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Abstract: This paper discusses the problem of the estimation of stiesgstem reliability under both classical and Bayesian
paradigms. It is assumed that the strength of a system andntheonmental stress applied on it, follow the generalizautley
distribution. For Bayesian calculation, we proposed the elSMCMC technique viz Metropolis-Hastings algorithm tgeagximate
the posteriors of the stress-strength parameters. Thevibehs of the maximum likelihood and Bayes estimators oésgrstrength
parameters and reliability have been studied through thet&Garlo simulation study. Finally, the empirical illuetion based on a
real data set has been provided.

Keywords: Generalized Lindley distribution, Stress-strength t@lity, Maximum likelihood estimates, Bayes estimates tidpolis-
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1 Introduction

The stress-strength reliability can be described as asssamt of reliability of a component/system in terms of mnd
variablesX representing stress experienced by a componentamgpresenting the strength of a component available
to overcome the stress. In simple way, if the stress excéwmdsttength the component would fail; and visa versa. The
stress-strength reliabilitR is then defined as the probability of not failing iRlY > X]. The idea of stress strength
reliability has been originally proposed b$4]. After that, [15] and [16] have discussed the procedure for obtaining
the distribution free confidence interval for stress sttemgliability. [21] have compared the performances of different
methods of constructing the confidence interval of strassgth reliability and proposed a new method for obtainie t
s-confidence intervals for the reliability in the stres®isgth model. Over a last decade, the several papers dewetingst
the use of different stress-strength models have beengdiedun exiting literature. To name a fed;3[, [19], [17], [18]

and references cited therein, who have discussed the éstinad stress-strength reliability from different stregsength
models. In this paper, we have discussed the classical aresBa estimation procedures for estimating the stressgth
reliability when strength of a system and stress applied system follow the generalized Lindey distribution.

The Lindley distribution is mixture oéxponential (8) andgamma(2, 8) distributions with mixing proportions are
(1/(146)) and(6/(1+ 6)), respectively and has been proposed 2] jas counter example of fiducial statistics in
Bayesian theory. The mathematical treatments to desdristatistical properties of the Lindley distribution hdneen
provided by [Lg]. After that, the Lindley distribution received the gredteation of the researchers and extensively
discussed in the life testing contexts such as under cethsanvival data 3,5,14], competing risk modeld], load
sharing system modelg]| and stress-strength modé!3 19 etc.

There may be the situation where the Lindley distributiowmifhg only scale parameter, seems to be incompatible
with real problems and so the more flexible and parsimoniemealizations of the Lindley distributions having shape
parameter also are inevitable. Keeping this point in migfhpve introduced a two parameter generalization of Lindley
distribution as an extended model for modelling of bathtw#tadalternative to gamma, lognormal, Weibull, and
exponentiated exponential distributions. The generdlizendley distribution has the following probability detsi
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Where, a and A are the shape and scale parameters, respectively. The atiwautlistribution function (CDF)
corresponding tol( is given by

1+A4+AX

a
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F(x)= {1—

[1] have discussed the properties and the inferential praoeddu this distribution under classical paradigm. Theyéhav
also shown that the generalized Lindley distribution iseabl model the various ageing classes of the lifetime scenari
including increasing, decreasing and bathtub hazard vatadifferent combinations of its parameters. Therefoings
distribution can be recommended as an alternative moddigovarious existing lifetime models2][ considered the
problem of the Bayesian estimation of the parameters of igéimed Lindley distribution under general entropy loss
function based on complete sample of observations. In thearticle [4], they discussed the estimation and prediction
problems for this distribution under the progressive TYjgeensoring with Beta-Binomial removals.

Bayesian inference requires the numerical approximatiothe posteriors since the posteriors consist intractable
integrals. To overcome such difficulty, the suitable appr@tion techniques based on three main strategies, Taylor’
expansions such as Laplace and Lindey’s approximatiosgirqtures based on classical numerical analysis and sthnda
Monte Carlo importance sampling have been used for Bayesilanlations. Here, we proposed the use of Markov chain
Monte Carlo techniques namely Gibbs sampl&gj[[22]) and Metropolis Hastings {2], [11]) algorithm.

The rest of the paper has been organized as follows. The ssipreof reliability form stress-strength generalized
Lindley model has been derived in section 2. The maximuniitiked and Bayes estimators of stress-strength religbilit
have been constructed in section 3 and 4 respectively.desttonsists a simulation study to compare the performances
of the proposed estimators of stress-strength reliabifityally, a real data illustration has been presented itige6.

2 Stress-Strength reliability

Let, X andY be independent stress and strength random variables fotiogeneralized Lindley distribution with
parameter$as, A1) and (a2, Ay) respectively. Then, the stress-strength reliability aftegn is defined as follows:

Lemma 1The stress-strength reliability of systemis
R=P[X <Y]

= / f (%, 01,A1) F (X, a2,A2) dx 3
0

Then, we have

=555, 2 OO e

Proof.Let us consider, the integral

R— /f (%, 1, A1) F (X, 02, A2) dx
0
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Substituting (1) and (2) in above expression, we get

00
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Quit Easily Done.

