2<m<n—-21k>—-1and R,> -1,

(Rey Rm) KD cB
Hmmn "kt D) - cpRnt 1)
[ (1-P\ AnRni  (Ri Ry 1+Rm*Y
X = PO N71m2 m—1m—1n—1
AR (R "'an—l)(k+l):|
— Ryt
An—17Rm—1 m:m:n—1

Ry, .Rm_ 1)(tD)
+|-(n—Ri—---Rpo1—m+1) IJrgnjyl:r'rET:nlJrRmJr )

o(k+1 oo R (k—C+1)
——(CB B R ] (40)
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Relation18For 1<i<j<m-1m<nandR > -1,

IJ(RLR27 an) _ L
1,):mn 1—CB(RJ-_|_1)
(1 — P) mu_(_Rlv"'7Rj+RJ‘+11...7Rm)
(P_ Q) Anfl,RF1 i,j:m-1n-1
An RJ 1 (Rl"'VRJ‘*l‘*‘Rjy“,Rm)
An 1R i,j—lm-1n
1=
An7RJ‘71 (Rla"'ijfl,"',Rm)
m“i,j:mm,l

+R;j

. (RuRi+Rj 1141 Rm
+ {(n— Ri—-Rj— J)“i(,j:in—l:njfllﬂ )

. Ry, Rj_1+Rj+1,,Rm
_(n_Rl_"'ijl_J+1)“|(Jllm—11:1 J )

o) o R (L—CHD)
_ﬁm(,?:lrﬁn’Rm) :| : (41)
Relation 19For 1<i<m-1m<nandR,> -1,
(R Rm) _ cB 1-P\ AiRni1  (Ri—Rm 1+Rm)
20 ,m:m:n B(Rm"' 1) _ P_ Q An 1R, i,m—1m-1.n-1
—4Rm-2

AnRn1  (RpRn-1
+RmAn ! IJ|(mlmn1 )
1R

—|(n=Ri—-—Rp-1—m+1) M(m_l rﬁTfﬁR’“M)
5 (1,—c+1)
o O R Rl } : “2

RemarkSettingc = 1 andd = 1 in the recurrence relations given in section (2) and (3)Jeduce the recurrence relations
for the single and product moments from the Lomax distrdout[17, Hassan and Sultan (2005)]

RemarkSettingp = 1,Q = 0 in Theoremg16), (17), (18), (19) and(20), we obtain Theorem&), (8), (9), (14), (15).in
our paper.

RemarkSettingR; = R, = --- . = Ry = 0, so thatm= n in which the case of the progressively type-1l censored orde
statistics gives the usual order statistis,, Xo:n, - - - , Xnn, the relations established for the Weibull gamma and Lomax
distributions reduce to the corresponding recurrencéoelabased on the usual order statisti2®, Malik et al. (1998)].

5 Progressively Type-ll1 Right Censored Transformation

By using Equations3) and @), we can write the joint density function & .mn, Xommn, -+ » Xmmn Of @ progressively
type-1l right censored sample from the Weibull gamma disttion, with censoring scheni&;, Ry, --- ,Ry), in the form:
fxl:m:n-,XZ:m:n,"'xm‘m‘n (Xla X2, aXm)
aB ., 1 1-BR+1-1
—Aanlr! X {1+ x,] (43)

O<Xg <X < oee < Xy < 00,

whereAnr,, , is defined by 2). [6, Balakrishnan and Aggarwala(2000)].

Notation 20For simplicity, put c= a in Equationg(3) and (4).
Since, the joint density function is more complicated, sotnyweo find relationship between the Weibull gamma
distribution and uniform distribution.
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Let Ui mn,U2:mn, -+ ,Ummn be the progressively type-Il right censored order statstf size m from the sample of
size n with censoring scherf® ,R,, - -- ,Rm) be from the uniforng0, 1) distribution.
The exact moments of progressively type-II right censorédratatistics from the uniforr(0, 1) distribution can be
written in the form:
m
E(Ui:m:n):]-_ |_| ajai:]-vzv"'ama
j=m—i+1

m m m
j=m—i+1 j=m—i+1 j=m—i+1
m m

aj Vi — aj |, k<i,
j=m—i+1 j=m—k+1 j=m—k+1

. E

COV(Ui:m:n,Uk:m:n) = (

(44)

where

m
a =i+ Rj,i=12...m,
j:mZi+l
ai:i7i:1727”'7m7
a+1

G = 1 i=12 m

| (a+1)(a+2)7 (b} 2D

yV=a+G,i=12---,m (45)

