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Abstract: In this paper calibration technique is used to constructr@pmate 1001 — a)% confidence intervals for intensity
parameter®, po of a two-stage open queueing network with distributiorefiterval and service times. Numerical simulation study
is conducted to demonstrate performances of the calibaefidence intervals. Also a measure, named relative cgeeia used to
compare different calibrated confidence intervals.
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1 Introduction

Consider the two-stage open queueing network shown in Fig-1
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Fig-1: Two-stage open queueing network.

The system consists of two nodes with respective serviespatand ;. The external arrival rate i5. The output of the
node-1 is the input to the node-2. Traffic intensities arendelfias the ratios
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where J/A represent mean inter-arrival time anéL4, 1/ 1 denotes mean service times at node-1 and node-2 respgctivel
The condition for stability of the system is that andp, must be less than unity.

Burke [2] has shown that the output of an M/M/1 queue is also Poisstim nateA . Jackson 14] showed that the
product form solution also applies to open network of Maikowueues with feedback, also Jackson’s theorem states
that each node behaves like an independent queue. Dighantfoduces basic properties of queueing networks.
Thiruvaiyaru, Basawa and Bhal3] established maximum likelihood estimators of the paramsetf an open Jackson
network. Thiruvaiyaru and Basaw&d] considered the problem of estimation for the parametem dackson’s type
queueing network. Ke and Chudj] constructed various confidence intervals for intensityap@eter of a queueing
system.

Calibration technique is used for improving the coveragrieacy of any system of approximate confidence intervals.
The idea of the bootstrap calibration technique is, firstagastrap to estimate the true coverage of confidence ailterv
and the intervals is then adjusted by comparing with thestamgminal level. In literature, there is no work regarding t
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calibration technique used in queueing networks. So ingpténg to use calibration technique to construct new confide
intervals called calibrated for intensity parameters of@stage open queueing network whose true coverage pratesbil
come closer to desired value.

Nonparametric inference for estimating intensity pararseis discussed in Section 2. In Section 2.1, we have
explained calibration technique. In Section 2.2 to 2.9 weelhmoposed calibrated consistent and asymptotically ahrm
exact t, standard bootstrap, bootstrgpvariance-stabilized bootstrap-Bayesian bootstrap, percentile bootstrap,
bias-corrected and accelerated bootstrap confidencevahtiEnr intensity parameterpy,p2. In Section 3, numerical
simulation study is conducted. All simulation results ang=g in appropriate tables for illustrating performancéslb
estimation approaches. Finally some conclusions are dim®action 4.

2 Nonparametric Statistical Inference for Estimating I ntensity Parameters

Let (X,Yi,i = 1,2) be nonnegative, independent random variables repregeahpectlvely inter-arrival times and service
times at f|rst and second node of a two stage queueing net@orisider(X;,Yij,i =1,2,j =1,2,--- ,n) is a random

sample drawn frontX, Yi,i = 1,2) for jt" customer ath node. The intensities are defined as foIIows

pr=E1 and p= B2, (1)

X1 Xz
where Lk, , Ux, denote the mean inter-arrival times at two nodasg, Ly, denote the mean service times at two nodes
respectively. DefingX;,Y;,i = 1,2) to be the sample means 0%;,Y;j,i = 1,2,j = 1,2,---,n) respectively. According

to the Strong Law of Large Numbers (Rouss2d ), we know that(X;,Y;,i = 1,2) are strongly consistent estimator of
(ux, kv, 1 = 1,2) respectively. Thus a strongly consistent estimator ofisitees are given by

~ Y
==, =12 3
Pi X, (3)
The true distributions ofX;, Y;,i = 1, 2) are not often known in practice so the exact distributiong; df= 1,2 cannot be

derived. But under the assumptlon th@tandY; being independent, the asymptotical d|str|but|onfp.oi‘_ 1,2 can be
developed. By Slutsky’s theorem (Hogg & Craig, [13]), we dav

VAp - p) 3N0,07), =12
whereo? = (uf, 0 + pg 0% ) /1y i = 1,2 and> denotes convergence in distribution. Now we can estinsatas

67 = (X S+ Vi )/X0, i =12

where

DIH

1n n
Si=q 2,0 =5 2,00 W =12

Then G2,i = 1,2 is a strongly consistent estimator of,i = 1,2. Again applying the Slutsky’s theorem we have,
ﬂgi_—pi) b N(0,1),i = 1,2. Thusp;,i = 1,2 is a strongly consistent and asymptotically normal (CABtjneator with
approximate variance®?/n,i = 1,2.

2.1 Calibration Technique

The general theory of calibration is reviewed in Efron anldshirani B] , following ideas of Loh [L6] , Beran [1] , Hall
[11] and Hall and Martin 12]. The bootstrap calibration technique was introduced bly [165,17] . A confidence limit
pila] is supposed to have probability of covering the true valug;, that isP={pi < pila]} = a,i = 1,2 whereF is
unknown continuous probability distribution. For an appneate confidence limit there is true probabilfy that p; is
less tharpi[a] say,Bi(a) = P {pi < pi[a]}. The actual coverage of a confidence procedure is rarelyl &gjtiee desired
coverage and often it is substantially different. If we knae functionf(a) then we could calibrate an approximate
confidence interval to give exact coverage. Suppose we khat)8{0.03) = 0.05 andf3(0.94) = 0.95. Then instead of
(fi[0.05], 4]0.195]) we would us€5;[0.03], £i[0.94)) to get a central 90% interval with correct coverage prolitsi
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In practice usually we don't kqow the calibration functiBiia ). However we can use the bootstrap to estinfiate ).
The bootstrap estimate f(a) is Bi(a) = Pz {6 < pila]*} whereF; andp; are fixed whileg;[a]* is thea" confidence

limit based on bootstrap dataset frétn The estimateﬁi (a) is obtained by taking B bootstrap data sets and seeing what
proportion of them havg; < pi[a]*.

2.2 Consistent and Asymptotically Normal (CAN) CalibraBmhfidence Interval

With the CAN estimatorg;,i = 1,2 and its associated approximate varian&é;én,i = 1,2, we construct calibrated
confidence intervals for intensitigs,i = 1,2. Let z, be the uppem!" quantile of the standard normal distribution.

Compute B(a1) = P{pi < (B — Zq/261/v)} and B(az) = P{pi < (Bi + Zq/261/ )} where ap = 1— 0y and
0< a; < 1. Then approximate 100 — a)% calibrated confidence intervals for,i = 1,2 are given by,

(B = 230y 281 /¥, B+ 20 281 /V) 1 =12 (4)

2.3 Exact-t Calibrated Confidence Intervals

Let ty be the uppent quantile of the Students-distribution. Computeﬁ(ag) =P{p < (b —tn-1)a/20i/v/n} and

B(as) = P{p < (B +tn-1),a/201/v/N}, whereas = 1 — a3 and 0< a3 < 1. Then approximate 100— a)% exactt
calibrated confidence intervals pf,i = 1,2 are given by,

(fji/ (n— 1) (as) /ZO—I /\/— pl +t (n— 1 B(ag) /ZO—I /\/—) (5)

2.4 Standard Bootstrap (SB) Calibrated Confidence Interval

Efron [7,8,9] originally developed and proposed the bootstrap, which issampling technique that can be effectively
applied to estimate the sampling distribution of any dtiatis\ccording to the bootstrap procedure, a simple random
sample (X”, ,J,' = 1,2,j = 1,2,---,n) is taken from the empirical distribution function of

(Xij,Yij,i =1,2;j =1,2,---,n). Thus bootstrap estimate for intensftyi = 1,2 can be calculated g5 = ;'—i,i =12.
The resampling process is repeatédimes andp,p5, -, 0.1 = 1,2 are computed from the bootstrap resample.

N
Averaging theN bootstrap estimates we get bootstrap estimai@ ,of= 1,2 aspn(i) = ﬁ > fjj,i =1,2 and standard
=1

deviation ofp;,i = 1,2 is estimated by

N 1/2
Sd(ﬁN { Z le } , =12

For necessary background on bootstrap technique, we celigrdan and Gong4] , Efron and Tibshirani%] , Guntur [10]
, Mooney and Duval19] , Young [24], Rubin [21], Miller [ 18]. .