3 Maximum likelihood estimation

In this section, we have discussed maximum likelihood estion (MLE) procedure for the model parameters as well as
the stress-strength system reliability in case of compateple of observations. L€k;, X2,...,Xn} and{y1,¥2,...,Ym}

be two independent random samples from GaR A1) and GLD(az, A»), respectively. Then, the likelihood function is
given by

auA? ] 03 }m i e g m
L x,y|a1,A1,00,A2 | = if1 @ 71 14X 14y
(xylandante) = [ 22 [ 222 Mo e .
n [1_1+)\1+)\1xie_)\m}a1 1I_m| [ 1+/\2+/\2y‘e—"2y] a—1
il:l (1+ A1) - (14 A2)
The Log-likelihood function can be written as
a)\ n T+A1+2A1% _y :| [ 02/\2 :|
LogL =nIn —A In(1 (a1—1) Y In 1—7e Yl 4min 2
’ [(HAJ 12“; ol Z [ 1+ 1) T T o

1+/\2+)\2yj 7)\y
_/\ZZyﬁ—ZInH—yJ Zln{l—w 2Yj

For the estimation of stress-strength reliability, we hewesidered the following cases:

3.1 Case|: When scale parameters (A1, A2) are known

The MLEs &, anda, of a; anda,, respectively can be obtained by solving the non-lineaatiqos independently as
follows:

SN 1—7 vl =0 6

+Z\ [ T+A) - ©)
1+ 2242 ayi]

_+Zln{ TRy e i =0 (1)
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From equations (6) and (7), the estimadgesandé, for known values of\; andA; are given by

A n
== A1+A
1+1+1X4 —A
zln[ T €
A m
2="m L+A2+A2y) A
_ 2T A2T %)) Ay,
> In[l ET R J}

Once, we have the MLEs of the model parameters, we can alsinedtthe maximum likelihood estimates of stress-
strength reliability by usmg the invariance property ofximaum likelihood estimator. By the invariance property of
MLE, the MLE R of Ris given by

R= [R]al—al,az 2.A1,A2
i kel (a _1>< )<|> <J) (k+|+1> (—1) D agAk2al r(m+1)
Eozm( 0|Z) =0 ' IVAIAN m (142" (14 A2)) M +id+ jag ™!

3.2 Case -I1: When shape parameters (a1, a1) are known

The MLEsf\l and?\z of A1 and Ay, respectively can be obtained by solving the non-lineaaéqons independently as
follows:

2n n Mar—1) 8 (24 x+2A1(14+%)) W& _ 0 )
2 ; =

A (I+2A1) (1+21)? i; [1_ 14&&%1& e—/\lxi]

2m m )\2 02— m 2+yj+)\2(1+yj)) y_e/\zyj -0

A A e
2

9

One can easily solve the above equations using any itefaideedure. In this case, the MLEof R becomes

ﬁ:[R]Gl C{z)\l 3\1A2 }\2
_ i k+|+1<a1_ )(02><i> (J) (k—|—|—|—1> (— )I+J) /\k+2/\| r(m+1)
ZJZ)EOZB =0 VANVAN m (1+/\1) (1+)\2) [?\1+if\1+j3\2 e
3.3 Case-I11: When shape and scale parameters are unknown

The MLEsa, andxA\l of a1 andA1, respectively can be obtained as the simultaneous solatittve following non-linear
equations:

1+A1+A1% ), ]
— In — e =0 10
+ zi |: 1—|—/\1) ( )
o A e
1 1 1)° & [1 ﬁe* m}
From equation (10), the MLE; of a; can be obtained in terms af as follows
N n
tr(h)=—7 LA A1 o A
3 in[1- Hpe ]

Then, the MLEf\l of A1 can be uniquely determined by solving the following noreéinequation

2n n )\1(6:1()\1)—1)%1 (24X +A1(1+x)) x M — 0 (12)

M (1+A) (14+11)2 £ {1 1—|Efl\i+/\)1x|e—)\1x.}

(@© 2014 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro3, No. 1, 61-75 (2014) www.naturalspublishing.com/Journals.asp NS = 65

In order to solve the above equation (12), we can apply analsei iterative procedure such as Newton Raphson?s
method.

Similarly, the MLEsd, andA; of a, andA,, respectively can be obtained as the simultaneous solottitve following
non-linear equations:

1+A2+)\2yj _/\Zyl
+Zln[ Tiag © =0 (13)

2m m )\2 02— m 2+y1+)\2 1+y1))

R @A) A A2 Z 1 T

yje?i =0 (14)

From equation (13), the MLE of a, can be obtained in terms a$ as follows

m

m l+)\2+)\2yj AoV
_ P2 ) @ A2y
gln [1 @) © J}

&2 (Ao) = —

Therefore, the MLE3\2 of A2 can be uniquely determined by solving the following noreéinequation

2m om  Ap(da(A2)—1) D (2+yj+Ax(14Y))) yiédi — 0

X Wk (ArA? z[l_lmiwe—m}l

(15)

