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Abstract: In this paper, we obtain the cross-correlation spectrum of generalized bent Boolean functions in a subclass of Maiorana-
McFarland class (GMMF). An affine transformation which preserve thecross-correlation spectrum of two generalized Boolean
functions, in absolute value is also presented. A construction of generalized bent Boolean functions in(n+ 2) variables from four
generalized Boolean functions inn variables is presented. It is demonstrated that the direct sum of two generalized bent Boolean
functions is also generalized bent. Finally, we identify a class of affine functions, in the generalized set up, each of its function is
generalized bent.

Keywords: Generalized bent Boolean functions; GMMF; Walsh–Hadamard transform (WHT); cross-correlation

1 Introduction

In the recent years several authors have proposed
generalizations of Boolean functions [3,5,9,10,11,12]
and studied the effect of Walsh–Hadamard transform
(WHT) on these classes. As in the Boolean case, in the
generalized setup the functions which have flat spectra
with respect to the WHT are said to be generalized bent
and are of special interest (the classical notion of bent was
invented by Rothaus [8]). For example: the generalized
bent Boolean functions are used for constructing the
constant amplitude codes for theq valued version of
multicode Code Division Multiple Access (MC-CDMA).

For some problems concerning cyclic codes, Kerdock
codes, and Delsarte-Goethals codes, the generalization of
Boolean function due to Schmidt [9] seems more natural
than the generalization due to Kumar, Scholtz and Welch
[3]. For q = 4, Schmidt [9] studied the relations between
generalized bent functions, constant amplitude codes, and
Z4-linear codes. He also generalized the classical notion
of Maiorana-McFarland class of bent functions, forq= 4.
A necessary and sufficient condition concerning the
bentness of quadratic form is given based on the theory of
Z4-valued quadratic forms in [10]. Li et al. [5]
constructed generalized bent Boolean functions in
polynomial forms (in trace form) onZ4. Based onZ4
valued quadratic forms, a simple method provided in [5]

to provide several new constructions of generalized
boolean bent functions. The authors in [5] present a
method to transform the constructed generalized boolean
bent functions into binary bent and semi-bent functions.
The links between Boolean bent functions [8],
generalized bent Boolean functions [9], and quaternary
bent functions [3] is investigated systematically by
Solé-Tokareva [11].

Recently, St̆anic̆a et al. [12] studied several properties
generalized bent Boolean functions, characterized
generalized bent Boolean functions symmetric with
respect to two variables. The authors [12] also introduced
two classes of generalized bent Boolean functions. The
first class is an analogous of well known
Maiorana-McFarland class of classical bent Boolean
functions and referred to as generalized
Maiorana-McFarland class(GMMF). Another class is an
analogous of Dillon type bent functions [2] which is
referred to asgeneralized Dillon class(GD).

This paper is organized as follows. In Section2 some
basic definitions and notations are introduced. The
cross-correlation spectrum of two generalized bent
functions in a subclass of GMMF is characterized in
Section 3. Some constructions of generalized bent
functions in large number of variables by concatenation
of generalized bent functions in smaller number of
variables are presented in Section4. We identify a class of
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affine functions, in the generalized set up, each of its
function is generalized bent in Section5.

2 Basic definitions and notations

Let us denote the set of integers, real numbers and
complex numbers byZ, R andC, respectively. AlsoZq
denotes the ring of integers moduloq. By ‘+’ we denote
the addition overZ, R andC, whereas ‘⊕’ denotes the
addition over ann-dimensional vector spaceZn

2 = {0,1}n

(n≥ 1) over binary fieldZ2 with the standard operations.
Addition moduloq is denoted by ‘+’ and it is understood
from the context. For anyx = (xn, . . . ,x1) and
y = (yn, . . . ,y1) in Z

n
2, the scalar (or inner) product is

defined byx ·y := xnyn⊕·· ·⊕x2y2⊕x1y1. The conjugate
of a bit b denoted by b̄. If z = a + bı ∈ C, then
|z| =

√
a2+b2 denotes the absolute value ofz, and

z = a− bı denotes the complex conjugate ofz, where
ı2 = −1, anda,b ∈ R. Re[z] denotes the real part ofz.
Rı = {aı : a ∈ R}, denotes the set of purely imaginary
numbers. A function f : Zn

2 → Zq, (q ≥ 2) is called
generalized Boolean functionon n variables [9]. The set
of such functions is denoted byG B

q
n. For q = 2, we

obtain the setG B
2
n = Bn of classical Boolean functions

onn variables.
Let ζ = e2πı/q be the complexq-primitive root of unity.

