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Abstract: In this paper, we obtain the cross-correlation spectrum of generala@dBwolean functions in a subclass of Maiorana-
McFarland class (GMMF). An affine transformation which preserve diess-correlation spectrum of two generalized Boolean
functions, in absolute value is also presented. A construction of gerestdlient Boolean functions itn + 2) variables from four
generalized Boolean functions mvariables is presented. It is demonstrated that the direct sum of twoalieed bent Boolean
functions is also generalized bent. Finally, we identify a class of affinetitums, in the generalized set up, each of its function is
generalized bent.
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1 Introduction to provide several new constructions of generalized
boolean bent functions. The authors if] [present a
ethod to transform the constructed generalized boolean

In the recent years several authors have propose ent functions into binary bent and semi-bent functions
generalizations of Boolean functions,%$,9,10,11,12] The links between Boolean bent functionss],[

and studied the effect of Walsh—-Hadamard transform : .
(WHT) on these classes. As in the Boolean case, in th enerahzeq bent Bpole_an fu_nctlonQ],[and quaternary
generalized setup the functions which have flat spectr en:t functions §] is investigated systematically by
with respect to the WHT are said to be generalized ben olé-Tokareva L11].
and are of special interest (the classical notion of bentwas Recently, Sinic et al. [L2] studied several properties
invented by Rothaus8]). For example: the generalized generalized bent Boolean functions, characterized
bent Boolean functions are used for constructing thegeneralized bent Boolean functions symmetric with
constant amplitude codes for the valued version of respect to two variables. The authot&|[also introduced
multicode Code Division Multiple Access (MC-CDMA).  two classes of_ generalized bent Boolean functions. The
For some problems concerning cyclic codes, Kerdockfi'st class is an analogous of well known
codes, and Delsarte-Goethals codes, the generalization dfaiorana-McFarland class of classical bent Boolean
Boolean function due to Schmid®][seems more natural functions —and  referred to as generalized
than the generalization due to Kumar, Scholtz and WelchMaiorana-McFarland clasgGMMF). Another class is an
[3]. For g = 4, Schmidt ] studied the relations between a@nalogous of Dillon type bent functiong][ which is
generalized bent functions, constant amplitude codes, antgferred to ageneralized Dillon clas¢GD).
Zg-linear codes. He also generalized the classical notion  This paper is organized as follows. In Sect®some
of Maiorana-McFarland class of bent functions, dot 4. basic definitions and notations are introduced. The
A necessary and sufficient condition concerning thecross-correlation spectrum of two generalized bent
bentness of quadratic form is given based on the theory ofunctions in a subclass of GMMF is characterized in
Zy4-valued quadratic forms in 1D]. Li et al. [5] Section 3. Some constructions of generalized bent
constructed generalized bent Boolean functions infunctions in large number of variables by concatenation
polynomial forms (in trace form) orZ4. Based onZg4 of generalized bent functions in smaller number of
valued quadratic forms, a simple method provided5h [ variables are presented in SectibrWe identify a class of
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affine functions, in the generalized set up, each of itsThe autocorrelationof f € ¥% atu is ¢+ ¢ (u) above,

function is generalized bent in Sectibn

2 Basic definitions and notations

Let us denote the set of integers, real numbers an
complex numbers by, R andC, respectively. AlsdZg
denotes the ring of integers modujoBYy ‘+’ we denote
the addition overZ, R and C, whereas &’ denotes the
addition over am-dimensional vector spac&) = {0,1}"
(n > 1) over binary fieldZ, with the standard operations.
Addition moduloq is denoted by’ and it is understood
from the context. For anyx = (X,...,X1) and
Yy = (Yn,...,y1) in Z3, the scalar (or inner) product is
defined byx -y := Xnyn @ - - B Xoy2 ® X1y1. The conjugate
of a bit b denoted byh. If z= a+ b1 e C, then
|zl = Va?+b? denotes the absolute value af and
z = a— b1 denotes the complex conjugate nf where
12 = —1, anda,b € R. ReZz denotes the real part af
RiI = {al: a € R}, denotes the set of purely imaginary
numbers. A functionf : Z5 — Zg, (q > 2) is called
generalized Boolean functioon n variables 9§]. The set
of such functions is denoted by %J. For q = 2, we
obtain the sef%%’ﬁ = %y, of classical Boolean functions
onn variables.