We apply Newton Raphson?s method to solve the above eqa6pas it can not be solved analytically. In this case, the
MLE Rof Rbecomes

— [R]al—dl,az.dzy\l “Apdo=hy o I
EREEE CTIOOO) rmn

4 Bayes estimation

In this section, we have developed the Bayesian estimatiocepure for the parameters estimation of stress-strength
reliability from generlized Lindley distribution assungiindependent gamma priors for the unknown model parameters
Further, it is assumed that all the parameters of stress ta@dgsh models are independent. The following cases are
considered as follows:

4.1 Case-l: When scale parameters (A1, A2) are known

The prior distributions ofr1, a; are given as follows
a; ~ Gamma(by,az)

ay ~ Gamma (b, ap)

Therefore, the joint posterior @fy, a; is given by

il (Gl,azl)\l,)\z,X,Y) Kiaf P texp (—0!1 <

x Ko am+b2 <—02 <

=T (01|X /\1) X 7T12( |Z’/\2

|n 1+)\1+A1X| 7)\1)('
1+ A

In 1+)\2+/\2YJ A2y1:|>> (16)

Ma ;M:
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Where K; andK; are the normalizing constants. The marginal posteriors @nda, are given by

n 1+)\1+A1X| 7)\1X|

m 1+ 224+ Ay o ]
Mo asly, A | OGamma| m+by, [ as—§F In - e 18
12( 2|X’ 2) ( +2,<2 JZl { T, (18)

The Bayes estimat@g of Runder squared error loss is defined as
Rs = // Rm <0!1, az|A1,A2, X, Y) daidas
00 -

It is to be noticed here that the above expression is not eagaltulate and one needs numerical approximation
techniques. Therefore, we proposed to use the importanuglisg procedure to obtain the Bayes estimateR.dy this
sampling procedure, Bayes estim&eof Ris given by

<

Rs

. [R] QA1=0p:1,02=0p:2,A1,A2

p
28522 2 () WO W) St s

Where,ap1,p=1,2,...,Mandap, p=1,2,...,M be two independent random samples of dizeand drawn from (17)
and (18) respectively.

Mz Zle

§|H

4.2 Case-11: When shape parameters (az, a») are known
The prior distributions ofA\1, A, are given as follows
A1 ~ Gamma(dy, c1)

Az ~ Gamma(dy, cp)

Therefore, the joint posterior @f;, A, is given by

2+l e 3 %) 14+ A1+ ArX et
7] (/\1,/\2 | al,az,f,Y) C1(1+)\ " e i=1 rl {1— 7(11)\1)1 e’\l"'}
Z L
2mydr—1 L ar—1
><C27)\ o e eI O {1 1+ A2+ A% —Azyj} " (19)
(1+A2)" ,Il (14+A2)

= Tb3 ()\1|01,§) X Thy <)\2|027Y)

Thus, the marginal posteriors #f andA, are given by

A2l M C1+z x) N THA A a7
—A1X
Th3 (/\1|01,§) C1(1+)\ H{ (14 ] .
)\2m+d2* Aa(Co+ z yj) m 1+A4+ A%y a2t
AT TR T 7Y (A
Thy <)\2|0!27Z> CZ(1+)\ ) e 11[ (1+A2) ¢ } @

(@© 2014 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro3, No. 1, 61-75 (2014) www.naturalspublishing.com/Journals.asp NS = 67

Where C; andC; are the normalizing constants. The Bayes estirRgtef Ris defined as
Rg = // Rm® <)\1,)\2 | 01,02,X7Y) dA1dA
00 -

Again, the above expression of Bayes estimateR can not be solved analytically. But it is to be noticed her th
the marginal posteriors are also not in any standard digtoibal form. In such a situation, the MCMC technique viz
Metropolis-Hastings algorithm can be effectively utiliz® draw the samples from any arbitrary posterior. To gerexa
random sample of sizé from f (x), the Metropolis-Hastings algorithm consists the follogvgteps:

Step 1.Start with j=1 and set initial valuexdf) such thatf ( ) > 0.
Step 2.Using initial valuex©, generate a candidate poirf?d from a proposal densityq( xleand] ) Where,

q (x["a”d],xw)) =q (x[ca”d] —x )} is the probability of returning a value of® given a previous value of

(0)

X\,

Step 3.Generate U uniform variate on range 0 and LikeU (0,1).

Step 4.Calculate the ratios at the candidate pdffit! and previous point(®)

L f(x[cand])q(x(o) 7x[cand])
Ratio = |: f(x(o))q(x[cand]’x(o))
Step 5.f,u < min(1, Ratio) accept candidate point with probabilitsin(1, Ratio) i.e. x;j; = X, x(0 = xl@nd] else
xij = xO.
Step 6. Repeat steps 2-5forallj= 1, 2, ..., M and obtaigg, - . ., Xjm)-

By using above algorithm, one can easily obtain the sampées fo3 (20) andre, (21). Then, Bayes estimaRg of Ris
given by

M
M le[R]alva27/\1:/\l:p7/\2:)\2:p

w2252 5 DO e i e

WhereAp1,p=1,2,...,MandAp2, p=1,2,...,M be two independent random samples of diteand drawn from (20)
and (21) respectively.