The (generalized)Walsh–Hadamard transform (WHT)of
f ∈ G B

q
n at any pointu ∈ Z

n
2 is

H f (u) = 2−
n
2 ∑

x∈Zn
2

ζ f (x)(−1)u·x.

The inverse [12] of the WHT of f ∈ G B
q
n is given by

ζ f (y) = 2−
n
2 ∑u∈Zn

2
H f (u)(−1)u·y. A function f ∈ G B

q
n

is a generalized bentfunction if |H f (u)| = 1 for all
u ∈ Z

n
2. The classical bent Boolean functions exists only

for even n [8] whereas the generalized bent functions
exists for every positive integer. Further, we have

Theorem 1.[12, Thm. 1] If f,g∈ G B
q
n, then

(i)∑u∈Zn
2
C f ,g(u)(−1)u·x = 2nH f (x)Hg(x), and

C f ,g(u) = ∑x∈Zn
2
H f (x)Hg(x)(−1)u·x.

(ii)Taking f= g, C f (u) = ∑x∈Zn
2
|H f (x)|2(−1)u·x.

(iii ) f is generalized bent if and only ifC f (u) = 2nδ0(u).
(iv)The (generalized) Parseval’s identity holds: that is,

∑x∈Zn
2
|H f (x)|2 = 2n.

Let f ∈ G B
q
n is a generalized bent function such that

H f (u) = ζ ku, for someku ∈ Zq for all u ∈ Z
n
2. Then, for

such a generalized bent functionf , there exists a function
f̃ : Zn

2 → Zq such thatζ f̃ = H f . The function f̃ is called
thedualof f [12], is also generalized bent.

Thecross-correlationof f ,g∈ G B
q
n atu is

C f ,g(u) = ∑
x∈Zn

2

ζ f (x)−g(x⊕u).

The autocorrelationof f ∈ G B
q
n at u is C f , f (u) above,

which we denote byC f (u).

3 Cross-correlation spectrum of some
generalized bent Boolean functions

Let n = 2m, wherem be a positive integer. Stănĭca et al.
[12, Thm. 8] generalized a result of Schmidt [9, Thm. 5.3]
(obtained forq= 4). The class of functions as represented
in (1) below is referred to as thegeneralized
Maiorana–McFarland class(GMMF). In Section3.2, we
obtain the cross-correlation spectrum of two generalized
bent functions in a subclass of GMMF.

Lemma 1.[12, Thm. 8] Let q> 0 be an even integer,σ
be a permutation onZm

2 , and g∈ G B
q
m. Then the function

fσ ,g : Zm
2 ×Z

m
2 → Zq expressed as

fσ ,g(x,y) = g(y)+
(q

2

)

x ·σ(y) for all x,y ∈ Z
m
2 (1)

is a generalized bent. The dual of fσ ,g is
g(σ−1(x)) +

(q
2

)

y · (σ−1(x)), that is,

H fσ ,g(x,y) = ζ g(σ−1(x))+( q
2)y·(σ−1(x)) for all x,y ∈ Z

m
2 .

Theorem 2.[12, Thm. 5] Let f,g∈ G B
q
n are defined as

g(x) = f (Ax⊕a)+ ε b ·x+d, for all x ∈ Z
n
2, (2)

where A∈ GL(2,n),a,b ∈ Z
n
2,d ∈ Zq, and

ε =

{

0, q/2 i f q is even
0 i f q is odd

. Then g is generalized

bent if and only if f is generalized bent.