[6, Balakrishnan and Aggarwalla(2000)].
These expressions enable us to derive the approximate meamences, and covariances for the Weibull gamma
distribution using the the following theorem4§ Lindely (1969, pp.133-134)]

Theorem 2LIf X is a random variable with EX) = u, D?(X) = ¢2, and y= ¢(x) then, for sufficiently smalr, and
well-behavedp

E(Y) = (1) + 50%0° (1), (46)

and
D2(Y) ~ (¢ (u))* 0> (47)

Theorem 22.If X and Y are random variables with(&) = u, E(Y) = v, D?(X) = 02, D?(Y) = r? andp (X,Y) = p,
and Z= @(x,y) then, for sufficiently smaly and t, and well behave@

1 ,0% %9 1 ,0%
E(Z)_(p(IJ,U)‘FEO— W—FPO—TM—’_ET a—yz, (48)
and , ,
29 dpdo 29
25\ 2[99 opoy 2(00Q
D°(Z)~0 <0x) +2par<ax ay)—H <0y , (49)

where all partial derivatives are evaluated atxu, y = v.

6 Deriving Moments Using Transfor mation

Since, the joint density function is more difficult to usedffind the moments, so we get relationship between the Weibull
gamma distribution and uniform distribution, as follows:

1 \P
U:1—<1+3x"> . (50)
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So by using Equation€6), (47) and @8), the approximate moments can be written as follows:

1
a

E(Xi:mn) =~ {5 ([1—[1]%1 — 1)}

e{[powt ] v lee-nt )
+% (%H) a-m?2[e(n-w? —1)]31}, (51)
D? (Xin) =~ 02 (%)2 “(6 (w27 [1—u](ﬂl‘1>] i} (52)
2= [o(n-w )" fo (n-wi ¥ -2))"
" ComXizmn, Xjimn) =~ E(Z) — E(Ximn) E(Xj:mn).- (53)

We use these moments to derive the best linear unbiasedagstsrfor the locatior{u) and scalg(o) parameters of
Weibull gamma distribution.

7 Estimation of Parameters

The best linear unbiased and maximum likelihood methodesed to obtain estimators of the locatign and scald o)
parameterd_et the probability density function is given by :

a-1 -B-1
=g (5) [ ()] o

also the distribution function is given by:
B 1 /x—p\"\ P
F(x)=1— (”S(T ) ) : (55)

7.1 Best linear unbiased estimaté&l UE S

Consider an arbitrary continuous distributiér{x). Suppose that the progressively censored order statistiosbe
represented by the linear transformatién= 1+ oX, where the vectoK represent a vector of progressively type-l|
censored order statistics from the standard distribUEipr), then the best linear unbiased estimatorg @ndo will be
minimizing the generalized varian€@(8) = (Y —A8)" s ~1(Y — A8) with respect tod where 8 = (u,0)", Ais the

p x p matrix, 1 is p x 1 vector with components all 4’ u is the mean vector oK andy is the variance-covariance
matrix of X. The minimum occurs when

m
pr=—p'ry=y AVYimn, (56)
iZi imn
and .
o*=1"TrY =5 BY:mn, 57
iZi i Yi:zmn ( )
where . .
r=y (W -ph)y /4, (58)
and )
A= (1T 2‘11) (uT z‘lu) - (1T z‘lu) . (59)
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[6, Balakrishnan and Aggarwala(2000)].
From these results, we can get the variances and covariahttesestimators in the form:

Var(u) = (0%u™y ') /4, (60)
Var(o*) = (ale 2‘11) /A, (61)
Cov(u*,0") = (—O'ZHT 2711) JA. (62)

m

The coefficients\, B, i = 1,2, ---mwhich represented in Equatiortsg) and 67) satisfy the relationsy A =1,
i=1