By central Iimit theorem the distribution @, i = 1,2 is approximately normal. After Computingyas) = P{p; <

2sd(An (i)} andB(ae) = P{pi < (fi+2/25d(On(i)))} whereas = 1—as and 0< as < 1. We get 1001 — a)%

SB callé)rated confidence interval fpris

(B = 23051 /2SUBN )Y s Bl + 25 5PN (1))) (6)

2.5 Bootstrap-t Calibrated Confidence Intervals

Consider N bootstrap estimatqﬁi*l,ﬁi*z,---,ﬁﬁ\,,i = 1,2 computed from the bootstrap resample. We compute
Zi*j = %’W,i =12j=12---,N and Z,*],i =12j=12---,N follow an approximate distribution. Also
(@© 2014 NSP
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compute(a7) = P{pi < (B — ta/25d(pn(i)))} and B(as) = P{pi < (B +ta/od(Pn(i)))} whereas = 1— a7 and
0< a7 <1.Then 1001 — a)% bootstrap-calibrated confidence interval for is

(B =Ty 2 SUBNGD)Y s B+ 5 25BN () ), T=1,2 (7

yvhelrez'fﬁ?(a)/2 anolt“és(o{)/2 equals thex /2 percentile of the random sam@g, Z5,--- , Zj\
i=1

2.6 Variance-stabilized Bootstrap-t (VST) Calibrated @dence Intervals

Letfi,i = 1,2 be a strongly consistent and asymptotically normal estinvaith approximate variances/n,i = 1,2. Let
Gi = @(pi)- To find a transformatiof(p;) such thawar(f(p;)) ~ constant, we use the first order Taylor series expansion
and taking expectations on both sides, we get

Varlf (p)] = Var(p)('(0))* = (@(p)*(f'(01))?, 1=1,2.
Now considerf (p1) = /nlog(@(fi)),i = 1,2 is the variance-stabilizing transformation. Then we have
2 2 A2
Vi@~ () varlal= () varal= 5% ~1i-12

Here we consideN bootstrap estimates;, 5, - , .1 = 1,2 computed from the bootstrap resample. We obtain

= (vnlog(pj) — vinlog(p)),i=1,2,j=12-- N.

~ AV 1o -
Also ComputeB(ag) = P{p; < v viii-a/2) and B(ayo) = P{p < o9lA)~ 750 villa/2) whereayo = 1— g and 0<
09 <1.A1001— a)% VST calibrated confidence interval for,i = 1,2 is
<e|09(ﬁi)—%\7itl§<ag)’ e|09(ﬁi)—%\7ité(alo)> ®)
Wherevi‘tﬁgw{> andv?tﬁlow> are(a/2)" and(1— a/2)™" percentile of the random sampdg, 85, - -+ , 65,1 = 1,2.

2.7 Bayesian Bootstrap (BB) Calibrated Confidence Interval

Each BB replication generates a posterior probability &mteqj,i =1,2,j = 1,2,--- ,n. One BB replication is generated
by drawingn — 1 uniform (0,1) random numbers;,ra,---,rn—1, ordering them, and calculating the gaps=r;) —
rG-1,] =1,2,---,n, whererg = 0 andr = 1. Thenw; = (Wiz,Wiz,--- ,Win),i = 1,2 is the vector of probabilities
attached to the inter-arrival dakg,i = 1,2,j = 1,2,--- ,n. Considering all BB replications gives the BB distributioh

SZkk n .
the distribution ofX;. Hence foruy,,i = 1,2 (the mean oK) in each BB replication we calcula¥s = 5 wijXij,i =1,2.
j=1
The distribution of the values c)_(i** over all BB replications is the BB distribution @fy,. Also, generating a vector
of probabilitiesv; = (Vi1,Vi2,--- ,Vin),i = 1,2 attached to the service time data valgsi = 1,2.j = 1,2---nin a BB
kK n . . .
replication, and we calculaty = Z vijyij for py; (the mean ofi). An estimate of intensity; can be calculated from

BB replications agp;* = _**,I = 1 2, wherep*,i = 1,2 is called a Bayesian bootstrap estimatepof = 1,2. The
above BB process can be repeakétimes. TheN BB estlmatespll,plz, -+, Pins1 = 1,2 can be computed from tH&B

*.i =1,2is theBB estimate ofp;,i = 1,2.

=z

replications. Averaging thil BB estimates, we obtain thagg(i) 2

I]’

Also the standard deviation @f can be estimated by

N 1/2
sd(Pgs(i) = {N— Z(PU ﬁés(i))z} ,i=12
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Also find B(a11) = P{pi < (B — Za/25d(Phs(i)))} and andB(a12) = P{p < (i — Za25d(Phg(i)))} , wherearo = 1—
a11,0 < a1 < 1. Applying the asymptotical normality @ ,i = 1,2, 1001 — a)%BB calibrated confidence interval for
pi,i=12is

(Bl — 23y 25BER(0))' B + 25 g 105 PR(1))' ) 1= 1.2 (9)

ago)

2.8 Percentile Bootstrap (PB) Calibrated Confidence Inadsv

Now call p*, 05, - ,Pin.1 = 1,2 the bootstrap distribution q¥i,i = 1,2. Let pj*(1),5{(2),---,0"(N),i = 1,2 be the

order statistics of;3, p5, - , PN, i = 1,2. Compute3(a13) = P{pi < PH(IN(S)I} andB(a14) = P{pi < pF(IN(1— )]}
Then utilizing the 100 /2)t" and 1001 — a /2)" percentage points of the bootstrap distribution, Then160x)% PB
calibrated confidence interval fpr,i = 1,2 is given by,

) ) e

where[x] denotes the greatest integer less than or equal to

2.9 Bias-Corrected and Accelerated Bootstrap(BCaB) Gatdxd Confidence Intervals

The bootstrap distributiop;, 5, - , fiy .1 = 1,2 may be biased, consequently the PB calibrated confidetemah of
N

intensity method is designed to correct this potential biathe bootstrap designed. Sgt= ﬁ S I(,[)i’j <ph),i=12
=1

wherel (+) is the indicator function. Defing = ¢~1(pi),i = 1,2 whereg~! denotes the inverse function of the standard
normal distributionp. Except for correctmg the potential bias of the bootstriafrithution, we can accelerate convergence
of bootstrap distribution. LetX;(k),Y;(k),i = 1,2,k = 1,2,--- ,n) denote the original samples with th# observation
(Xik, Yik, 1 =1,2) deleted als@i,i = 1,2 be the estimator qdil,l = 1,2 calculated by usingX;(k),Y;(k),i = 1,2).

Definep; = ﬁ Z Pi,i =1,2 and
k=1

(B — Pw)®
& = k=1 =12

{6 <k§l(ﬁi - f,ik)z) <2>} i=1

Z andd,i = 1,2 are named bias-correction and acceleration respectively
Also computeB(ais) = P{pi < p"([Nai1])} andB(aie) = P{pi < p*([Nai2])} , where

ailch{z+%} ai2=q0{2+1 @+ 20)2) }, i=12.

ITM>

2
(2 +242)
Thus 1001 — a)% BCaB calibrated confidence interval of intensities = 1,2 is given by

(67 (Nafi]), B ([Nap])). i=1,2. (11)

Y PV e WEAVE (Z+ 25, a)/2) .
ai1—¢{d+1 AZ 7300 ai, =@ Z+1 AT 7,00 L i=12

where,
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3 Simulation Study

To evaluate performances of calibrated confidence intenvainerical simulation study was undertaken. It is observed
that most statisticians assess performances of intertrala@ons in terms of coverage percentages or averagehsmogt
confidence intervals. However, through simulation studthresearch work, we find that larger coverage percentages
of confidence interval may often be due to wider standardatiewi of interval estimation methods. Moreover, narrower
confidence intervals may often lead to smaller coveragespéages. Hence, both coverage percentage and averade lengt
are not efficient for appraising interval estimation methdd order to overcome above two shortcomings, we consider a
measure, named relative coverage, to evaluate perforrmafagerval estimation methods.

Relative coverage is defined as the ratio of coverage pegetd average length of confidence interval. Larger reativ
coverage implies the better performances of the correspgrdnfidence intervals. Here we set a continuous distdhut
with mean ZA on inter-arrival time ofX; andX; and a continuous distribution with meayitd; on the service timg; at
node-1 and that of lu, onY, at node-2. Different levels of intensity parameters comi®d in the simulation study are
shown in Table-1.