The set of all the generalized Boolean functions as
represented in (2) is referred to asa complete class.
Specially, it is calledgeneralized Maiorana–McFarland
complete classif f ∈ GMMF.

Let us denote Sm(Z2) be the set of all permutations on
Z

m
2 . Define a setPm as

Pm= {(σ1,σ2)∈Sm(Z2)×Sm(Z2) : σ−1
1 ⊕σ−1

2 ∈Sm(Z2)}.
(3)

3.1 Existence of σ1,σ2

Let F2m be the field extension ofZ2 of degreem. Any
finite fieldF2m is isomorphic toZm

2 as a vector space over
Z2. Every permutation onF2m can be identified with a
permutation on Z

m
2 , and can be represented by a

polynomial on F2m[x] of degree at most 2m − 2. The
existence of mappingsσ : Zm

2 → Z
m
2 such thatσ(x) and

σ(x)⊕ x both are permutations for anym≥ 2 from the
perspective ofcomplete mapping polynomialsover finite
field F2m. A polynomial π(x) over F2m[x] is called
complete mapping polynomial[4] if π(x) and π(x) + x
both are permutation overF2m[x].
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Suppose σπ(x) denotes the permutation onZm
2

induced bycomplete mapping polynomialπ(x) ∈ F2m[x],
then it satisfiesσπ(x)⊕ x is also a permutation onZm

2 .
Thus, the permutationsσ1,σ2 are obtained by letting
σ1

−1(x) = σπ(x) andσ2
−1(x) = σπ(x)⊕ x. This implies

thatPm 6= Φ .
In the sequel, Su et al. [13] introduced two methods to

obtain linear permutationσ : Z
m
2 → Z

m
2 such that

σ(x) ⊕ x also a permutation form ≥ 2. Define the
mapping σ : Z

m
2 → Z

m
2 as σ(x) = xM for all

x = (xm,xm−1, . . . ,x1) ∈ Z
m
2 . The mappingσ(x) on Z

m
2

satisfying σ(x) and σ(x) ⊕ x both are permutation is
corresponding to the matrixM such thatM and M ⊕ Im
both are non-singular, that is,M andM⊕ Im both have full
rank. Form= 2, only the two matrices as represented in
(4), satisfy the conditions. InMethod I , the authors used
exhaustive computer search to construct the matrices
satisfying the conditions. They found 48 matrices
satisfying the conditions form= 3, and form= 4 there
are 5824 matrices satisfying such conditions, for example,
see (5). For any evenm≥ 4, they refer Parkar and Pott’s
[6, Sect. 3] method to construct symmetric matrixM of
orderm such thatM andM⊕ Im both have rankm.

(

1 1
1 0

)

and

(

0 1
1 1

)

. (4)





0 1 1
1 1 0
1 0 0



 ,





1 1 1
0 1 1
1 0 1



 , and







1 0 1 1
0 1 1 0
1 1 0 0
1 0 0 0






. (5)

A square matrixP of order m is said to be block
diagonal matrix if its main diagonal blocks are square
matrices and the off-diagonal blocks are zero matrices,
that is,

P= diag(P1,P2, . . . ,Pt) =









P1 0 . . . 0
0 P2 . . . 0
...

...
...

...
0 0 0 Pt









,

wherePj ,1 ≤ j ≤ t is a square matrix of orderk j , and
k1+k2+ . . .+kt = m. Also for any block diagonal matrix
det(P) = ∏t

i=1det(Pi). In Method II , Su et al. [13] used
this property of block diagonal matrix to develop a
recursive technique to construct the matrices of order
n≥ 2 satisfying the conditions, is given in the following

Lemma 2.[13, Lemma 4] Suppose that t≥ 2 and Mj be a
square matrix of order kj such that Mj and Mj ⊕ Ik j both
have full rank for any1≤ j ≤ t. If k1+k2+ . . .+kt = m,
then the matrix M= diag(M1,M2, . . . ,Mt) and M⊕ Im have
rank m.