4.3 Case-l 1: When shape and scal e parameters are unknown
The prior distributions ofr1, a; A1 andA; are given as follows
a; ~ Gamma(by,az)
ay ~ Gamma(by,az)
A1 ~ Gamma (dy, c1)

A2 ~ Gamma (dy, Cp)

Then, the joint posterior PDF @f1, A1, a2 andA; is defined as

L (5, ylag, As, 0!2,)\2) 91(a1)93(A1)92(02)9a(A2)

s (al,)\l,az,)\z | §,y> = (22)

O—3g

JJJL (X,Y|01,)\1,Uz,)\2) 01(01)03(A1)92(02)ga(A2)dardazdA1dA;
000 ~o~

(@© 2014 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

68 NS 2 S. K. Singh et. al. : Estimation on System Reliability in Gextized...

Thus, the marginal posteriors af, a, A1 andA, are given by

n 1+ A1+ A1X A ]
a|x,A1) OGamma | n+by, [ag— Y In|1—- ————"——"¢ "M% 23
7o (a2 < 1<1 5 in|1- 23
m 1+ 224+ Ay o
2y <az|y,)\2) 0 Gamma <m+ by, (az— In {1 - e (24)
=~ 121 1+ A,
2n+d1—1 /\1(cl+§x.) _ Z In[ 1+ A1 % ,,\lxl}
A A “1 ) 2
7o (Aalx) =iy e (25)

2mido—1 m N m 71+)\2+)\2yj —AoYi
/\ 2 A2(C2+ 3 Yj) > Inj1 Ay e J

3y (/\2|y> Azme =1 e = (26)

Where,A; andA; are the normalizing constants. To obtain a posterior sagrfpden the above posteriors, we follow the
following steps:

Step 1.Start with j=1.

Step 2.Set starting poiv\r;o) and)\2(0>.

Step 3.Using MH algorithm, generake;j ~ i3 (.|x).
Step 4.Using MH algorithm, generakg,j ~ &4 (.|y>.
Step 5.Generate;j ~ a1 (.|X,)\l;j).

Step 6.Generatgy.j ~ &2 | .|y, A2;j

Step 7.Repeat steps 3-6, for all j= 1, 2,..., M and obtaifedh,A1.1), (01:2,A1:2),...,(d1:m,A1:m) @nd (a2:1, Az1),
(02:2,A2:2), -, (O2:m, A2m).

The Bayes estimat@g of Runder squared error loss is defined as

/ / / R <al,)\1,az,)\2|x y> doydasdAsdas
000

) [R] Q1=01:p,02=02:p,A1=A1:p,A2=A2:p

Re =

<

%

§|H 2= 0\8

p
2235358 G [ 010 Qe Fev e mvee e

Where,ap1;p=1,2,...,M, ap2;p=1,2,....M, Ap1;p=1,2,....M and Apo;p = 1,2,....M be four independent
random samples of si2d, and drawn from the densities (23-26) respectively.

5 Simulation Study

In this section, we studied the behaviour of the stressgtrereliability on the basis of simulated sample with vagyi
sample sizes and different combinations of the stressgineparameters. For this purpose, we simulated the random
sample of different sizes from generalized Lindley disttibn using inversion method (probability integral
transformation). Since the probability integral trangfiation can not be applied explicitly, we, therefore needtmiv

the following steps for generating a sample of sifeom GLD(a, A ):

Step 1.Seh, a andA.

Step 2.Set initial valug®.

Step 3.Sef = 1.

Step 4.Generatd ~ Unifrom(0,1).
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Step 5.Update® by using the Newton’s formula for solving the non-linear ationF (x) = u such as
o — X0 F(x0.a.2)-U
f(X0,a.1)
Step 6.1f| X0 — x* | < €, (very small,e > 0 tolerance limit). Thernx* will be the desired sample frof(x).
Step 7.1f| X0 — x* | > €, then, sek’ = x* and go to step 5.
Step 8.Repeat steps 4-7, foe 1,2, ... ,nand obtained, Xz, . .., Xn.

The performances of the maximum likelihood and Bayes estimdave been studied for varying samples sizes with
fixed values of stress-strength parameters and for diffe@mnbinations of the model parameters with fixed samplessiz
For this purpose, first, we generated the samples of diffesieas(n, m) from stress-strength set-up for fixed values of
o1 = A1 = ap = A, = 2. The maximum likelihood and Bayes estimates of the stsassigth parameters and reliability,
have been obtained for each generated samples from steesgr@ngth generalized Lindley models.

We repeated the whole procedure 1000 of times and repore/drage estimates and the corresponding mean square
errors of the MLEs and Bayes estimators of the model parasatel stress-strength reliability. For non-informativiepn
we take hyper-parameters equating to zeroaie= by = ¢; = d; = 0 anda, = by = ¢; = dy = 0 and Bayes estimates
then obtained called as Bayes-1. For gamma priors, the fpgrameters are chosen such that the prior mean are equal
to the true values of the parameters. To run the Metropadistidgs algorithm, the asymptotic normal distributionshef
respective posteriors are considered as the proposabdi#dns. For obtaining the Bayes estimates, ten thousamdiom
samples from the posteriors are drawn. The simulation teslitained for the considered cases, (i) scale parameters
of stress-strength model are known, (ii) shape paramefesass-strength model are known, and (iii) shape and scale
parameters of stress-strength model are unknown, arenpeelsie Tables 1, 2 and 3 respectively.