Table-1: Different levels of intensity parameters considered m$hmulation study

pP1L<p2 pP1> P2
(1) Low=0.1 and Moderate=0.5 (1) Moderate=0.5 and Low=0.1
(2) Low=0.1 and High=0.9 (2) High=0.9 and Low=0.1
(3) Moderate=0.5 and High=0.9 (3) High=0.9 and Moderate=0.p

For each level op;,i = 1,2 random samples of inter-arrival times and service ti@¢sYij,i =1,2,j=1,2,--- ,;nare
drawn from(X,Yi,i = 1,2). NextN = 1000 bootstrap resamples each of gize 10 and 29 are drawn from the original
samples, as well as N=1000 BB replications are simulateth®original samples. According to equations (4) to (11) we
obtain calibrated CAN, Exadt-Boott, VST, SB, BB, PB and BCaB confidence intervals of intensitiesind p, with
confidence level 90%. The above simulation process is r@plittN = 1000 times and we compute coverage percentages,
average lengths and relative coverage of the above medtmmdidence intervals. We utilize a PC Dual Core and apply
Matlab 7.0.1 to accomplish all simulations.

Table-2 : Different queueing network models simulated for study

Queueing | Models C.V. of C.V. of C.V. of C.V. of
Networks | simulated inter-arrival inter- arrival service time | service time
type time for node-1 | time for node-2 | for node-1 for node-2
M/G/1to | M/E;/1toE,/M/1 1 172 172 1

G/M/1 M/H;%/1toH;5/M/1 1 >1 >1 1

GIGITt0 | E4/H%/1t0H}°/E,/1 | 172 >1 >1 12

GIG/1 E,/H;°/T10H°JE,/T | 172 <1 <1 12

Here C.V. represents coefficient of variation correspogdlinthe inter-arrival/service time distribution, M repeess
an exponential distributiorg4 a 4-stage Erlang distributioh{f € a 4-stage hyper-exponential distribution aﬁﬁo ad-
stage hypo-exponential distribution. The coverage peages, average lengths and relative coverage’s of intespit
andp, based on simulation study for queuing network models (miteskin Table 2) with short run for different calibrated
interval estimation approaches are shown in Tables 3 to 6.
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Table-3 : Simulation results: 90% calibrated confidence intervaBIgE,/1 toE4/M /1