The existence of a matrixM of orderm≥ 2 such thatM
andM⊕ Im both have full rank, is guaranteed by Lemma2,
and equation (4) and (5). If we define the mappingsσ1,σ2 :

Z
m
2 → Z

m
2 asσ1(x) = xM−1 andσ2(x) = xIm, whereM be

any square matrix of orderm obtained by Lemma2, and
Im be identity matrix of orderm, thenσ1,σ2 ∈ Pm.

3.2 Cross-correlation spectrum of generalized
Boolean functions in GMMF

The authors in [12, Thm. 13] obtained the
cross-correlation spectrum of generalized bent functions
belonging to a subclass ofgeneralized Dillon class. In
Theorem 3 below we obtain the cross-correlation
spectrum between two generalized bent functions in a
subclass of GMMF.

Theorem 3.Let q> 0 be an even integer, and fσ1,g1, fσ2,g2
be two functions in GMMF ⊆ G B

q
n, that is,

fσ1,g1(x,y) = g1(y) +
(q

2

)

x · σ1(y) and
fσ2,g2(x,y) = g2(y) +

(q
2

)

x · σ2(y) for all x,y ∈ Z
m
2 ,

whereσ1,σ2 are permutations onZm
2 and g1,g2 ∈ G B

q
m.

If σ1,σ2 ∈ Pm, then

|C fσ1,g1 , fσ2,g2
(u,v)|= 2m, for all (u,v) ∈ Z

m
2 ×Z

m
2 .

Proof.By Theorem1, we have

C fσ1,g1 , fσ2,g2
(u,v) = ∑

x,y∈Zm
2

H fσ1,g1
(x,y)H fσ2,g2

(x,y)(−1)u·x⊕v·y

= ∑
x,y

ζ g1(σ1
−1(x))+( q

2)y·(σ1
−1(x))ζ g2(σ2

−1(x))+( q
2)y·(σ2

−1(x))(−1)u·x⊕v·y

= ∑
x∈Zm

2

ζ g1(σ1
−1(x))−g2(σ2

−1(x))+( q
2)u·x ∑

y∈Zm
2

(−1)y·(v⊕(σ1
−1⊕σ2

−1)(x))

= 2mζ g1(σ1
−1(x))−g2(σ2

−1(x))+( q
2)u·x, x = (σ1

−1⊕σ2
−1)−1(v).

This completes the proof.⊓⊔
In Theorem 4 below we introduce an affine

transformation which preserve the cross-correlation
spectrum of two generalized Boolean functions, in
absolute value.

Theorem 4.The cross-correlation spectrum of two
generalized Boolean functions, in absolute values, is
invariant under the affine transformation

g(x) = f (xA⊕a)+b ·x+d, for all x ∈ Z
n
2, (6)

where A∈ GL(2,n),a,b ∈ Z
n
2,d ∈ Zq.

Proof.For anyu ∈ Z
n
2, we compute

Cg1,g2(u) = ∑
x∈Zn

2

ζ g1(x)−g2(x⊕u)

= ∑
x∈Zn

2

ζ ( f1(xA⊕a)+x·b+d)−( f2((x⊕u)A⊕a)+(x⊕u)·b+d)

= ζ
u·b ∑

x∈Zn
2

ζ f1(xA⊕a)− f2((x⊕u)A⊕a)

= ζ
u·b ∑

y∈Zn
2

ζ f1(y)− f2(y⊕uA) = ζ
u·b

C f1, f2(uA),

which completes the proof.⊓⊔
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It is demonstrated from Theorem3 and4 that there exists
an infinite number of generalized bent functions
generalized Maiorana–McFarland complete classwhose
cross-correlation spectrum, in absolute, is minimum.