After that, we studied the behaviour of the discussed estireavith varying stress-strength parameters for fixed
values ofn andm. For this propose, we fixed = 25 andm = 25. For the different combinations of the stress-strength
parameters, the average estimates (AV) and the corresmpnuéan square error (MSE) of the estimators of the stress-
strength parameters and reliability have been summaniséahile 4 and 5. Table 6 shows the behaviour of the maximum
likelihood estimator of stress-strength reliability (Rithwarying values of R. The same pattern can be easily setin
MSEs of Bayes estimators & From the above study, the following conclusions can bedtas follows:

*The MSEs of all the estimators decrease as sample size sesr@aall the considered cases.

*The MLEs and Bayes-I (obtained under non-informative cas#jnators behave more or less same in nature whatever
be the values of stress-strength parameters.

*Bayes estimators obtained under the assumption of gamioia @ré superior than MLEs and Bayes-| estimators in all
the considered cases.

*When scale parametef;,A») are known, the MSE of the estimator @f increases aqg; increases for fixed values of
as, nandm.

*When scale parametef;,A») are known, the MSE of the estimator @f increases aq; increases for fixed values of
ag, nandm.

*When scale parametefa, a,) are known, the MSE of the estimator &f increases a4, increases for fixed values of
Az, nandm.

*When scale parametefs, a») are known, the MSE of the estimator &f increases a4, increases for fixed values of
A1, nandm.

*The MSE of the estimator of stress-strength reliability $arall (nearer to 0) and large (nearer to 1) valueRadire
smaller than that of moderate value (nearer to 0.5R0fhat is, there is a more chance to commit an error (risk) for
estimating the stress-strength reliability wheis nearer to 0.5.

6 Real data analysis

In this section, we used the real data sets of the waitingstibefore service of the customers of two banks A and B,
respectively. These data sets simultaneously have beertedipy [L3,19] for estimating the stress-strength reliability in
case of the Lindley distribution. The use of Lindley distiiion for the waiting times (bank A) data has been originally
discussed byZ(]. Since then, many authors have used the data under diffsegmp for Lindley distribution. Among
them, [L4] checked the suitability of waiting times data for Lindleiswibution over exponential, gamma, Weibull and
log-normal distributions, and found that the Lindley dimfition reasonably fits better than other considered digions.
The data are as follows:

Waiting time (in minutes) before customer servicein Bank A:
0.8,0.8,1.3,15,1.8,1.9,1.9,2.1,2.6,2.7,2.9,3.1,832 35,3.6,4.0,4.1,4.2,4.2,4.3,4.3,4.4,4.4, 48,47, 4.8,
49,49,5.0,5.3,55,5.7,5.7,6.1,6.2,6.2,6.2,6.3,&9,7.1,7.1,7.1,7.1,7.4,7.6,7.7,8.0, 8.2, 8.6, 8%,88, 8.8,
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Table 1: Average estimates (AV) and mean square errors (MSE) of tirea&®rs ofa1, a, andR for fixed values oty = a0, = 2,81 =
ay = 2,by = by = 4 with varyingn andm, whenA; = A, = 2 are known
MLE Bayes-1 Bayes-2

AV MSE AV MSE AV MSE

15,20 a; 2.135330 0.395312 2.135463 0.395518 2.077225 0.204545
a, 2.095270 0.253344 2.095282 0.253584 2.062774 0.158393
R 0.501753 0.007199 0.499762 0.006827 0.499273 0.004469

20,15 a; 2.111397 0.282092 2.111570 0.282394 2.074634 0.173325
a, 2.109995 0.338941 2.110006 0.339093 2.060837 0.182325
R 0.501671 0.007026 0.503621 0.006677 0.503345 0.004392

20,20 ap; 2.111397 0.282092 2.111568 0.282395 2.074626 0.173320
ap, 2.092936 0.254233 2.092903 0.254158 2.060712 0.159178
R 0.501719 0.006205 0.501701 0.005927 0.501389 0.004119

30,20 a; 2.062341 0.167604 2.062468 0.167796 2.046699 0.123520
ap, 2.101093 0.256309 2.100979 0.255889 2.067350 0.159583
R 0.497413 0.004986 0.499482 0.004785 0.499946 0.003490

20,30 o; 2.111397 0.282092 2.111566 0.282387 2.074630 0.173318
a, 2.057712 0.160256 2.057688 0.160163 2.042792 0.118511
R 0.503759 0.005118 0.501705 0.004912 0.501024 0.003566