Let = €2"/4 be the complex-primitive root of unity.
The (generalizedyValsh—-Hadamard transform (WH®f
f € 9% at any poinu € Z} is

n

A =22 3 (-1

n
XEZZ

The inverse 12] of the WHT of f € ¥ is given by
2ty =23 Suezy 1 (U)(~1)"Y. A function f € ¥2]
is a generalized benfunction if |2 (u)| = 1 for all

u € Z5. The classical bent Boolean functions exists only

for evenn [8] whereas the generalized bent functions
exists for every positive integer. Further, we have

Theorem 1[12, Thm. 1] If f,g € ¥ %Y, then

()Yuezg Cro(u) (=)™ = 2074 (x)-Hg(x),
r.g(U) = Txemg A7 (X) A (X) (=1

(i) Taking f=g, € (u) = Sxezy |71 (%) [(~1)*.

(iii ) f is generalized bent if and only#t (u) = 2"d(u).

(iv)The (generalized) Parseval’s identity holds: that is,
Exezg B (X)‘Z =2"

and

Let f € 9% is a generalized bent function such that
H4(u) = ¢, for somek, € Zg for all u € Z5. Then, for
such a generalized bent functidnthere exists a function
f: 75 — Zq such tha " = 7. The functionf is called
thedual of f [12], is also generalized bent.
Thecross-correlatiorof f,g € ¥4 atu is

Coll)= 3

n
XEZy

Z100-gxeu),

which we denote b§s (u).

3 Cross-correlation spectrum of some
égeneralized bent Boolean functions

Let n = 2m, wherem be a positive integer. 8hica et al.
[12, Thm. 8] generalized a result of Schmi@f Thm. 5.3]
(obtained forg = 4). The class of functions as represented
in (1) below is referred to as thegeneralized
Maiorana—McFarland clas§GMMF). In Section3.2, we
obtain the cross-correlation spectrum of two generalized
bent functions in a subclass of GMMF.

Lemma 1[12, Thm. 8] Let g> O be an even integety
be a permutation o3, and ge ¥ %3.. Then the function
fog: 25 x 75 — Zq expressed as

q

oY) =9y)+ (3)x-oly) forallxyezy ()
is a generalized bent. The dual ofsd is
go ) + (Jy - (). that s,

Ay o (%,y) = 9@ 0NTEWO0) for all x,y € Z.
Theorem 2[12, Thm. 5] Let g € ¥4 are defined as
g(x) = f(Ax®a)+eb-x+d, forall xe Z3, (2)

where Ac GL(2,n),a,b € Z3,d € Zq, and
_]0,9/2 ifqis even
o if qis odd’
bent if and only if f is generalized bent.

€ Then g is generalized

The set of all the generalized Boolean functions as
represented in2) is referred to asa complete class
Specially, it is calledgeneralized Maiorana—McFarland
complete clasg f € GMMF.

Let us denote §(Z») be the set of all permutations on
75 Define a set?y, as

Prm=1{(01,02) € Sn(Z2) x Sm(Z2) : 0, tw o, L € sn(%;}.

3.1Existence of 01, 0>

Let Fom be the field extension adf, of degreem. Any
finite field Fom is isomorphic taZ]' as a vector space over
Z,. Every permutation orifom can be identified with a
permutation onZJ, and can be represented by a
polynomial onTFom[X] of degree at most2— 2. The
existence of mappinge : Z5' — Z3' such thato(x) and
o(x) @ x both are permutations for arm > 2 from the
perspective otomplete mapping polynomiater finite
field Fom. A polynomial 7i(x) over Fom[x] is called
complete mapping polynomi§] if m(x) and r(x) + x
both are permutation ovém|x].
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Suppose ox(x) denotes the permutation ofJ'
induced bycomplete mapping polynomiai(x) € Fom[x],
then it satisfiesor(x) @ x is also a permutation of5.
Thus, the permutation®;,0, are obtained by letting
0171(X) = gn(x) and g, 1(x) = an(x) @ x. This implies
that 2, £ @.