3.3 Examples of generalized bent functions in
GMMF with optimal value of cross-correlation
spectrum in absolute

Example 1.Suppose that forn= 2m= 6, M =





0 0 1
0 1 1
1 1 1



,

and soM−1 =





0 1 1
1 1 0
1 0 0



. Eqn. (5) implies thatM−1 and

M−1⊕ I3 both have rank 3.
Now take σ1(y) = yM = (y1,y1 ⊕ y2,y1 ⊕ y2 ⊕ y3),

g1(y) = y1y2y3, and σ2(y) = yI3 = (y3,y2,y1) and
g2(y) = ay1y2 + by1y2y3 for any a,b ∈ Zq, that is,
fσ1,g1(x,y) =

y1y2y3+
(q

2

)

(x3y1⊕x2y1⊕x2y2⊕x1y1⊕x1y2⊕x1y3) and
fσ2,g2(x,y) = ay1y2 + by1y2y3 +

(q
2

)

(x1y1⊕x2y2⊕x3y3),
then

|C fσ1,g1 , fσ2,g2
(u,v)|= 8 for all (u,v) ∈ Z

3
2×Z

3
2.

Example 2.For n= 2m= 8, let M =







0 0 0 1
0 0 1 0
0 1 0 1
1 0 1 0






, and so,

M−1 =







0 1 0 1
1 0 1 0
0 1 0 0
1 0 0 0






. Eqn. (5) implies thatM−1 andM−1⊕

I4 both have rank 4.
Now take σ1(y) = yM = (y1,y2,y1 ⊕ y3,y2 ⊕ y4),

g1(y) = y1y2y3y4 +αy2y3y4 + βy1y3y4 + δy1y2y4, where
α,β ,δ ∈ Zq, and σ2(y) = (y4,y3,y2,y1) and
g2(y) = ay1y2y4 + by1y2y3y4 for any a,b ∈ Zq, that is,
fσ1,g1(x,y) = y1y2y3y4 +αy2y3y4 + βy1y3y4 + δy1y2y4 +
(q

2

)

(x4y1⊕x3y2⊕x2y3⊕x2y1⊕x1y2⊕x1y4) and
fσ2,g2(x,y) =

ay1y2y4 + by1y2y3y4 +
(q

2

)

(x1y1⊕x2y2⊕x3y3⊕x4y4),
then

|C fσ1,g1 , fσ2,g2
(u,v)|= 24 for all (u,v) ∈ Z

4
2×Z

4
2.

Example 3.For n = 2m= 10, letM =

(

M1 0
0 M2

)

, where

M1 =

(

0 1
1 1

)

andM2 =





0 0 1
0 1 1
1 1 1



, then

M−1 =

(

M1
′ 0

0 M2
′

)

, whereM1
′ =

(

1 1
1 0

)

andM2
′ =





0 1 1
1 1 0
1 0 0



. Therefore, by Lemma2 and Eqn. (5) we have

thatM−1 andM−1⊕ I5 both have rank 5.
Now take

σ1(y) = yM = (y4,y4 ⊕ y5,y1,y1 ⊕ y2,y1 ⊕ y2 ⊕ y3),
g1(y) =
y1y2y3y4y5 + αy2y3y4y5 + βy1y3y4y5 + δy1y2y4y5, where
α,β ,δ ∈ Zq, and σ2(y) = (y5,y4,y3,y2,y1) and
g2(y) = ay1y2y4y5 + by1y2y3y4y5 + cy1y4y5 for any
a,b,c ∈ Zq. Thus, fσ1,g1(x,y) =
y1y2y3y4y5 + αy2y3y4y5 + βy1y3y4y5 + δy1y2y4y5 +
(q

2

)

(x5y4⊕x4y4⊕x4y5⊕x3y1⊕x2y1⊕x2y2⊕x1y1
⊕x1y2⊕x1y3) and
fσ2,g2(x,y) = ay1y2y4y5 + by1y2y3y4y5 + cy1y4y5 +
(q

2

)

(x1y1⊕x2y2⊕x3y3⊕x4y4⊕x5y5), then

|C fσ1,g1 , fσ2,g2
(u,v)|= 25 for all (u,v) ∈ Z

5
2×Z

5
2.

4 Constructions of generalized bent Boolean
functions

In Proposition1 below, we present the construction bent
functions in n+ 2 variables from 4 bent functions inn
variables due to Preneel et al. [7].