Intensity Estimation Coverage Average Relative
Parameters | Approches n=10 n=29 Percentages Lengths Coverage
Ba)) [ Bli—q) Ba) [ Bli—qp n=10 [ n=29 n=10 [ n=29 n=10 [ n=29
CAN1 0.040 0.913 0.030 0.919 0.842 0.882 0.113 0.069 7.428 12.792
CAN2 0.017 0.847 0.030 0.911 0.782 0.840 0.546 0.329 1.432 2.551
tCAN1 0.018 0.950 0.022 0.936 0.941 0.921 0.194 0.082 4.858 11.239
tCAN2 0.009 0.867 0.025 0.916 0.807 0.856 0.700 0.352 1.152 2.433
Boottl 0.016 0.891 0.016 0.900 0.832 0.869 0.113 0.067 7.338 12.965
Boott2 0.014 0.816 0.022 0.893 0.719 0.827 0.450 0.311 1.599 2.661
VST1 0.083 0.934 0.052 0.937 0.797 0.864 0.101 0.066 7.902 13.052
pp=01 VST2 0.077 0.915 0.062 0.946 0.780 0.847 0.541 0.329 1.442 2578
& SB1 0.023 0.934 0.025 0.930 0.907 0.911 0.158 0.077 5.744 11.900
p2 =05 SB2 0.019 0.846 0.028 0.910 0.780 0.845 0.5632 0.330 1.466 2.558
BB1 0.039 0.915 0.029 0.918 0.849 0.882 0.118 0.069 7.221 12.762
BB2 0.026 0.834 0.031 0.906 0.746 0.830 0.473 0.317 1579 2.618
PB1 0.129 0.963 0.076 0.955 0.779 0.842 0.138 0.070 5.658 12.011
PB2 0.045 0.870 0.042 0.926 0.764 0.840 0.445 0.313 1718 2.685
BCaB1 0.118 0.956 0.076 0.953 0.773 0.841 0.126 0.068 6.148 12.310
BCaB2 0.048 0.870 0.041 0.930 0.757 0.842 0.433 0.315 1.750 2.669
CAN1 0.043 0.918 0.044 0.922 0.855 0.857 0.114 0.065 7.473 13.087
CAN2 0.017 0.867 0.026 0.897 0.759 0.837 0.979 0.586 0.776 1.429
tCAN1 0.018 0.948 0.029 0.937 0.936 0.916 0.194 0.079 4.836 11.603
tCAN2 0.011 0.881 0.024 0.901 0.781 0.844 1.205 0.616 0.648 1.370
Boottl 0.019 0.895 0.027 0.898 0.843 0.856 0.115 0.064 7.337 13.454
Boott2 0.017 0.845 0.019 0.869 0.739 0.828 0.812 0.539 0.910 1.537
pp =01 VST1 0.081 0.932 0.069 0.937 0.794 0.846 0.102 0.062 7.783 13578
& VST2 0.074 0.916 0.069 0.938 0.789 0.849 0.959 0.564 0.823 1.504
p2=09 SB1 0.028 0.935 0.032 0.933 0.912 0.898 0.155 0.074 5.875 12.065
SB2 0.023 0.863 0.027 0.891 0.750 0.829 0.924 0.575 0.811 1.442
BB1 0.041 0.924 0.041 0.923 0.868 0.861 0.120 0.066 7.210 12.999
BB2 0.029 0.854 0.027 0.891 0.722 0.821 0.834 0.563 0.866 1.458
PB1 0.107 0.962 0.092 0.955 0.766 0.820 0.140 0.068 5.479 11.978
PB2 0.046 0.881 0.045 0.908 0.740 0.829 0.793 0.530 0.933 1.564
BCaB1 0.104 0.961 0.087 0.951 0.759 0.824 0.132 0.066 5.744 12.424
BCaB2 0.047 0.878 0.049 0.907 0.732 0.825 0.771 0.518 0.950 1.593
CAN1 0.035 0.920 0.038 0.928 0.872 0.867 0.595 0.342 1.467 2535
CAN2 0.019 0.836 0.021 0.894 0.743 0.853 0.103 0.068 7.230 12.556
tCAN1 0.013 0.953 0.026 0.938 0.955 0.911 1.034 0.406 0.924 2.247
tCAN2 0.011 0.856 0.018 0.899 0.773 0.863 0.130 0.072 5.963 11.931
Boottl 0.014 0.894 0.023 0.908 0.855 0.857 0.583 0.334 1.467 2.563
Boott2 0.016 0.805 0.015 0.877 0.695 0.846 0.085 0.063 8.203 13.375
pp =05 VSTL 0.073 0.944 0.057 0.935 0.834 0.834 0.538 0.325 1.549 2.565
& VST2 0.070 0.915 0.043 0.930 0.798 0.881 0.108 0.071 7.397 12.484
pp=01 SB1 0.020 0.941 0.032 0.934 0.932 0.896 0.825 0.377 1.130 2.379
SB2 0.021 0.835 0.021 0.893 0.736 0.847 0.100 0.068 7.348 12.543
BB1 0.038 0.922 0.038 0.930 0.873 0.870 0.608 0.343 1.437 2534
BB2 0.029 0.823 0.023 0.888 0.720 0.839 0.089 0.065 8.123 12.919
PB1 0.115 0.964 0.087 0.951 0.780 0.812 0.708 0.341 1.102 2.384
PB2 0.045 0.863 0.032 0.910 0.745 0.861 0.085 0.063 8.777 13.723
BCaB1 0.105 0.959 0.077 0.949 0.783 0.820 0.654 0.337 1.198 2.432
BCaB2 0.046 0.864 0.032 0.909 0.739 0.850 0.083 0.062 8.877 13.763
CAN1 0.050 0.924 0.056 0.937 0.843 0.870 0.562 0.328 1.501 2.650
CAN2 0.021 0.841 0.024 0.893 0.760 0.856 0.946 0.594 0.803 1.441
tCAN1 0.018 0.948 0.040 0.950 0.936 0.926 0.964 0.393 0.971 2.359
tCAN2 0.009 0.859 0.020 0.895 0.785 0.868 1.243 0.632 0.632 1.373
Boottl 0.018 0.879 0.026 0.913 0.820 0.865 0.542 0.333 1514 2.595
Boott2 0.015 0.809 0.015 0.879 0.731 0.845 0.792 0.567 0.923 1.490
VSTL 0.094 0.932 0.068 0.947 0.794 0.852 0.487 0.320 1.630 2.664
p1 =05 VST2 0.087 0.910 0.065 0.931 0.787 0.853 0.930 0.573 0.846 1.490
& SB1 0.031 0.940 0.045 0.945 0.914 0.905 0.772 0.367 1.184 2.463
p2 =09 SB2 0.022 0.837 0.023 0.891 0.749 0.855 0.924 0.594 0.810 1.440
BB1 0.050 0.919 0.057 0.934 0.852 0.868 0.574 0.324 1.484 2679
BB2 0.034 0.826 0.026 0.891 0.705 0.848 0.804 0.572 0.877 1.483
PB1 0.129 0.967 0.095 0.960 0.759 0.834 0.706 0.351 1.075 2.378
PB2 0.052 0.861 0.045 0.908 0.746 0.859 0.769 0.536 0.970 1.602
BCaB1 0.119 0.958 0.090 0.959 0.746 0.836 0.631 0.343 1.183 2.440
BCaB2 0.052 0.866 0.047 0.909 0.746 0.850 0.761 0.530 0.980 1.605
CAN1 0.033 0.906 0.052 0.934 0.841 0.846 1.046 0.597 0.804 1.416
CAN2 0.022 0.864 0.019 0.898 0.768 0.837 0.102 0.068 7.495 12.351
tCAN1 0.008 0.944 0.035 0.945 0.947 0.912 1.913 0.715 0.495 1.276
tCAN2 0.011 0.878 0.016 0.905 0.784 0.852 0.130 0.073 6.016 11.733
Boottl 0.007 0.878 0.028 0.919 0.835 0.851 1.029 0.612 0.812 1.391
Boott2 0.019 0.842 0.012 0.882 0.747 0.852 0.087 0.064 8.568 13.347
pp =09 VSTL 0.071 0.925 0.073 0.946 0.795 0.824 0.936 0.571 0.849 1.444
& VST2 0.079 0.925 0.058 0.938 0.797 0.862 0.102 0.065 7.821 13.206
pp =01 SB1 0.018 0.932 0.041 0.941 0.916 0.877 1.454 0.668 0.630 1.313
SB2 0.025 0.861 0.023 0.895 0.761 0.830 0.099 0.066 7.691 12.666
BB1 0.031 0.910 0.052 0.935 0.849 0.847 1.095 0.599 0.775 1.413
BB2 0.031 0.849 0.025 0.893 0.742 0.823 0.089 0.063 8.349 13.002
PB1 0.115 0.953 0.096 0.967 0.778 0.816 1.163 0.662 0.669 1.233
PB2 0.043 0.882 0.042 0.917 0.760 0.848 0.087 0.061 8.729 13.991
BCaB1 0.108 0.949 0.088 0.954 0.777 0.809 1.099 0.610 0.707 1.326
BCaB2 0.044 0.878 0.045 0.912 0.756 0.832 0.084 0.059 8.948 14.141
CAN1 0.047 0.911 0.030 0.936 0.837 0.890 1.018 0.643 0.822 1.384
CAN2 0.019 0.860 0.028 0.919 0.765 0.865 0.536 0.342 1.426 2.526
tCAN1 0.023 0.942 0.016 0.949 0.928 0.932 1.699 0.791 0.546 1.179
tCAN2 0.014 0.878 0.022 0.923 0.800 0.881 0.650 0.369 1.232 2.391
Boottl 0.021 0.886 0.015 0.912 0.820 0.892 1.014 0.624 0.808 1.430
Boott2 0.018 0.830 0.022 0.905 0.755 0.861 0.441 0.323 1713 2.666
VST1 0.085 0.927 0.050 0.949 0.793 0.883 0.915 0.614 0.867 1438
pp =09 VST2 0.083 0.923 0.069 0.946 0.805 0.864 0.523 0.325 1.539 2.656
& SB1 0.035 0.932 0.024 0.943 0.902 0.915 1.385 0.713 0.651 1.284
p2 =05 SB2 0.022 0.858 0.030 0.918 0.761 0.860 0.519 0.337 1.467 2.549
BB1 0.046 0.915 0.028 0.935 0.849 0.892 1.062 0.647 0.799 1.379
BB2 0.027 0.848 0.031 0.913 0.730 0.844 0.469 0.326 1.556 2.588
PB1 0.131 0.953 0.082 0.966 0.742 0.868 1.178 0.664 0.630 1.308
PB2 0.044 0.880 0.049 0.931 0.769 0.865 0.446 0.316 1.725 2734
BCaB1 0.116 0.954 0.077 0.958 0.748 0.864 1.143 0.626 0.654 1.381
BCaB2 0.047 0.879 0.052 0.932 0.753 0.859 0.432 0.314 1.742 2738
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Table-4 : Simulation results: 90% calibrated confidence intervallpH}®/1 to H}®/M /1.