In the sequel, Su et allB] introduced two methods to
obtain linear permutationo : Z5' — Z3' such that
o(X) @ x also a permutation fom > 2. Define the
mapping o : Z3' — Z3 as og(x) = xM for all
X = (Xm,Xm—1,---,X1) € Z5. The mappingo(x) on Z5
satisfying o(x) and o(x) @ x both are permutation is
corresponding to the matriM such thatM and M & I,
both are non-singular, that i8] andM & |, both have full
rank. Form = 2, only the two matrices as represented in
(4), satisfy the conditions. IMethod I, the authors used
exhaustive computer search to construct the matrice
satisfying the conditions. They found 48 matrices
satisfying the conditions fom = 3, and form = 4 there
are 5824 matrices satisfying such conditions, for example
see b). For any everm > 4, they refer Parkar and Pott’s
[6, Sect. 3] method to construct symmetric matkix of
ordermsuch thaM andM @ I, both have rankn.

11 01
(1 0) and (1 1) . 4
011 111 égié
110], [011]. and 5)
100 101 1100
1000

A square matrixP of order m is said to be block
diagonal matrix if its main diagonal blocks are square
matrices and the off-diagonal blocks are zero matrices
that is,

PLO..0
0P ...0

P=diagP.P,....R)=| . ~ . .|,
00 0R

wherePj,1 < j <t is a square matrix of ordeg;, and
ki +ko+ ...+ k = m. Also for any block diagonal matrix
detP) = [i_;detR). In Method Il, Su et al. 13] used
this property of block diagonal matrix to develop a

7R — 7 aso1(x) = xM 1 and g,(x) = XIm, whereM be
any square matrix of ordean obtained by Lemma&, and
Im be identity matrix of ordem, thenoy, 02 € Py,

3.2 Cross-correlation spectrum of generalized
Boolean functionsin GMMF

The authors in 12, Thm. 13] obtained the
cross-correlation spectrum of generalized bent functions
belonging to a subclass @feneralized Dillon classin
Theorem 3 below we obtain the cross-correlation
spectrum between two generalized bent functions in a
subclass of GMMF.

Theorem 3Let q> 0 be an even integer, angyfy,, fo,.q,
be two functions in GMMF C ¥%{, that is,
0101 (%) aly) + (3)x - aly)  and
fo0(%Y) = Ga(y) + (3)x - g2(y) for all x,y € Z7,
wheready, 0, are permutations oZ3' and g, g, € ¥4y,
f 01,00 € P, then

|Croy.01fopgy (Us V)| = 2™ for all (u,v) € Z5' x Z5..
Proof By Theoreml, we have

%fgl,gl,fgzgz (U, V) = z jffolgl (X7 y)jgjfazgz (X7 y) (_l)u-x@v-y

X,yELG

9

_ Z 591(01’1(X))+(z)Y'(Ufl(x))Zgz(ﬂz’l(X)H—(%)y'(az’l(x)) (—1)uxevy

Xy

Zgl(ﬂfl(x))*92(02’1(><))+(%)U-X (_1))/‘(\/@(01’1%02’1)&))
yezy

7erg"
— 2mzgl(alil(x))ng(oéil(x))Jr(%)U‘X’ X = (0'1_1@ 0'2_1)_1(V).
This completes the proof.O0

In Theorem 4 below we introduce an affine
transformation which preserve the cross-correlation
spectrum of two generalized Boolean functions, in
absolute value.

Theorem 4The cross-correlation spectrum of two
generalized Boolean functions, in absolute values, is
invariant under the affine transformation

g(x) = f(xA®a)+b-x+d, forall x € Z5,
where Ac GL(2,n),a,b € Z5,d € Z.

ProofFor anyu € Z%, we compute

(6)

recursive technique to construct the matrices of order %g, g,(u) = 9007900

n > 2 satisfying the conditions, is given in the following

Lemma 2[13 Lemma 4] Suppose thatt 2 and M, be a
square matrix of order ksuch that M and M; @ ly; both
have full rank foranyl < j <t.If ki +ko+...+k =m,
then the matrix M= diag(M1, My, ..., M;) and M& |, have
rank m.

The existence of a matrikl of orderm > 2 such thatv
andM & I, both have full rank, is guaranteed by Lemga
and equation4) and 6). If we define the mappings, 02 :

XeZy
4 (f1(xAda)+x-b+d)—(fo((x®u)Ada)+(xdu)-b+d)

xeZy
:zub Z g i(xAZa) - fo((xou)ATa)
x€Z5
_y ghm-yeea) _ 7 g ),
yeZ

which completes the proof.O
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It is demonstrated from Theore&and4 that there exists

-1 Ml/ O / 11 li
M~ = 0 M/ , whereM;’ = 10 andM,’ =
an infinite number of generalized bent functions 2

generalized Maiorana—McFarland complete clagkose
cross-correlation spectrum, in absolute, is minimum.