Proposition 1.[7, Thm. 7] The concatenation f∈Bn+2 of
4 bent functions fℓ ∈ Bn (ℓ= 0,1,2,3) is bent if and only
if

H f0(u)H f1(u)H f2(u)H f3(u) =−1, for all u ∈ Z
n
2,

Further, the order of the fℓ’s [7, Cor. 2] has no
importance, that is, suppose f= f0|| f1|| f2|| f3 with
fℓ ∈ Bn, then(a) If f , f0, f1 and f2 are bent, then f3 is
bent;(b) If f0 = f1, then f2 = 1⊕ f3, and if f0 = f1 = f2,
then f3 = 1⊕ f1.

In this Section , we construct generalized bent functions
on (n+ 2) variables obtained by concatenation of four
generalized Boolean functions onn variables.

For v = (vr , . . . ,v1) define fv(xn−r , . . . ,x1) = f (xn =
vr , . . . ,xn−r+1 = v1,xn−r , . . . ,x1), and the vector
concatenation of u = (ur , . . . ,u1) ∈ Z

r
2 and

w = (wn−r , . . . ,w1) ∈ Z
n−r
2 is defined by

uw := (ur , . . . ,u1,wn−r , . . . ,w1).

Lemma 3.[12, Lemma 3] Letu ∈ Z
r
2, w ∈ Z

n−r
2 and f be

an n-variable generalized Boolean function. Then

C f (uw) = ∑
v∈Zr

2

C fv, fv⊕u(w).

In particular, for r = 1, C f (0w) = C f0(w) +C f1(w),
andC f (1w) = 2Re[C f0, f1(w)].

c© 2013 NSP
Natural Sciences Publishing Cor.



Inf. Sci. Lett.2, No. 3, 139-145 (2013) /www.naturalspublishing.com/Journals.asp 143

Theorem 5.A function f∈ G B
q
n+2 expressed as

f (z,y,x) = f0(x)(1⊕z)(1⊕y)+ f1(x)(1⊕z)y

+ f2(x)(1⊕y)z+ f3(x)yz,

where fℓ ∈ G B
q
n, (ℓ= 0,1,2,3), is generalized bent if and

only if

(a)∑3
ℓ=0C fℓ(u) = 0, for all u ∈ Z

n
2\{0}, and

(b)C f0, f1(u)+C f2, f3(u),C f0, f2(u)+C f1, f3(u),C f0, f3(u)+
C f1, f2(u) ∈ Rı, for all u ∈ Z

n
2.

Proof.Let Fℓ (ℓ ∈ Z2) be the restriction of f on the
hyperplane {ℓ} × Z2 × Z

n
2 ≡ Z

n+1
2 . Then

F0(y,x) = f (0,y,x) = f0(x)(1 ⊕ y) + f1(x)y and
F1(y,x) = f (1,y,x) = f2(x)(1⊕y)+ f3(x)y. Now,

CF0,F1(0,u) = ∑
(y,x)∈Z2×Zn

2

ζ F0(y,x)−F1((y,x)⊕(0,u))

= ∑
x∈Zn

2

ζ F0(0,x)−F1((0,x⊕u))+ ∑
x∈Zn

2

ζ F0(1,x)−F1((1,x⊕u))

= ∑
x∈Zn

2

ζ f0(x)− f2(x⊕u)+ ∑
x∈Zn

2

ζ f1(x)− f3(x⊕u)

= C f0, f2(u)+C f1, f3(u).
(7)

Similarly

CF0,F1(1,u) = C f0, f3(u)+C f1, f2(u). (8)

Let a∈ Z2,u ∈ Z
n
2, using Lemma3 for r = 1, we have

C f (0,a,u) = CF0(a,u)+CF1(a,u), and (9)

C f (1,a,u) = CF0,F1(a,u)+CF0,F1(a,u). (10)

Further, using Lemma3 in (9), we have

C f (0,0,u) = C f0(u)+C f1(u)+C f2(u)+C f3(u), and
(11)

C f (0,1,u) = CF0(1,u)+CF1(1,u) = C f0, f1(u)+C f0, f1(u)

+C f2, f3(u)+C f2, f3(u) = 2Re
[

C f0, f1(u)+C f2, f3(u)
]