50,50 a3 2.036390 0.097795 2.036512 0.097991 2.030501 0.082099
a, 2.048413 0.089990 2.048456 0.090193 2.041814 0.075637
R 0.498273 0.002721 0.498298 0.002674 0.498409 0.002294

n,m

Table 2: Average estimates (AV) and mean square errors (MSE) of tie&ers ofA1, A, andR for fixed values of\; = Ao =2,¢1 =
Cp = 2,d; = dy = 4 with varyingn andm, whenay = a, = 2 are known
MLE Bayes-1 Bayes-2

AV MSE AV MSE AV MSE

15,20 A; 2.053481 0.118669 2.063821 0.123515 2.051944 0.098841
Ao 2.054132 0.086784 2.061909 0.090378 2.054271 0.076188
R 0501941 0.008884 0.502777 0.008553 0.502966 0.007312

20,15 A7 2.041152 0.085211 2.048868 0.087548 2.041742 0.074403
Ap  2.069224 0.115262 2.079584 0.121797 2.066457 0.096737
R 0.504717 0.008740 0.503631 0.008380 0.503102 0.007156

20,20 A1 2.041152 0.085211 2.047213 0.086938 2.040340 0.073801
A, 2.052862 0.081769 2.059108 0.083140 2.051727 0.070449
R 0502841 0.007567 0.502815 0.007227 0.502687 0.006315

30,20 A; 2.033896 0.054409 2.039309 0.055895 0.050269 0.050269
A, 2.042711 0.087153 2.050683 0.091559 0.077531 0.077531
R 0.500168 0.006295 0.499190 0.006173 0.498935 0.005481

20,30 A; 2.041152 0.085211 2.048620 0.086654 2.041907 0.073679
Ao 2.034889 0.054716 2.040021 0.057210 2.036585 0.051386
R 0.500320 0.006322 0.501130 0.006140 0.501328 0.005455

50,50 A; 2.021764 0.031556 2.024272 0.031857 2.023027 0.029955
Ao 2.014223 0.031890 2.016788 0.032076 2.015717 0.030171
R 0.498268 0.003160 0.498298 0.003096 0.498337 0.002926

n,m

8.9,8.9,9.5,9.6,9.7,9.8,10.7,10.9, 11.0, 11.0,11.2,111.2, 11.5, 11.9, 12.4, 12.5, 12.9, 13.0, 13.1, 13.8,13.7,
13.9,14.1,15.4,15.4,17.3,17.3,18.1, 18.2,18.4, 189,19.9, 20.6, 21.3, 21.4, 21.9, 23.0, 27.0, 31.6, 33.138rl
Waiting time (in minutes) before customer service in Bank B:
0.1,0.2,0.3,0.7,0.9,1.1,1.2,1.8,1.9,2.0,2.2,2.3,238 2.5,2.6,2.7,2.7,2.9,3.1,3.1,3.2,3.4,3.4,3%,480, 4.2,
45,4.7,5.3,5.6,5.6,6.2,6.3,6.6,6.8,7.3,7.5,7.7,8(, 8.0, 8.5,85,8.7,9.5,10.7,10.9, 11.0, 12.1, 128,12.9,
13.2,13.7,14.5,16.0, 16.5 and 28.0

As, we wants to use this data under the assumption of gereddlindley distribution, we have to restrict our self
to check the suitability of generalized Lindley distritmrtifor the considered real data sets. We, therefore, havedpp
Akaike information criterion (AIC), Bayesian informatiamiterion (BIC) and Kolmogorov-Smirnov (KS) Statistics to
test the goodness-of-fit of above data sets to the genafdlirelley distribution. The fitting summary of Lindley and
generalized Lindely distributions has been presentedliteTa The fitted and empirical distribution functions aretfgd
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Table 3: Average estimates (AV) and mean square errors (MSE) of tirea@®rs ofA1, A2, a1, a2 andRfor fixed values ofr; = ap =
A=Ar=2,c1=C=20d; =dy =4 anda; = ap = 2,b; = by, =4 with varyingn andm

n,m Method o1 M ar A2 R

15,20 MLE AV 2.649568 2.233226 2.475681 2.195548 0.501503

MSE 2.489945 0.396993 1.297604 0.262153 0.010366
AV 2593909 2.167505 2.455873 2.151541 0.500317
MSE 2.322830 0.353065 1.306493 0.241690 0.008934
AV 2138216 2.063415 2.144954 2.071570 0.500876
MSE 0.250394 0.121570 0.228121 0.101647 0.007537
20,15 MLE AV 2487213 2184622 2.715299 2.248417 0.503762

MSE 1.505999 0.272250 5.913247 0.397358 0.010076
AV 2475639 2.143241 2.634817 2.179331 0.504618
MSE 1557766 0.258260 4.522195 0.341732 0.008688
AV 2151378 2.063730 2.129649 2.071643 0.503939
MSE 0.245916 0.105633 0.239102 0.113959 0.007357
20,20 MLE AV 2487213 2184622 2.478138 2.188234 0.501664

MSE 1.505999 0.272250 1.484963 0.262448 0.008657
AV 2462898 2.139406 2.467122 2.145232 0.501512
MSE 1.520167 0.255348 1.812107 0.242754 0.007615
AV 2145486 2.061789 2.140129 2.066624 0.501702
MSE 0.239206 0.104811 0.232111 0.098110 0.006601
30,20 MLE AV 2298233 2.126103 2.440431 2.170630 0.498604