3.3 Examples of generalized bent functionsin
GMMF with optimal value of cross-correlation
spectrum in absolute

001
Example 1Suppose that fon=2m=6,M = (0 1 1) ,

111
011
andsoM1= [ 110]. Egn. 6) implies thatM—* and
100

M~1@ 13 both have rank 3.

Now take g1(y) = YM = (y1,y1 @ Y2,y1 © Y2 D Y3),
g1(y) = Yiyays, and oz2(y) = ylz = (y3,y2,y1) and
g2(y) = awiyz + byiy2ys for any a,b € Zg, that is,
fUl«,gl(Xay) =
y1Yoys+ (3) (Xay1 @ Xoy1 & XoY2 & X1y1 B XY & X1Y3) and

foy.0 (X,Y) = AY1Y2 + byryoys + (3) (Xay1 & XoY2 & Xay3),
then

|ty 6100, (U:V)| = 8 for all (u,v) € Z3 x Z3.

0001
0010
Example Z-orn=2m= 38, letM = 0101 and so,
1010
0101
_ 1010 L N 3
M-1= 0100 |- Ean- 6 implies thatv LandM1g
1000

I4 both have rank 4.

Now take o1(y) = YM = (y1,¥2,Y1 D Y3,Y2 B Ya),
91(Y) = YaY2YaYa + ay2ysya + BY1YsYa + Sy1y2ya, Where
G,B, 0 € ZCP and Gz(y) = (y47y37y27y1) and
g2(y) = ayiyays + by1yaysys for any a,b € Zg, that is,
foy,01(X,Y) = Y1YaYaya -+ QY2y3ya + BYrysya + Oy1Yaya +
(%) (XaY1 ® X3Y2 © XoY3 B X2Y1 B X1Y2 B X1Ya) and
fo,.00 (X,y) =

ayry2ys + byiyaysya + (3) (Xay1 @ Xay2 ® Xay3 & Xaya),
then

€ty 6,.fayq, (U V)| = 2* for all (u,v) € Z3 x Z3.

M; O

Example Frorn=2m= 10, letM = < 0 M,

01 001
M1:<11) andMo= | 011 |, then
111

), where

100
thatM—1 andM~1 & I5 both have rank 5.

(1 10 |. Therefore, by Lemma and Eqgn. ) we have

Now take
01(()’)) = YM = (V4,4 D Y5,Y1,Y1 D Y2,Y1 & Yo @ Y3),
g1y =

Y1Y2Y3YaYs + QY2Y3Yays + BY1Y3YaYs + OY1Y2Yays, where
a,B,0 € Zqg, and 0z(y) = (¥5,Y4,Y3,Y2,y1) and
G2(y) = ayiyoyays + byiyoysyays + cyiyays for any
abc €  Zg. Thus, fog(Xy) =
Y1Y2YsYaYs + OY2ysyays + BYiYsYaYs + OYiyayays +
(3) (X5Ya © Xaya © XaYs B Xay1 & XoY1 B XoY2 & XaY1

DX1Y2 DX1Y3) and
fo,0(X,Y) = aviyayays + byiyaysyays + Cyiyays +
() (Xy1 @ XoY2 & Xay3 & Xaya & Xsys), then

|ty 01 To g (U, V)| = 2> for all (u,v) € Z3 x Z3.

4 Constructions of generalized bent Boolean
functions

In Propositionl below, we present the construction bent
functions inn+ 2 variables from 4 bent functions in
variables due to Preneel et af].[

Proposition 1[7, Thm. 7] The concatenationd %, of
4 bent functions fe %, (¢ =0,1,2,3) is bent if and only
if

Ao )4, (u) Ao (W) A, () = 1, for all u € 75,

Further, the order of the ,f5 [7, Cor. 2] has no
importance, that is, suppose £ fpl||f1||f2||f3 with
f, € %y, then(a) If T, fp, f1 and & are bent, then §is
bent; (b) If fo = f1, then =1 f3, and if i = f; = fy,
then § =1 f1.

In this Section , we construct generalized bent functions
on (n+ 2) variables obtained by concatenation of four
generalized Boolean functions arvariables.