.
(12)

Using (7) and (10), we have

C f (1,0,u) = C f0, f2(u)+C f1, f3(u)+C f0, f2(u)+C f1, f3(u)

= 2Re
[

C f0, f2(u)+C f1, f3(u)
]

.
(13)

Similarly, by (8) and (10), we have

C f (1,1,u) = 2Re
[

C f0, f3(u)+C f1, f2(u)
]

. (14)

Supposef ∈ G B
q
n+2 such that conditions(a) and(b)

holds, then from (11), (12), (13) and (14) we have
C f (b,a,u) = 0, for all (b,a,u) 6= (0,0,0) and
C f (0,0,0) = 2n+2. Thereforef is generalized bent.

Conversely, iff is generalized bent, thenC f (b,a,u) =
0 for all (b,a,u) 6= (0,0,0) andC f (0,0,0) = 2n+2. Using
(11), (12), (13) and (14) with the above conditions we have
(a) and(b). ⊓⊔

Corollary 1.Suppose f∈ G B
q
n+2 is expressed as

f (z,y,x) = fy⊕1(x)+
(q

2

)

yz, for all y,z,∈ Z2,x ∈ Z
n
2,

(15)
where fy⊕1 ∈ G B

q
n (y∈ Z2). Then f is generalized bent if

and only if f0, f1 both are generalized bent.

Proof.Equation (15) can be rewritten as
f ≡ f1|| f1|| f0|| f0 +

(q
2

)

. Using C f ,g+ q
2
(u) +C f ,g(u) = 0

for all u ∈ Z
n
2 in Theorem 5, we have (∗) :

C f (0,0,u) = 2
(

C f0(u)+C f1(u)
)

; (∗∗):
C f (1,0,u) = 0 = C f (1,1,u); and (∗ ∗ ∗):
C f (0,1,u) = 2(C f1(u) − C f0(u)). Suppose f is
generalized bent, that is,C f (b,a,u) = 0 for all
(b,a,u) 6= 0 and C f (0,0,0) = 2n+2, therefore from
condition (∗) and (∗ ∗ ∗), we have C f0(u) = 0 and
C f1(u) = 0 for all u 6= 0, andC f0(0) = C f1(0) = 2n.

Conversely, if f0 and f1 are generalized bent, then
from above conditions(∗), (∗∗) and (∗ ∗ ∗), we have
C f (b,a,u) = 0 for all (b,a,u) 6= 0 andC f (0,0,0) = 2n+2.
⊓⊔

Remark.For any(b,a,u) ∈ Z2×Z2×Z
n
2, one can observe

that the WHT of f as defined in Equation (15) is
H f (b,a,u) = (−1)abH fb⊕1(u), that is,
|H f (b,a,u)| = |H fb⊕1(u)| for all u ∈ Z

n
2,a,b ∈ Z2. This

implies that for any (b,a,u) ∈ Z2 × Z2 × Z
n
2,

|H f (b,a,u)| = 1 if and only if |H f0(u)| = |H f1(u)| = 1
for all u ∈ Z

n
2. This completes the proof of Corollary1.

Since the functions constructed in Corollary1 are not
symmetric with respect to the variablesy andz if f0 6= f1
as f (1,0,x) = f1(x) and f (0,1,x) = f0(x). Thus, the
generalized bent functions constructed in Corollary1 are
distinct from the functions constructed in [12, Thm. 6].

In Theorem6 below we demonstrate that as in the
Boolean case [1, pp. 81], in the generalized setup, the
direct sum of two generalized bent functions is also
generalized bent.

Theorem 6.A function g∈ G B
q
r+s expressed as

g(x,y) = f1(x)+ f2(y), for all x ∈ Z
r
2,y ∈ Z

s
2,

where f1 ∈ G B
q
r , f2 ∈ G B

q
s, is generalized bent if and

only if f1 and f2 both are generalized bents.