0.[6, Balakrishnan and Aggarwala(2000)]

m
2Bi=
=1

7.2 Maximum likelihood estimators

Let Xi:mn, Xo:mn - - - Xmmn b€ the progressively type-Il right censored order stagstif sizem from the sample of siza
with censoring schem@R,,R,,--- ,Rm) taken from the Weibull gamma distribution whose probapiiiinction is given
by (54) and the cummulatative distribution function is given Bg) then likelihood function can be written in the form:

L(M,0) = AnRry y _[mlf (Xi:mn) [1—F (xi:m:n)]Ria (63)

wherec is normalizing constant, se6,[Balakrishnan and Aggarwala(2000)].
The likelihood function to be maximized for estimators.oéndo is given by:

m
L(u,0) = (constant(aB)™ g"Ba 5" rl(>q — )T [0 4 (x — )] PRV (64)
=
The log-likelihood function can be written in form:

m

InL(u,0) = Inconstant- minaB +naBIinog+nBInd + (a—1) len (Xi— M)

-5 BR+D+ 1 (60 + (4~ 0"), (65)

by differentiating the log-likelihood function given bg%) with respect tqu ando. The resulting equations to be solved
for maximum likelihood estimatorg ando are given by:

maBR D+ (x-n) n g
— — —(a-1) — =0. (66)
i= 00 +(x—u)¢ i=1X — U
m ~a-1
”T“—zimmunl]j‘”—A:a (67)
o s 00 + (X — )

Since Equations3g) and 67) cannot be solved analytically, so we can use MATLAB progtarsolve these equations.

8 Simulation Study

Let us consider the following table represented differehesnes of progressively censored data:

So, by using Equation®6) and 67), the coefficients of thBLUE’s of 4 ando from the Weibull gamma distribution
using different schemes represented in télhjeabouty = 0 ando = 1 are obtained in the following tables (2,3,4 and 5):
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Table 1: sample sizes and censoring schemes from the Weibull garrstrébdtion.

m| n scheme

51 15 Ri=[20404

6 | 20 R,=[404024

7125 Rg=[4042242
8 | 30| Ry=[22444204

Table 2: Coefficients of Blues o&r and u from the Weibull gamma distribution using the first scheme.

schL 0=05pB=025a=5|0=15B=1a=15|0=2pB=15a=2
m n A B A B A B
5| 15| 0.3357 —0.3444 0.5232 —0.6892 0.6828 | —1.0293
0.4657 —0.2104 0.5773 —0.4841 0.6739 —0.6327
0.3717 —0.0381 0.3891 —0.0893 0.4058 —0.1178
0.0236 0.2561 —0.1156 0.5870 —0.2340 0.7659
—0.1967 0.3368 —0.3740 0.7757 —0.5286 1.0139
~1 ~0 ~1 ~0 ~1 ~0

Table 3: Coefficients of Blues o&r andu from the Weibull gamma distribution using the Second scheme

sch2 0=05pB=025a0a=05|0=15B=1a=15| 6=2B8=15a0=2
m n A B A B A B
6 | 20 | 0.1621 —0.4013 0.3480 —0.7713 0.4836 | —0.9421
0.4056 —0.2514 0.5351 —0.5295 0.6408 —0.6806
0.4024 —0.0648 0.4477 —0.1789 0.4926 —0.2545
0.2116 0.2005 0.1257 0.3608 —0.0661 0.4306
0.0210 0.2912 —0.1191 0.5783 —0.2279 0.7255
—0.2028 0.2259 —0.3374 0.5406 —0.4552 0.7211
~1 ~0 ~1 ~0 ~1 ~0

Table 4: Coefficients of Blues 0& andu from the Weibull gamma distribution using the Third scheme.

SClB | 0=05[p=-0250=05|0=15B=-La=15]6=2p=15a=2
mj| n A B, A B, A B,
7 | 25 | —0.8200 —0.9465 —0.1782 —0.8276 —0.0459 | —0.8444
—-0.1277 —0.5728 0.2998 —0.6130 0.4399 —0.7098
0.3581 -0.1292 0.4952 —0.2548 0.5866 | —0.3616
0.7466 0.4003 0.5135 0.2398 0.5103 0.1742
0.8161 0.7097 0.3466 0.5866 0.2572 0.5897
0.5380 0.6851 0.0491 0.6689 —0.0908 | 0.7486
—0.5109 —0.1466 —0.5290 0.2002 —0.6573 | 0.4034
~1 ~0 ~1 ~0 ~1 ~0