MSE 0.691741 0.158908 1.260329 0.262379 0.006976
AV 2300459 2.101299 2.426905 2.128495 0.499889
MSE 0.779284 0.152426 1.346564 0.247535 0.006273
AV 2127729 2.055971 2.137147 2.057251 0.499412
MSE 0.216428 0.080926 0.247912 0.107777 0.005566
20,30 MLE AV 2487213 2.184622 2.280634 2.119467 0.501184

MSE 1.505999 0.272250 0.634042 0.153855 0.007087
AV 2474795 2.280711 2.142581 2.095127 0.500111
MSE 1.558604 0.252442 0.682874 0.151579 0.006387
AV 2147924 2.062137 2.125029 2.053988 0.500547
MSE 0.240872 0.104787 0.228427 0.082761 0.005621
50,50 MLE AV 2168423 2.075632 2.173288 2.070759 0.498155

MSE 0.309115 0.086185 0.296139 0.087374 0.003495
AV 2166100 2.061514 2.173070 2.056704 0.498154
MSE 0.314042 0.084100 0.309525 0.085570 0.003324
AV 2100627 2.042498 2.106529 2.037184 0.498145
MSE 0.163895 0.057196 0.160611 0.057856 0.003146

Bayes-1

Bayes-2

Bayes-1

Bayes-2

Bayes-1

Bayes-2

Bayes-1

Bayes-2

Bayes-1

Bayes-2

Bayes-1

Bayes-2

in Figures 1 and 2 for data 1 and 2 respectively. Which inég#iat the generalized Lindley distribution is quit conitgdat
to the waiting times data sets.

For obtaining the Bayes estimates, we generated ten thdysesterior samples for each stress-strength parameters
using algorithms discussed in section 4. The posteriospbthe simulated stress-strength parameters are skeitthed
Figure 3. For the choice of hyper-parameters, the expetiengnan incorporate their prior guess in terms of locatiwh a
precision for the parameter of interest. Such that

E(oy) =2

Variance(ay) = 2—%

The prior variance shows the confidence of the experimentdri® prior guess i.e. the small variance the heigh
confidence, the large variance the low confidence. In real aaplication, we have nothing other than few observations
follow the certain probability distribution function. lIlush a situations, one can use the maximum likelihood or/ay&B
estimates obtained under non-informative prior assumgthe prior guesses with certain choice of the prior vagan
Here, we have taken Bayes estimates as the prior guessémfexpected values of the parameters with variance one.
For real data sets, the maximum likelihood and Bayes estsnat the stress-strength parameters and reliability are
summarised in Table 8.
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Table 4: Average estimates (AV) and mean square errors (MSE) of tiaa&ers ofay, a, andR for fixed values oh = m= 25 with
varying a1 anday, whenA; = A, = 1 are known
EYN MLE Bayes-1 Bayes-2
ap, by AV MSE AV MSE AV MSE
1,1 1,1 oa; 1.043328 0.052517 1.043407 0.052575 1.039818 0.047525
1,1 o, 1.034653 0.047355 1.034645 0.047310 1.031574 0.042881
R 0.501677 0.004856 0.501663 0.004674 0.501589 0.004324
1,2 1,1 oa; 1.043328 0.052517 1.043407 0.052575 1.039818 0.047525
2,4 ap, 2.069307 0.189419 2.069289 0.189242 2.048782 0.131851
R 0.337736 0.003953 0.340472 0.003876 0.339949 0.003251
1,3 1,1 oa; 1.043328 0.052517 1.043407 0.052575 1.039818 0.047525
2,6 a, 3.103960 0.426192 3.103934 0.425794 2.781144 0.217569
R 0.254983 0.002897 0.258534 0.002905 0.275342 0.002920
2,1 24 a; 2.086657 0.210067 2.086813 0.210301 2.062813 0.145060
1,1 a, 1.034653 0.047355 1.034645 0.047310 1.031563 0.042878
R 0.665280 0.003860 0.662532 0.003774 0.662777 0.003144
2,2 24 a; 2.086657 0.210067 2.086813 0.210301 2.062813 0.145060
2,4 a, 2.069307 0.189419 2.069289 0.189242 2.048773 0.131850
R 0.501677 0.004856 0.501663 0.004674 0.501408 0.003483
2,3 24 a; 2.086657 0.210067 2.086813 0.210301 2.062813 0.145060
2,6 o, 3.103960 0.426192 3.103934 0.425794 3.062543 0.254300
R 0.403486 0.004536 0.405231 0.004397 0.404253 0.003075
3,1 26 a7 3.129985 0.472649 3.130220 0.473178 3.081663 0.278454
1,1 a, 1.034653 0.047355 1.034645 0.047310 1.031558 0.042875
R 0.747599 0.002794 0.744053 0.002790 0.744690 0.002189
3,2 26 a1 3.129985 0.472649 3.130220 0.473178 3.081663 0.278454
2,4 a, 2.069307 0.189419 2.069289 0.189242 2.048758 0.131830
R 0.599748 0.004472 0.597980 0.004327 0.598374 0.003018
3,3 26 a; 3.129985 0.472649 3.130220 0.473178 3.081663 0.278454
2,6 o, 3.103960 0.426192 3.103934 0.425794 3.062539 0.254278
R 0.501677 0.004856 0.501663 0.004674 0.501308 0.003054

ap, a2

-~ Lindey distibuton
— Empincal @strbuton
s It -+ Genereanized Lindley distoution