Proof.For any(u,v) ∈ Z
r
2×Z

s
2,

Hg(u,v) = H f1(u)H f2(v). (16)
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Now, if f1 ∈ G B
q
r and f2 ∈ G B

q
s be generalized bent

Boolean functions, then from (16) we have
|Hg(u,v)| = |H f1(u)||H f2(v)| = 1 for all
(u,v) ∈ Z

r
2×Z

s
2 which implies thatg is generalized bent

Boolean function.
Conversely, we assumeg is generalized bent Boolean

function, our aim is to show that the functionsf1 and f2 are
generalized bent. Suppose thatf1 is not generalized bent,
then there existsu ∈ Z

r
2 such that|H f1(u)|= ℓ 6= 1. Using

(16), |H f2(v)|= 1
ℓ for everyv ∈ Z

s
2. Now,

∑
v∈Zs

2

|H f2(v)|2 =
2s

ℓ2 6= 2s,

which is a contradiction. This completes the proof.⊓⊔

5 Existence of generalized bent functions in
the class of affine functions

In classical notion (q = 2) andq-ary functions [3] both
all the affine functions are either balanced or constant and
therefore, they are not bent. In Thm.7 below we identify
a class of affine functions, in the generalized set up due to
Schmidt [9], each of its function is generalized bent.

Theorem 7.Let q be a positive integer such that q= 0
mod 4. Then an affine function fλ ∈ G B

q
n is generalized

bent if and only if

n

∏
i=1

(

1+(−1)ui cos

(

2πλi

q

))

= 1,∀u ∈ Z
n
2. (17)

Proof.Let q be a positive integer such thatq = 0 mod 4,
and fλ ∈ G B

q
n be an affine function [9]. Then it is

expressed asfλ (x) = λ0 + ∑n
i=1 λixi ,λi ∈ Zq, and for

u ∈ Z
n
2,

2
n
2 H fλ (u) = ∑

x∈Zn
2

ζ fλ (x)(−1)u·x = ζ λ0 ∑
x∈Zn

2

ζ ∑n
i=1(λixi+( q

2)uixi)

= ζ λ0
n

∏
i=1

∑
xi∈Z2

ζ (λi+( q
2)ui)xi = ζ λ0

n

∏
i=1

(1+(−1)ui ζ λi )

= ζ λ0
n

∏
i=1

(

1+(−1)ui cos

(

2πλi

q

)

+ ı(−1)ui sin

(

2πλi

q

))

,

which implies that

2n|H fλ (u)|
2 =

n

∏
i=1

2

(

1+(−1)ui cos

(

2πλi

q

))

= 2n
n

∏
i=1

(

1+(−1)ui cos

(

2πλi

q

))

.

Therefore,fλ is generalized bent if and only if
n

∏
i=1

(

1+(−1)ui cos

(

2πλi

q

))

= 1,∀u ∈ Z
n
2.

⊓⊔

It is to be noted that for anyi ∈ {1,2, . . . ,n}, λi =
q
4,

3q
4 are solutions of (17). Thus we have the following

Proposition 2.Let q be a positive integer such that q= 0
mod 4. Then affine functions f∈ G B

q
n of the form f(x) =

λ0+∑n
ℓ=1 λℓxℓ, where for anyℓ ∈ {1,2, . . . ,n}, λℓ is either

q
4 or 3q

4 andλ0 ∈ Zq, are always generalized bent.

6 Conclusion

In this paper, a subclass of generalized bent Boolean
functions in generalized Maiorana-McFarland class
(GMMF) having minimum (optimal) cross-correlation
spectrum, is identified. An affine transformation which
preserve the cross-correlation spectrum of two
generalized Boolean functions, in absolute value is also
presented. Thus, for a given pair of generalized bent
Boolean functions having optimal cross-correlation
spectrum, one can construct large number of generalized
bent Boolean functions having optimal value of the
cross-correlation spectrum.

A construction of generalized bent Boolean functions
in (n + 2) variables from four generalized Boolean
functions inn variables is presented. It is demonstrated
that the direct sum of two generalized bent Boolean
functions is also generalized bent. Finally, we identify a
class of affine functions, in the generalized set up, each of
its function is generalized bent.
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