Intensity Estimation Coverage Average Relative
Parameters Approches n=10 n=29 Percentages Lengths Coverage
Blaj) [ B(1—aj) Blaj) [ B(1—aj) n=10 | n=29 n=10 [ n=29 n=10 [ n=29
CAN1 0.034 0.881 0.029 0.907 0.844 0.885 0.118 0.071 7.153 12.388
CAN2 0.019 0.852 0.037 0.902 0.773 0.852 0.554 0.331 1.395 2578
tCAN1 0.014 0.922 0.023 0.925 0.926 0.929 0.200 0.084 4.627 11.103
tCAN2 0.010 0.876 0.032 0.909 0.804 0.869 0.724 0.354 1.110 2.456
Boottl 0.013 0.864 0.018 0.880 0.787 0.845 0.114 0.067 6.924 12.690
Boott2 0.014 0.830 0.030 0.878 0.735 0.825 0.469 0.306 1.568 2695
VST1 0.083 0.899 0.052 0.923 0.761 0.856 0.104 0.068 7.341 12531
pp=01 VST2 0.079 0.917 0.072 0.944 0.779 0.850 0.543 0.331 1.435 2.566
& SB1 0.024 0.902 0.029 0.917 0.891 0.914 0.157 0.077 5.668 11.881
pp =05 SB2 0.018 0.858 0.037 0.903 0.772 0.854 0.566 0.331 1.365 2579
BB1 0.032 0.885 0.032 0.906 0.849 0.881 0.123 0.070 6.891 12.554
BB2 0.030 0.845 0.038 0.897 0.746 0.836 0.484 0.319 1.541 2.618
PB1 0.114 0.933 0.078 0.946 0.754 0.849 0.123 0.071 6.135 12.031
PB2 0.049 0.883 0.051 0.918 0.763 0.846 0.465 0.315 1.639 2.685
BCaB1 0.108 0.925 0.076 0.944 0.742 0.848 0.116 0.069 6.386 12.217
BCaB2 0.049 0.874 0.055 0.924 0.743 0.845 0.449 0.316 1.657 2.674
CAN1 0.044 0.905 0.027 0.928 0.836 0.888 0.116 0.074 7212 11.937
CAN2 0.024 0.854 0.034 0.898 0.761 0.833 0.970 0.590 0.785 1412
tCAN1 0.022 0.940 0.017 0.940 0.930 0.925 0.191 0.089 4.864 10.415
tCAN2 0.015 0.876 0.028 0.899 0.799 0.845 1222 0.630 0.654 1.342
Boottl 0.019 0.874 0.011 0.914 0.814 0.883 0.112 0.074 7.296 11.885
Boott2 0.015 0.818 0.023 0.880 0.692 0.815 0.822 0.561 0.842 1.452
VST1 0.084 0.922 0.059 0.941 0.800 0.857 0.105 0.068 7.651 12.606
pp=01 VST2 0.085 0.923 0.080 0.928 0.751 0.818 0.959 0.556 0.783 1.472
& SB1 0.028 0.926 0.021 0.936 0.903 0.914 0.158 0.082 5.708 11.094
pp =09 SB2 0.025 0.851 0.033 0.896 0.765 0.834 0.963 0.591 0.795 1411
BB1 0.039 0.911 0.028 0.929 0.854 0.890 0.123 0.074 6.934 11.999
BB2 0.036 0.834 0.039 0.892 0.726 0.817 0.832 0.560 0.873 1.460
PB1 0.103 0.952 0.079 0.960 0.793 0.847 0.135 0.074 5.854 11.376
PB2 0.056 0.885 0.064 0.910 0.739 0.813 0.829 0.532 0.891 1.529
BCaB1 0.092 0.949 0.073 0.955 0.793 0.850 0.130 0.072 6.111 11.782
BCaB2 0.053 0.876 0.062 0.910 0.735 0.804 0.803 0.531 0.916 1.514
CAN1 0.038 0.899 0.030 0.910 0.829 0.880 0.582 0.351 1.425 2.505
CAN2 0.027 0.891 0.029 0.903 0.782 0.849 0.112 0.068 6.997 12.562
tCAN1 0.008 0.931 0.021 0.924 0.913 0.918 1.073 0.415 0.851 2211
tCAN2 0.011 0.912 0.022 0.912 0.829 0.878 0.150 0.074 5.509 11.839
Boottl 0.009 0.872 0.012 0.895 0.816 0.888 0.574 0.350 1.420 2.536
Boott2 0.014 0.861 0.020 0.887 0.774 0.858 0.099 0.064 7.802 13.379
VST1 0.084 0.918 0.064 0.930 0.785 0.863 0.516 0.326 1.521 2.648
p1 =05 VST2 0.097 0.944 0.066 0.942 0.788 0.875 0.104 0.066 7.559 13.165
& SB1 0.022 0.918 0.023 0.921 0.889 0.911 0.797 0.392 1.116 2321
pp=01 SB2 0.028 0.890 0.027 0.903 0.784 0.852 0.112 0.068 7.026 12.456
BB1 0.039 0.901 0.030 0.913 0.836 0.884 0.601 0.353 1.391 2503
BB2 0.039 0.877 0.032 0.897 0.748 0.834 0.097 0.064 7.687 12.935
PB1 0.127 0.942 0.079 0.950 0.779 0.859 0.620 0.352 1.256 2.437
PB2 0.071 0.918 0.044 0.921 0.789 0.870 0.098 0.064 8.037 13.650
BCaB1 0.119 0.942 0.072 0.946 0.779 0.860 0.603 0.346 1.292 2.487
BCaB2 0.068 0.916 0.050 0.922 0.780 0.855 0.097 0.063 8.007 13.650
CAN1 0.036 0.895 0.035 0.922 0.828 0.874 0.591 0.354 1.401 2.467
CAN2 0.021 0.864 0.023 0.904 0.788 0.850 1.010 0.635 0.780 1.338
tCAN1 0.012 0.934 0.024 0.936 0.908 0.920 1.029 0.422 0.883 2.180
tCAN2 0.014 0.883 0.021 0.908 0.832 0.863 1.260 0.673 0.660 1.282
Boottl 0.012 0.867 0.018 0.902 0.781 0.862 0.567 0.347 1.377 2481
Boott2 0.015 0.834 0.021 0.880 0.753 0.826 0.849 0.571 0.887 1.446
VST1 0.075 0.921 0.059 0.942 0.766 0.857 0.542 0.342 1412 2509
p1 =05 VST2 0.079 0.923 0.059 0.937 0.800 0.847 0.994 0.615 0.805 1.376
& SB1 0.020 0.921 0.028 0.932 0.877 0.907 0.817 0.395 1.074 2.298
p2 =09 SB2 0.024 0.868 0.023 0.903 0.794 0.849 1.002 0.635 0.792 1.337
BB1 0.035 0.897 0.037 0.922 0.831 0.871 0.611 0.351 1.360 2.480
BB2 0.034 0.850 0.023 0.902 0.754 0.843 0.869 0.620 0.868 1.359
PB1 0.134 0.949 0.080 0.956 0.726 0.840 0.648 0.365 1.120 2.304
PB2 0.056 0.890 0.047 0.918 0.791 0.837 0.846 0.571 0.935 1.467
BCaB1 0.119 0.945 0.077 0.952 0.721 0.837 0.620 0.354 1.163 2.367
BCaB2 0.057 0.886 0.048 0.918 0.778 0.830 0.823 0.565 0.946 1.468
CAN1 0.039 0.896 0.037 0.908 0.837 0.863 1.056 0.607 0.793 1.423
CAN2 0.011 0.860 0.022 0.917 0.770 0.876 0.120 0.073 6.403 12.003
tCAN1 0.013 0.927 0.025 0.931 0.932 0.910 1.835 0.735 0.508 1.238
tCAN2 0.006 0.881 0.016 0.926 0.812 0.894 0.158 0.080 5.149 11.109
Boottl 0.011 0.872 0.020 0.889 0.820 0.853 1.042 0.591 0.787 1443
Boott2 0.008 0.827 0.015 0.901 0.750 0.888 0.097 0.069 7.710 12.913
VST1 0.073 0.910 0.055 0.934 0.788 0.858 0.971 0.604 0.811 1.420
p1 =09 VST2 0.079 0.926 0.066 0.951 0.792 0.891 0.111 0.069 7.161 12.986
& SB1 0.021 0.913 0.029 0.924 0.903 0.898 1.464 0.684 0.617 1312
pp =01 SB2 0.010 0.859 0.023 0.920 0.773 0.880 0.122 0.073 6.340 12.042
BB1 0.034 0.897 0.036 0.909 0.846 0.868 1115 0.610 0.759 1.424
BB2 0.018 0.845 0.025 0.914 0.744 0.869 0.104 0.070 7.130 12.437
PB1 0.115 0.939 0.070 0.956 0.773 0.861 1.134 0.656 0.681 1.312
PB2 0.048 0.888 0.046 0.933 0.771 0.874 0.095 0.067 8.131 13120
BCaB1 0.107 0.937 0.067 0.951 0.780 0.854 1.102 0.636 0.708 1.342
BCaB2 0.049 0.889 0.039 0.934 0.764 0.883 0.094 0.068 8.158 13.023
CAN1 0.026 0.911 0.037 0.921 0.843 0.875 1.139 0.633 0.740 1.383
CAN2 0.024 0.873 0.021 0.897 0.798 0.846 0.572 0.353 1.396 2.397
tCAN1 0.010 0.937 0.024 0.934 0.922 0.921 1.907 0.757 0.483 1.217
tCAN2 0.014 0.888 0.016 0.901 0.824 0.858 0.722 0.383 1.142 2.239
Boottl 0.009 0.885 0.017 0.895 0.830 0.843 1.083 0.618 0.766 1.364
Boott2 0.016 0.846 0.016 0.884 0.743 0.843 0.491 0.328 1514 2.568
VST1 0.074 0.924 0.063 0.935 0.782 0.840 0.979 0.599 0.799 1.402
p1 =09 VST2 0.078 0.936 0.050 0.942 0.780 0.870 0.581 0.359 1.342 2.425
& SB1 0.016 0.924 0.028 0.927 0.897 0.901 1513 0.703 0.593 1.281
pp =05 SB2 0.026 0.877 0.024 0.896 0.800 0.842 0.571 0.347 1.401 2.428
BB1 0.025 0.908 0.035 0.921 0.848 0.880 1174 0.637 0.722 1.380
BB2 0.029 0.864 0.026 0.893 0.773 0.837 0.516 0.334 1.497 2510
PB1 0.121 0.953 0.082 0.956 0.777 0.834 1.204 0.656 0.645 1.272
PB2 0.052 0.891 0.037 0.917 0.764 0.851 0.486 0.325 1573 2.619
BCaB1 0.111 0.945 0.083 0.949 0.771 0.827 1.117 0.624 0.690 1.326
BCaB2 0.048 0.894 0.035 0.914 0.770 0.844 0.488 0.321 1579 2.626
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Table-5: Simulation results: 90% calibrated confidence intervaBg/H}®/1 toH®/E4/1.