(@© 2014 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro3, No. 1, 45-60 (2014) www.naturalspublishing.com/Journals.asp 57

N SS ¥

Table 5: Coefficients of Blues o0& and i from the Weibull gamma distribution using the fourth scheme

sch} 0=05p=025a0=05| 6=15B=1a0=15| 6=23=15a=2
m| n A B, A B, A B,
8 | 30 | —0.4775 —1.8120 —0.2157 —-0.7244 —-0.2412 | —-0.5281
—0.0232 —1.2434 0.2359 —0.6744 0.3212 —0.6851
0.3349 —0.3368 0.4922 —-0.3771 0.6228 —0.5290
0.5642 0.6512 0.5648 0.0490 0.6849 -0.1731
0.5871 1.3873 0.4258 0.4674 0.4798 0.2743
0.3377 1.4786 0.0708 0.7100 0.0094 0.6701
—0.0547 0.5671 —0.2618 0.5060 —0.4119 | 0.6652
—0.2685 —0.6919 —-0.3120 0.0435 —0.4651 | 0.3046
~1 ~0 ~1 ~0 ~1 ~0

Also, the variances and covariances of the estimataado can be represented in the following table:

Table 6: the variances and co variances of the estimgtérando* from the weibull gamma distribution .

o B a | m| n | sch| Var(u*) | Var(o®) | Cov(u*,c*)
05025055 |15] 1 55359 | 0.0110 0.0453
6|20 2 6.0932 | 0.2626 —0.0206
7125] 3 115396 | 1.1215 0.4186
8 30| 4 | 116510 | 3.2271 —0.1334
15| 1 |15|5| 15| 1 | 00010 | 0.0040 0.0062
6|20 2 1.8969 | 0.0781 —0.0220
7]125| 3 2.3443 | 0.7210 —0.0600
8|30 4 25058 | 0.7511 —0.1529
2 15 2 5|115| 1 1.8108 | 0.0013 0.0014
6120 2 1.8515 | 0.0252 —0.0094
7125] 3 2.0298 | 0.0588 —0.0293
8|30 4 22291 | 0.1259 —0.0651

MSEof u ando from the Weibull gamma distribution with = 0 ando = 1 can be represented in the following table:

Table 7: MSE of u ando from the Weibull gamma distribution using different scheme

5| B | a | m| n|sch| MSEu*) | MSE(0*) MSE( 1) MSE(0)
05|025|05| 5| 15| 1 | 03516 | 13527 | 15246012 | 1.8314&— 012
6| 20| 2 | 01407 | 02454 | 1.398%-012 | 1.0118&—012
7 25| 3 | 00688 | 02354 | 1251%— 013 | 3.481%— 013
830 4 | 00317 | 00468 | 1.143%—013 | 1.121%e—013
15| 1 | 15| 5| 15| 1 | 051388 | 01682 | 1.7668&—007 | 1.7662— 008
6| 20| 2 | 02831 | 01184 | 1568%—009 | 1.9753%— 010
7 25| 3 | 00542 | 01049 | 1.1102—009 | 1.503%— 010
8 30| 4 | 00533 | 00951 | 16474—010 | 1.463%—010
2 | 15| 2 | 5|15] 1 | 08050 | 0.3606 | 1.157%—009 | 1.097%— 009
6| 20| 2 | 06980 | 01316 | 1.073%—009 | 3.298%— 010
7 25| 3 | 05014 | 00831 | 59680—010 | 1.433%—010
8 30| 4 | 01533 | 00047 | 1553%—010 | 8.0946— 012

From the numerical results presented in tables 2, 3, 4, 5 and ¢an conclude the following:

n
1.As a check of the entries of tables 2, 3, 4 and 5, we se&that~ 1,
i=1

n
zBiZO.
1
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2.From Tablg7), we see that as n increases, the mean squareMB&f 1*) andMSE(o™*) decrease for all censoring
schemes and all values af 4 andp.