Figure 2. Empirical and fitted distribution functions foritiag times of bank (B) customers
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Table 5: Average estimates (AV) and mean square errors (MSE) of tiiveat®rs ofA1, A, andR for fixed values oh = m= 25 with
varyingA; andA,, whenay = ap = 1 are known

Ao A C1,01 MLE Bayes-1 Bayes-2
272 oo dy AV MSE AV MSE AV MSE
1,1 1,1 A; 1.029460 0.028888 1.031487 0.029258 1.030063 0.027653
1,1 A 1.032590 0.029503 1.035120 0.031046 1.033447 0.029294
R 0.500986 0.005730 0.500967 0.005614 0.500910 0.005365
1,2 1,1 A7 1.029460 0.028888 1.031487 0.029258 1.030063 0.027653
2,4 Ay 2.073869 0.136237 2.080533 0.143713 2.065959 0.111892
R 0.713162 0.003948 0.709719 0.003953 0.709818 0.003527
1,3 1,1 A7 1.029460 0.028888 1.031487 0.029258 3.094864 0.027653
2,6 Ay 3.119288 0.336331 3.130330 0.355302 0.805021 0.239289
R 0.805021 0.002413 0.801026 0.002488 0.801349 0.002116
2,1 24 A1 2.067667 0.133761 2.073384 0.135815 2.059445 0.105676
1,2 Ay 1.032590 0.029503 1.035120 0.031046 1.033447 0.029294
R 0.288422 0.003986 0.291846 0.004027 0.291643 0.003593
2,2 24 A1 2.067667 0.133761 2.073384 0.135815 2.059445 0.105676
2,4 Ay 2.073869 0.136237 2.080533 0.143713 2.065959 0.111892
R 0.500907 0.005586 0.500870 0.005473 0.500811 0.004493
2,3 24 Ay 2.067667 0.133761 2.073384 0.135815 2.059445 0.105676
2,6 Ay 3.119288 0.336331 3.130330 0.355302 3.094864 0.239289
R 0.622482 0.004953 0.620230 0.004886 0.620575 0.003795
31 26 A7 3109990 0.330514 3.119212 0.335123 3.085870 0.226223
1,1 A» 1.032590 0.029503 1.035120 0.031046 1.033447 0.029294
R 0.196191 0.002445 0.200204 0.002553 0.199757 0.002176
3,2 26 A1 3109990 0.330514 3.119212 0.335123 3.085870 0.226223
2,4 Ay 2.073869 0.136237 2.080533 0.143713 2.065959 0.111892
R 0.379191 0.004975 0.381392 0.004926 0.380874 0.003830
3,3 26 A; 3109990 0.330514 3.119212 0.335123 3.085870 0.226223
26 Az 3.119288 0.336331 3.130330 0.355302 3.094864 0.239289
R 0.500863 0.005508 0.500839 0.005395 0.500714 0.003952
Table 6: Mean square error of maximum likelihood estimatoRofith varyingR
N
0\‘@9 > & & o < & X é&g
From Table 4 he x S o~ © -7 = o = o = o =V «
& & 00(]9 QQDQ 00@ 00@ QQD?) Q&q 068) &
~ Ny N D S SO Y Y oY P
& > e ° ® O O X §
From Table 5 \'§\ > - pr - be _>°(? - Qb - Q/.\ - Q?J - \?\
& Q\é\ Q&v QQD‘Q PN & QQ(OQ Q&q Q& $®é
A\ Ny = o -5 0 —9Q — O« O « O PN
Table 7: Fitting summary for real data sets
Data Model MLE K-S P-Value —LogL AIC BIC
1 LD(61) 6,=0.18657 0.0677 0.7495 319.0374 640.0748 642.0748
GLD(a1,A1) G1=1.27728),=0.21078 0.0503 0.9620 317.8028 639.6056 639.6056
2 LD(6;) (92:0.2]973 0.0797 0.8401 169.1014 340.2028 341.7591
GLD(0a2,A2) 0»=0.92672),=0.26891 0.0683 0.9420 169.0131 342.0262 341.5825
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Figure 3. Posterior distributions (Bayes-2) of stressrgith parameters based on waiting times of bank customexrsels

Table 8. The MLEs and Bayes estimates of stress-strength paranaeténzliability from real data sets
Method Data 1 Data 2 R
o A az A2
MLE 1.277276 0.210777 0.926714 0.268914 0.669135
Bayes-1 1.271755 0.209334 0.929646 0.268612 0.667583

Bayes-2 1.240187 0.206789 0.897954 0.262332 0.664933
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