Intensity Estimation Coverage Average Relative
Parameters Approches n=10 n=29 Percentages Lengths Coverage
Blaj) [ B(1—aj) Bla) [ B(d—aj) n=10 [ n=29 n=10 [ n=29 n=10 [ n=29
CAN1 0.029 0.888 0.030 0.910 0.830 0.857 0.076 0.047 10.891 18.421
CAN2 0.028 0.902 0.057 0.935 0.837 0.874 0.389 0.223 2.151 3.925
tCAN1 0.020 0.912 0.023 0.912 0.875 0.866 0.094 0.050 9.295 17.310
tCAN2 0.018 0.917 0.045 0.942 0.884 0.895 0.490 0.244 1.805 3.672
Boottl 0.021 0.866 0.023 0.894 0.793 0.842 0.068 0.044 11.664 19.064
Boott2 0.019 0.879 0.040 0.922 0.796 0.874 0.350 0.222 2272 3.943
VST1 0.069 0.923 0.051 0.928 0.811 0.851 0.071 0.045 11.424 18.881
pp=01 VST2 0.064 0.920 0.077 0.949 0.790 0.866 0.351 0.215 2.250 4.029
& SB1 0.037 0.887 0.030 0.908 0.818 0.851 0.073 0.046 11.210 18.426
pp=05 SB2 0.029 0.905 0.056 0.936 0.839 0.876 0.395 0.224 2121 3.902
BB1 0.041 0.873 0.034 0.906 0.778 0.836 0.066 0.044 11.804 18.897
BB2 0.040 0.893 0.056 0.931 0.795 0.869 0.342 0.216 2322 4.031
PB1 0.068 0.920 0.054 0.921 0.809 0.835 0.068 0.042 11.851 19.670
PB2 0.065 0.928 0.077 0.948 0.802 0.860 0.354 0.221 2.263 3.894
BCaB1 0.066 0.919 0.051 0.920 0.815 0.832 0.068 0.043 11.979 19.533
BCaB2 0.070 0.925 0.076 0.947 0.786 0.853 0.347 0.219 2.267 3.888
CAN1 0.033 0.892 0.033 0.917 0.835 0.870 0.076 0.046 11.002 19.017
CAN2 0.054 0.908 0.042 0.925 0.830 0.868 0.648 0.410 1.281 2119
tCAN1 0.024 0.909 0.027 0.921 0.876 0.891 0.092 0.049 9.565 18.166
tCAN2 0.037 0.926 0.037 0.933 0.901 0.889 0.808 0.441 1.115 2.017
Boottl 0.028 0.856 0.025 0.902 0.768 0.864 0.065 0.044 11.780 19.715
Boott2 0.041 0.885 0.032 0.905 0.803 0.842 0.601 0.392 1.336 2.150
VST1 0.074 0.910 0.058 0.932 0.788 0.857 0.069 0.044 11.428 19.683
pp=01 VST2 0.097 0.931 0.066 0.945 0.790 0.852 0.586 0.395 1.347 2.155
& SB1 0.036 0.893 0.036 0.912 0.834 0.864 0.075 0.045 11.177 19.346
p2 =09 SB2 0.057 0.910 0.039 0.919 0.835 0.869 0.655 0.410 1.275 2.120
BB1 0.042 0.878 0.037 0.910 0.788 0.862 0.067 0.043 11.817 19.945
BB2 0.070 0.899 0.045 0.917 0.777 0.844 0.571 0.388 1.361 2176
PB1 0.071 0.912 0.059 0.930 0.792 0.852 0.067 0.042 11.860 20.091
PB2 0.100 0.937 0.070 0.950 0.807 0.845 0.631 0.405 1.279 2.084
BCaB1 0.069 0.910 0.056 0.930 0.799 0.851 0.066 0.043 12.019 19.968
BCaB2 0.097 0.934 0.070 0.951 0.801 0.846 0.622 0.406 1.289 2.086
CAN1 0.029 0.900 0.031 0.921 0.837 0.891 0.386 0.237 2171 3.758
CAN2 0.033 0.899 0.041 0.937 0.826 0.900 0.075 0.047 10.975 19.200
tCAN1 0.016 0.917 0.025 0.929 0.890 0.910 0.488 0.257 1.824 3.544
tCAN2 0.022 0.920 0.037 0.946 0.879 0.919 0.095 0.051 9.257 18.162
Boottl 0.021 0.879 0.024 0.901 0.820 0.861 0.346 0.224 2371 3.850
Boott2 0.027 0.870 0.034 0.919 0.785 0.878 0.066 0.045 11.817 19.686
VST1 0.081 0.926 0.050 0.940 0.806 0.872 0.339 0.233 2.377 3.750
p1 =05 VST2 0.079 0.916 0.061 0.954 0.782 0.886 0.066 0.046 11.848 19.466
& SB1 0.032 0.899 0.032 0.921 0.829 0.889 0.378 0.235 2.196 3.775
pp=01 SB2 0.037 0.897 0.040 0.935 0.819 0.899 0.075 0.047 10.945 19.137
BB1 0.045 0.891 0.034 0.912 0.784 0.878 0.332 0.224 2.362 3.917
BB2 0.049 0.884 0.047 0.932 0.778 0.883 0.065 0.044 12.020 19.926
PB1 0.067 0.924 0.054 0.939 0.813 0.872 0.343 0.225 2.368 3.882
PB2 0.089 0.929 0.065 0.957 0.787 0.886 0.068 0.047 11.565 18.968
BCaB1 0.067 0.914 0.053 0.938 0.802 0.873 0.332 0.224 2418 3.895
BCaB2 0.079 0.924 0.069 0.953 0.790 0.880 0.068 0.045 11.652 19.401
CAN1 0.037 0.885 0.028 0.912 0.803 0.878 0.360 0.232 2231 3.778
CAN2 0.035 0.904 0.044 0.938 0.861 0.889 0.678 0.421 1.270 2112
tCAN1 0.021 0.906 0.026 0.918 0.856 0.891 0.455 0.246 1.883 3.623
tCAN2 0.026 0.923 0.039 0.944 0.902 0.915 0.837 0.452 1.078 2.025
Boottl 0.029 0.860 0.021 0.890 0.753 0.873 0.321 0.218 2.348 4.000
Boott2 0.027 0.878 0.035 0.924 0.799 0.892 0.606 0.408 1.318 2.186
VST1 0.091 0.918 0.049 0.929 0.764 0.881 0.322 0.225 2.373 3.923
p1 =05 VST2 0.079 0.926 0.061 0.951 0.798 0.892 0.604 0.409 1.322 2.183
& SB1 0.040 0.883 0.028 0.912 0.798 0.881 0.352 0.232 2.264 3.796
pp=09 SB2 0.035 0.906 0.044 0.941 0.862 0.898 0.690 0.426 1.250 2.109
BB1 0.050 0.872 0.031 0.906 0.763 0.863 0.313 0.221 2438 3.909
BB2 0.046 0.890 0.049 0.933 0.814 0.876 0.597 0.399 1.365 2197
PB1 0.079 0.913 0.041 0.926 0.772 0.878 0.323 0.220 2.392 3.992
PB2 0.082 0.934 0.068 0.957 0.804 0.881 0.629 0.420 1.278 2.096
BCaB1 0.072 0.907 0.043 0.923 0.769 0.875 0.320 0.216 2.405 4.042
BCaB2 0.082 0.929 0.068 0.954 0.797 0.880 0.614 0.414 1.299 2.128
CAN1 0.019 0.890 0.032 0.919 0.835 0.892 0.727 0.422 1.148 2116
CAN2 0.045 0.916 0.030 0.926 0.835 0.899 0.074 0.048 11.265 18.897
tCAN1 0.013 0.906 0.026 0.923 0.877 0.905 0.896 0.452 0.979 2.001
tCAN2 0.028 0.930 0.026 0.931 0.879 0.915 0.093 0.051 9.444 17.943
Boottl 0.013 0.866 0.025 0.901 0.784 0.883 0.636 0.400 1.233 2.210
Boott2 0.031 0.892 0.023 0.914 0.806 0.903 0.069 0.046 11.746 19.735
VSTL 0.070 0.915 0.055 0.937 0.789 0.889 0.628 0.406 1.257 2.187
p1 =09 VST2 0.082 0.934 0.048 0.947 0.798 0.911 0.067 0.047 11.847 19.534
& SB1 0.018 0.888 0.031 0.918 0.833 0.891 0.727 0.422 1.146 2113
pp=01 SB2 0.044 0.921 0.029 0.929 0.836 0.903 0.076 0.048 10.980 18.721
BB1 0.032 0.881 0.036 0.914 0.798 0.871 0.624 0.401 1.280 2175
BB2 0.052 0.904 0.036 0.924 0.794 0.884 0.066 0.045 11.961 19.625
PB1 0.058 0.911 0.052 0.939 0.801 0.895 0.611 0.405 1.312 2211
PB2 0.086 0.936 0.052 0.949 0.795 0.908 0.070 0.046 11.372 19.597
BCaB1 0.058 0.906 0.057 0.932 0.793 0.875 0.600 0.391 1.321 2236
BCaB2 0.080 0.938 0.056 0.939 0.802 0.895 0.071 0.044 11.368 20.203
CAN1 0.024 0.910 0.032 0.921 0.854 0.863 0.733 0.420 1.165 2.055
CAN2 0.040 0.897 0.033 0.934 0.827 0.890 0.365 0.242 2.265 3.682
tCAN1 0.016 0.927 0.030 0.925 0.901 0.882 0.906 0.442 0.994 1.998
tCAN2 0.024 0.918 0.030 0.942 0.882 0.910 0.467 0.260 1.887 3.497
Boottl 0.020 0.891 0.026 0.894 0.839 0.833 0.649 0.389 1294 2.144
Boott2 0.029 0.874 0.024 0.927 0.792 0.894 0.333 0.238 2.380 3.751
VSTL 0.073 0.932 0.055 0.935 0.822 0.845 0.641 0.401 1.283 2.106
p1 =09 VST2 0.082 0.921 0.053 0.948 0.794 0.885 0.330 0.232 2.406 3.808
& SB1 0.024 0.913 0.034 0.917 0.850 0.856 0.733 0.412 1.160 2.078
p2 =05 SB2 0.043 0.901 0.034 0.938 0.827 0.892 0.369 0.244 2.240 3.651
BB1 0.037 0.902 0.039 0.916 0.807 0.846 0.636 0.394 1.268 2.145
BB2 0.053 0.889 0.036 0.931 0.783 0.882 0.323 0.231 2426 3.819
PB1 0.070 0.930 0.049 0.932 0.821 0.853 0.635 0.396 1.293 2.155
PB2 0.081 0.924 0.061 0.950 0.806 0.873 0.340 0.231 2.374 3.778
BCaB1 0.063 0.928 0.051 0.931 0.823 0.848 0.637 0.392 1.291 2163
BCaB2 0.082 0.927 0.060 0.950 0.807 0.877 0.341 0.231 2.368 3.800
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Table-6 : Simulation results: 90% calibrated confidence intervaBg/H}°/1 toHE°/E4/1