3.From Table(7), we see that as n increases, the mean squareM®&t 1) andMSE(o) decrease for all censoring
schemes and all values af 6 and - --

9 Numerical Examples

Example 1A progressively type-ll censored sample of size Bfrom a sample of size & 15 from the Weibull gamma
distribution withy =0, 0 =1, § = 1.5, = 1, o = 1.5 with scheme R= (204 0 4, was simulated using MATLAB
program. The simulated progressively type-II right celesiosample is given by:

Table 8: Progreesively Type-Il right censored sample generated fte weibull gamma distribution.
Xi:5:15 | 0.0503 ] 0.2537 | 0.2705 [ 0.2935 | 0.6190 |
R 2 0 4 0 4 ]

By making use of equatidd6) and (57), and using the coefficients &nd B given in table (2) for n= 15and m=15,
we getthe BLUE’s of thg and o as follows:

p* = (0.5232x 0.0503 + (0.5773x 0.2537) + (0.3891x 0.2705)
+(—0.1156x 0.2935) + (—0.3740x 0.6190)
= 0.01259492

and

0" = (—0.7892x 0.0503 + (—0.4841x 0.2537)+ (—0.0893x 0.2705)
+(0.5870x 0.2935)+ (0.7757x 0.6190)
= 0.46577422

The standard error of the estimatg$ ando™* are
.01472907
.02945148

=0
0
Using the same data,we can get by simulation

1 = 0.000505005

o = 0.686868111

Then, the best linear unbiased prediction for the failurkofeing \(5(:25:01;104’ may be determined simply by equating

or g* based on the sample of size=ab to u* and o* based on the sample of size=nl5 with progressive censoring
(204 00 3 whose coefficients are given in the form:

Table 9: coefficients of the BLUES oft ando from the Weibull gamma distribution using different scheme
A | 0.3347 0.5248 0.4522 | 0.0886 | —0.1521 | —0.2481
B | —0.5139 | —0.4075| —0.1814 | 0.2888 | 0.4517 0.3623

then
p* = (0.3347x 0.0503 + (0.5248x 0.2537) + (0.4522x 0.2705
+(0.0886x 0.2935+ (—0.1521x 0.6190) + (—0.2481x Yg.6.15
Upon equating this withu* = 0.01259492@nd solving, we get the first-order approximation to the BLOfE ¢.,-as

0.20415147- 0.01259492
Y6:6:15= 02481 — 0.772094115
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RemarkOne can see that the valuesiofclose to 0 andr™ close to 1

Example 2We consider the following set of data reported by Nelson Z198elson presents the results of a life-test
experiment in which specimens of a type of electrical inswjafluid were subject to a constant voltage stress
(34kv/minutes). In analyzing the complete data, Nelsonrasd a Weibull distribution for the times to breakdown. The
19 log-times to breakdown are:

-1.66073, -0.248461, -0.040822, 0.270027, 1.02245, ®1501.42311,

1.54116, 1.57898, 1.8718, 1.9947, 2.08069, 2.11263, 8989

3.45789,  3.48186, 3.52371,  3.60305, 4.28895.

We consider the following progressive type-1l censored@amenerated by Viveros and Balakrishnan (1994). In this

sample the vector of log-times to breakdown and the proiyesensoring scheme are presented in the table 10: In order

Table 10: Progressively type-Il right censored sample from the ratd det.
X(i) | —1.66073 | —0.248461| —0.040822 | 0.270027 | 1.02245 | 1.57898 | 1.8718 | 1.9947
R(0) 0 0 3 0 3 0 0 5

to find relationship between the previous data and data gaedrby Weibull gamma distribution presented in table 11.
We have to compute correlation coefficient. Since, the taiiom coefficient between two sets of two data is very high

Table 11: Progressively type-Il right censored sample generatead fhe real data set.
X(j) | 0.8977 | 0.9548 | 0.9759 | 0.9876 | 1.0684 | 1.1541 | 1.4584 | 1.4714
R(j) 0 0 3 0 3 0 0 5

then, Weibull gamma distribution is appropriate for thealétet 1).
From that, we can get:
u* =0.2580Q 0" =0.4454

f1=02021 6=0.3211
and the standard error gfi*and o* are written:

SE(u*) = 0" (var(u*)"(1/2)) = 0.4454((1.5667)"(1/2)) = 0.5574
SE(0*) = 0* (var(c*)"(1/2)) = 0.4454((0.0090(1/2)) = 0.13362
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