Forv = (v,...,v1) define fy(Xo_r,...,x1) = f(Xn =

Voo Xner+1 = Vi,Xn—r,...,X1), and the vector
concatenation of u = (u,...,u) € Z, and
w = (Wpr,...,w1) € Z3" is defined by

uw = (Up,..., U1, Wn_r,...,Wq).

Lemma 3[12 Lemma 3] Leu € Z}, w € Z5 " and f be
an n-variable generalized Boolean function. Then

Y Ctutien(W).

r
VEZLY

¢t (uw) =

In particular, for r = 1, €5 (Ow) = €%, (W) + €%, (W),
and %t (1W) = ZRq%fO,fl (W)]
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Theorem 5A function fe 9%, expressed as

f(zy,x) = fo(X) (1@ 2) (1Y) + f1(X) (LD 2)y
+ f2(x) (1@ y)z+ f3(x)yz,

where f € 949, (¢ =0,1,2,3), is generalized bent if and
only if

(@)33_o%i,(u) =0, forall u € Z3\ {0}, and

(D)E50, 1, (U) +Chy, 15 (U), Co, 1, (U) + €y, 15 (U), Cro, 15 (U) +
%t,.1,(U) € Ry, forall u € Z5.

ProofLet F, (¢ € Zp) be the restriction off on the
hyperplane  {¢} x Z, x Z§ = Zz5™.  Then
Fo(y,x) = f(O,y,x) = fo(x)(1 @ y) + fi(x)y and
F]_(y7X) = f(laya X) = fZ(X)(l@y) + f3(X)y Now,

%5, (0,U) = ZFO(yAx)—Fl((y,x)ea(O,u))
(Y,X)EZpx 7
ZR0X)-Fi(0xew) z X -F((1xou)
xeZ x€Z5
_ z Z fo¥)—fa(xeu) 4 Z Z i)~ fa(xeu)

n
XEZZ

= CngJZ(u) + ({fl,f3(u)~

n
XEZZ

(7)

Similarly

CroF (L U) = Crg 15(U) + Crp 1, (U). (8)

Leta e Zp,u € Z35, using Lemma3 for r = 1, we have

Cgf (07 a.,U) = %Fo(avu) +Cg|:1(avu)v and (9)

¢t(1L,a,u) =6 F(a,u) + % F (a,u). (20)

Further, using Lemmain (9), we have

%1(0,0,u) = %, (u) + €1, (u) + 4, (u) + 61, (u), and
(11)
%1(0,1,u) = 6, (1,u) + G, (L, u) = €y 1, (U) + Co,1, (1)

+ Cry 15 (U) + Gy 1 (U) = 2RE[ Gy 1, (U) + Gy 15 (U)] -
(12)

Using (7) and (L0), we have

1 (1,0,u) = Gy, 1,(U) + Cry, 15(U) + Co, 1, (U) + Gy, 15 (1)

= ZRe[zgfo,fz(u) —+ Cgflﬁfs(u)] :
(13)

Similarly, by @) and (L0), we have

%1 (1,1,u) = 2Re[Cty 1, (U) + Crp.1,(U)] - (14)

Supposef € %%ﬂﬁ such that conditionga) and(b)
holds, then from 11), (12), (13) and (@4) we have
¢s(b,a,u) = 0, for all (b,a,u) # (0,0,00 and
%1(0,0,0) = 2"2, Thereforef is generalized bent.

Conversely, iff is generalized bent, thesi (b,a,u) =
0 for all (b,a,u) # (0,0,0) and%%(0,0,0) = 2"*2. Using
(11), (12), (13) and (14) with the above conditions we have
(a)and(b). O

Corollary 1.Suppose & %%2+2 is expressed as

f(zy,x) = fya1(X) + (g) yz forally,z € Z,,x € 73,
(15)
where §u1 € 9% (y € Zy). Then f is generalized bent if
and only if §, f; both are generalized bent.