Intensity Estimation Coverage Average Relative
Parameters Approches n=10 n=29 Percentages Lengths Coverage
Baj) [ B(1—aj) Ba) [ B(1—ap n=10 [ n=29 n=10 [ n=29 n=10 [ n=29
CAN1 0.025 0.883 0.029 0.910 0.819 0.860 0.076 0.046 10.731 18.524
CAN2 0.040 0.896 0.039 0.948 0.808 0.890 0.367 0.246 2 199 3.617
tCAN1 0.012 0.904 0.023 0.916 0.851 0.881 0.099 0.050 8.564 17.580
tCAN2 0.025 0.913 0.032 0.952 0.861 0.908 0.463 0.266 1.861 3.416
Boottl 0.015 0.847 0.025 0.896 0.758 0.865 0.067 0.044 11.361 19.783
Boott2 0.030 0.867 0.030 0.933 0.770 0.873 0.330 0.238 2.335 3.675
VST1 0.070 0.916 0.056 0.932 0.781 0.875 0.069 0.044 11.279 19.755
pp=01 VST2 0.087 0.921 0.066 0.957 0.766 0.864 0.328 0.229 2.335 3.778
& SB1 0.026 0.878 0.031 0.909 0.812 0.858 0.075 0.046 10.833 18.739
pp =05 SB2 0.041 0.898 0.041 0.947 0.809 0.885 0.373 0.244 2172 3.622
BB1 0.036 0.862 0.034 0.907 0.774 0.848 0.065 0.044 11.845 19.235
BB2 0.052 0.879 0.046 0.945 0.764 0.876 0.320 0.233 2.385 3.767
PB1 0.061 0.905 0.052 0.928 0.779 0.869 0.066 0.043 11.880 20.072
PB2 0.089 0.928 0.067 0.954 0.777 0.855 0.343 0.233 2.268 3.676
BCaB1 0.059 0.904 0.050 0.921 0.782 0.859 0.065 0.043 11.951 20.169
BCaB2 0.085 0.921 0.066 0.957 0.774 0.855 0.335 0.235 2.307 3.643
CAN1 0.030 0.894 0.033 0.913 0.836 0.863 0.076 0.046 10.972 18.734
CAN2 0.044 0.895 0.023 0.932 0.815 0.889 0.639 0.448 1.276 1.983
tCAN1 0.017 0.917 0.029 0.920 0.870 0.882 0.097 0.049 8.975 17.953
tCAN2 0.031 0.921 0.023 0.938 0.885 0.904 0.803 0.475 1.102 1.904
Boottl 0.021 0.875 0.028 0.903 0.777 0.851 0.069 0.044 11.267 19.351
Boott2 0.035 0.870 0.020 0.914 0.778 0.873 0.576 0.417 1.351 2.092
VST1 0.064 0.921 0.054 0.930 0.785 0.853 0.072 0.045 10.930 19.105
pp=01 VST2 0.096 0.920 0.045 0.942 0.781 0.871 0.562 0.420 1.389 2071
& SB1 0.033 0.893 0.032 0.915 0.828 0.864 0.075 0.046 11.102 18.654
pp =09 SB2 0.046 0.895 0.027 0.934 0.817 0.888 0.643 0.444 1.271 2.001
BB1 0.040 0.883 0.036 0.911 0.792 0.855 0.067 0.044 11.856 19.340
BB2 0.064 0.881 0.028 0.924 0.767 0.869 0.549 0.419 1.398 2.073
PB1 0.061 0.917 0.054 0.932 0.791 0.854 0.068 0.044 11.590 19.522
PB2 0.099 0.933 0.049 0.950 0.792 0.879 0.607 0.422 1.305 2.083
BCaB1 0.056 0.914 0.059 0.932 0.803 0.837 0.068 0.043 11.799 19.377
BCaB2 0.099 0.926 0.050 0.949 0.781 0.875 0.587 0.419 1.330 2.089
CAN1 0.027 0.891 0.037 0.916 0.819 0.852 0.387 0.228 2117 3.739
CAN2 0.042 0.924 0.038 0.938 0.852 0.871 0.077 0.048 11.113 18.232
tCAN1 0.016 0.915 0.029 0.922 0.862 0.872 0.492 0.247 1.753 3.534
tCAN2 0.026 0.941 0.032 0.943 0.922 0.892 0.098 0.051 9.447 17.323
Boottl 0.019 0.856 0.028 0.902 0.772 0.862 0.336 0.219 2.297 3.930
Boott2 0.027 0.903 0.028 0.921 0.833 0.863 0.072 0.046 11.564 18.742
VST1 0.059 0.922 0.052 0.934 0.808 0.869 0.369 0.227 2192 3.837
p1 =05 VST2 0.095 0.940 0.066 0.953 0.803 0.859 0.066 0.045 12178 19.105
& SB1 0.025 0.887 0.036 0.915 0.816 0.851 0.387 0.228 2.107 3.735
pp=01 SB2 0.042 0.925 0.039 0.938 0.859 0.876 0.078 0.048 11.022 18.349
BB1 0.030 0.872 0.038 0.912 0.791 0.844 0.346 0.219 2.289 3.850
BB2 0.061 0.920 0.044 0.933 0.803 0.853 0.067 0.045 11.921 18.953
PB1 0.054 0.914 0.050 0.928 0.802 0.863 0.345 0.218 2323 3.955
PB2 0.098 0.946 0.072 0.958 0.811 0.850 0.072 0.047 11.243 18.243
BCaB1 0.055 0.908 0.051 0.927 0.793 0.854 0.338 0.217 2348 3.940
BCaB2 0.095 0.942 0.072 0.954 0.811 0.840 0.071 0.046 11.483 18.445
CAN1 0.031 0.896 0.037 0.931 0.830 0.875 0.382 0.236 2171 3.706
CAN2 0.034 0.904 0.040 0.911 0.843 0.863 0.697 0.401 1.209 2.153
tCAN1 0.015 0.916 0.032 0.935 0.867 0.894 0.494 0.251 1.757 3.562
tCAN2 0.020 0.924 0.033 0.916 0.902 0.883 0.895 0.432 1.007 2.045
Boottl 0.021 0.873 0.031 0.914 0.790 0.868 0.343 0.223 2.303 3.885
Boott2 0.025 0.879 0.029 0.894 0.791 0.854 0.628 0.386 1.260 2210
VST1 0.060 0.934 0.054 0.947 0.818 0.879 0.373 0.231 2191 3.797
p1-05 VST2 0.076 0.924 0.056 0.925 0.794 0.859 0.621 0.392 1.278 2192
& SB1 0.031 0.896 0.041 0.930 0.825 0.869 0.379 0.231 2178 3.757
p2 =09 SB2 0.034 0.906 0.038 0.907 0.846 0.859 0.710 0.402 1.192 2.138
BB1 0.040 0.885 0.039 0.925 0.786 0.863 0.337 0.225 2.333 3.833
BB2 0.044 0.896 0.042 0.905 0.790 0.845 0.620 0.383 1.274 2.207
PB1 0.062 0.924 0.051 0.947 0.811 0.883 0.348 0.231 2327 3.814
PB2 0.079 0.932 0.057 0.930 0.799 0.854 0.643 0.389 1.242 2.194
BCaB1 0.060 0.922 0.053 0.945 0.813 0.873 0.346 0.229 2.350 3.813
BCaB2 0.072 0.925 0.057 0.928 0.801 0.849 0.633 0.387 1.266 2.193
CAN1 0.046 0.881 0.035 0.923 0.822 0.866 0.629 0.414 1.306 2.091
CAN2 0.036 0.911 0.034 0.931 0.846 0.909 0.077 0.048 11.037 18.925
tCAN1 0.028 0.898 0.031 0.930 0.872 0.886 0.780 0.442 1.118 2.004
tCAN2 0.023 0.931 0.027 0.936 0.900 0.928 0.097 0.052 9.236 17.801
Boottl 0.031 0.861 0.026 0.906 0.788 0.875 0.581 0.396 1.356 2210
Boott2 0.025 0.883 0.024 0.919 0.810 0.894 0.069 0.047 11.700 19.070
VST1 0.082 0.904 0.054 0.942 0.787 0.883 0.591 0.406 1.331 2175
p1 =09 VST2 0.070 0.928 0.054 0.944 0.819 0.888 0.070 0.046 11716 19.277
& SB1 0.047 0.878 0.034 0.923 0.814 0.866 0.622 0.415 1310 2.087
pp =01 SB2 0.032 0.914 0.031 0.931 0.855 0.910 0.080 0.049 10.745 18.656
BB1 0.059 0.869 0.040 0.910 0.774 0.845 0.551 0.386 1.405 2191
BB2 0.041 0.901 0.037 0.929 0.808 0.895 0.069 0.046 11.660 19.414
PB1 0.076 0.900 0.050 0.943 0.800 0.888 0.570 0.406 1.404 2.188
PB2 0.072 0.935 0.056 0.950 0.813 0.893 0.072 0.047 11.288 19.065
BCaB1 0.073 0.896 0.051 0.935 0.783 0.880 0.565 0.394 1.387 2234
BCaB2 0.071 0.932 0.057 0.947 0.808 0.884 0.071 0.046 11.396 19.167
CAN1 0.027 0.919 0.036 0.934 0.866 0.876 0.717 0.428 1.208 2.047
CAN2 0.032 0.900 0.042 0.934 0.826 0.885 0.379 0.233 2.181 3.791
tCAN1 0.018 0.932 0.029 0.936 0.901 0.890 0.880 0.458 1.024 1.944
tCAN2 0.020 0.924 0.038 0.937 0.899 0.896 0.487 0.248 1.847 3.615
Boottl 0.021 0.895 0.025 0.921 0.851 0.873 0.639 0.418 1.333 2.088
Boott2 0.023 0.875 0.033 0.924 0.806 0.870 0.340 0.229 2.368 3.807
VST1 0.065 0.936 0.056 0.950 0.849 0.868 0.650 0.415 1.307 2.090
p1 =09 VST2 0.070 0.918 0.066 0.944 0.807 0.854 0.341 0.220 2.365 3.881
& SB1 0.029 0.917 0.035 0.934 0.853 0.876 0.704 0.428 1211 2.045
p2 =05 SB2 0.035 0.903 0.042 0.933 0.835 0.888 0.382 0.234 2.186 3.798
BB1 0.036 0.906 0.038 0.928 0.812 0.856 0.627 0.408 1.294 2.098
BB2 0.045 0.888 0.049 0.932 0.779 0.873 0.331 0.221 2.350 3.947
PB1 0.056 0.935 0.052 0.951 0.853 0.870 0.647 0.421 1318 2.068
PB2 0.071 0.931 0.068 0.946 0.817 0.850 0.353 0.224 2314 3.796
BCaB1 0.056 0.931 0.052 0.949 0.850 0.866 0.636 0.418 1.336 2,074
BCaB2 0.068 0.924 0.070 0.943 0.818 0.840 0.345 0.220 2.371 3.816
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Note that:

(1) boldface denotes the greatest relative coverage anstimgation approaches.

(2) Calibrated confidence intervals pf under different estimation approaches are denoted by CENAct-t1, Boot-t1,
VST1, SB1, BB1, PB1, BCaB1 and that pf are denoted by CAN2 Exact-t2, Boot-t2 , VST2, SB2, BB2, PB& an
BCaB2.

According to the simulation results in Tables 3 to 6, we firat tiverage lengths are decreasing with samplesizet
both coverage percentages and relative coverage are sitggasith sample size. From Tables 3 to 6, one can observe
that the coverage percentage can approach to 90% when asesrd 29. Also some interesting results are summarized
in Table 7, about queueing network models or estimation@aagres give greater relative coverage.

Table-7 : Performances of the estimation approaches of intensities

Queueing Queuing Network Queueing Network Intensity Estimation approach|
Network simulated with greater Parameters with greatest
Type relative coverage relative coverage
n=10 | n=29
p1 =01 VST VST
&py, =05 BCaB PB
p1=01 VST VST
& p,=0.9 | BCaB BCaB
M/E4/1to E4/M/1 p1=05 VST VST
&py =01 BCaB BCaB
M/G/1toG/M/1 | and M/E4/1t0Eq/M/1 p1=05 VST BB
&p, =09 BCaB BCaB
M/Efe/1 toHP®/M/1 01 =09 VST VST
&pp, =01 BCaB BCaB
p1=09 VST VST
&py, =05 BCaB BCaB
p1 =01 BCaB PB
&py, =05 BB BB
p1 =01 BCaB PB
&p,=09 | BB BB
Ea/HJ®/1toH e /Eq/1 p1=05 BCaB | BB
&p,=01 | BB BB
G/G/1t0G/G/1 | and Eq/Hj®/1t0HS®/Es/1 [ p1 =05 BB BCaB
&py, =09 BB BB
Es/H°/1toHEP/E4/1 01 =09 BCaB | BCaB
&py, =01 BB BCaB
pL=00 Booit | BCaB
&p,=05 | BB BB

Based on Table 7, we note that:

(1) UnderM/G/1 to G/M/1 queueing network models, the calibrated confidence iatemorresponding to queueing
network models with inter-arrival/service time distrilmut of small CV (< 1) have greater relative coverage than
those of large C\(> 1).

(2) Among the simulate/1/G/1 to G/M/1 queueing network models, estimation approaches VST oBBfadibrated
confidence interval have the greatest relative coverage.

(3) Among the simulate®1/G/1 to G/M/1 queueing network models, the calibrated confidence iatef queueing
network modeM /E4/1 to E4/M/1 shows the greatest relative coverage.

(4) UnderG/G/1 to G/G/1 queueing network models, the calibrated confidence iaterrresponding to queueing
network models with inter-arrival distribution/ servicene distribution of largeCV(> 1) have greatest relative
coverage than those of small GV 1).

(5) AmongG/G/1 to G/G/1 queueing network models, the estimation approach BCaBBoc&ibrated confidence
intervals has the greatest relative coverage.

(6) Among G/G/1 to G/G/1 queueing network models, the calibrated confidence iaterof modelEs/Hf®?/1 to
HE®/E4/1 shows the greatest relative coverage.

Limitations of the Study:

(1) This is a comparative numerical simulation study basednm-stage open queueing network systems as shown in
Figure -1.
(2) Parameters selected in simulation study are arbit@ghawn in Table-1.
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4 Conclusions

This paper provides the calibrated confidence intervairegions of intensitiep, and p, for two-stage open queueing
network. Eight different calibrated estimation approac6é&N, Exact-t, Boot-t, VST, SB, BB, PB and BCaB are applied
to produce confidence intervals for intensit@sand p,. The relative coverage is adopted to understand, compare an
assess performance of the resulted confidence intervadssiiitulation results imply that VST and BCaB method has the
best performance on calibrated confidence interval estmsbf intensitiegp; andp, for M/G/1 to G/M/1 queueing
network type models with short run data. Und&fG/1 to G/G/1 queueing network type models with short run data,
the estimation approach BCaB or BB out performs the othé@masibn approach in terms of the relative coverage. This
approach is easily applied to practical queueing networetso
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