Proof Equation 5 can be rewritten as
f= lef]_Hfono—i- (%) Using (ff’g+521(U) +<gf7g(u) =0
for all u e Zj in Theorem 5 we have (x) :

%+(0,0,u) = 2(C(u)+ %5 (v)); (%)
¢1(L,0,u) = 0 = %(1,Lu); and (x * x):
¢1(0,1,u) = 2(¢%,(u) — €,(u)). Suppose f is

generalized bent, that is@i(b,a,u) = 0 for all
(b,a,u) # 0 and %;(0,0,0) = 2"2, therefore from
condition (x) and (x x ), we have ¢f,(u) = 0 and
¢t,(u) =0 for allu # 0, and%%,(0) = €+, (0) = 2".
Conversely, if fg and f; are generalized bent, then

from above conditiongx), (xx) and (x * %), we have
%t (b,a,u) = 0 for all (b,a,u) # 0 and%%(0,0,0) = 22,

O

Remarki-or any(b,a,u) € Z; x Z, x Z3, one can observe
that the WHT of f as defined in Equationlp) is
Hibau) = (=124 (u), that is,
|7 (b,a,u)| = |#3,, (u)| for all u € Z5,a,b € Z,. This
implies that for any (b,au) € Z» x Zp x 75,
|7¢% (b,a,u)| = 1 if and only if |7%,(u)| = |, (u)| =1
for all u € Z3. This completes the proof of Corollafy

Since the functions constructed in Corollatyare not
symmetric with respect to the variablesindzif fo # f1
as f(1,0,x) = f1(x) and f(0,1,x) = fo(x). Thus, the
generalized bent functions constructed in Corollamgre
distinct from the functions constructed ihZ, Thm. 6].

In Theorem6 below we demonstrate that as in the
Boolean casel pp. 81], in the generalized setup, the
direct sum of two generalized bent functions is also
generalized bent.

Theorem 6A function ge ¥ %,  expressed as
g(x.y) = fa(x) + fa(y), for all x € Z3,y € Z3,

where f € 983 f, € 943, is generalized bent if and
only if f; and % both are generalized bents.

ProofFor any(u,v) € Z5 x 73,

HU) = A4, () Ay (V). (16)
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Now, if f; € 9% and f, € 923 be generalized bent It is to be noted that for anye {1,2,....n}, A = 3,

Boolean ~functions, then from 1¢) we have 34 4 sojutions of17). Thus we have the following

Hguv)| = W) Hv)| = 1 for al

(u,v) € Z) x Z3 which implies that is generalized bent Proposition 2Let g be a positive integer such thatq0

Boolean function. mod 4 Then affine functions ¢ ¥ .23 of the form {x) =
Conversely, we assuntgis generalized bent Boolean )\0+zp 1AeXe, where forany € {1,2,...,n}, A, is either

function, our aim is to show that the functiofisand f, are q or =4 and/\o € Zq, are always generallzed bent.

generalized bent. Suppose tHatis not generalized bent,

then there exista € Z), such that./#%, (u)| = ¢ # 1. Using

(16), |.#4,(v)| = 2 for everyv € Z$. Now, 6 Conclusion
2
2 . .
z |74, (V)|* = 72 #2°, In this paper, a subclass of generalized bent Boolean
VeZ3 functions in generalized Maiorana-McFarland class
which is a contradiction. This completes the proof: (GMMF) having minimum (optimal) cross-correlation

spectrum, is identified. An affine transformation which
preserve the cross-correlation spectrum of two

5 Existence of generalized bent functions in generalizdedTBhoole?n functions, in_absfolute vallye (;s tizllso
. . presented. Thus, for a given pair of generalized bent

the class of affine functions Boolean functions having optimal cross-correlation

In classical notiond = 2) andg-ary functions 8] both ~ SPectrum, one can construct large number of generalized

all the affine functions are either balanced or constant and€nt Boolean functions having optimal value of the

therefore, they are not bent. In Thifibelow we identify ~ Cross-correlation spectrum. _

a class of affine functions, in the generalized set up due to A construction of generalized bent Boolean functions

Schmidt P], each of its function is generalized bent. in (n+ 2) variables from four generalized Boolean
functions inn variables is presented. It is demonstrated

that the direct sum of two generalized bent Boolean

functions is also generalized bent. Finally, we identify a

class of affine functions, in the generalized set up, each of
its function is generalized bent.

Theorem 7Let q be a positive integer such that=0
mod 4 Then an affine function, fe ¥ %9 is generalized
bent if and only if

(e comens(5G)) srwez - an

ProofLet q be a positive integer such thg=0 mod 4,
and f, € 923 be an affine functiond]. Then it is
expressed ad)(x) = Ao+ SL1Aixi, A € Zq, and for
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